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Three mysterious points of triangle



Main part

 

Some additional facts.

Homothety with center �EMBED Equation.3��� and ratio�EMBED Equation.3��� is a geometrical transformation taking point M to � EMBED Equation.2  ��� by the rule �EMBED Equation.3���.

Theorem about three homothetic centers. Suppose the figure �EMBED Equation.3��� is homothetic to the figure �EMBED Equation.3��� with center �EMBED Equation.3��� and ratio �EMBED Equation.3���,�EMBED Equation.3��� is homothetic to �EMBED Equation.3��� with center �EMBED Equation.3��� and ratio �EMBED Equation.3���, �EMBED Equation.3��� is homothetic to �EMBED Equation.3��� with center �EMBED Equation.3��� and ratio �EMBED Equation.3���. If � EMBED Equation.2  ���, then three homothetic centers �EMBED Equation.3���, �EMBED Equation.3���, �EMBED Equation.3��� are collinear.

The circumcenter �EMBED Equation.3���, the center of gravity �EMBED Equation.3��� and the orthocenter �EMBED Equation.3��� of a triangle are collinear, moreover, �EMBED Equation.3���. The line passing through O, M, H is called the Euler line. 

All the feet of altitudes, the midpoints of the sides and the midpoints of the segments connecting the vertices and the orthocenter lie on a circle. This circle is called the nine-point circle. The center of this circle lies on the Euler line in the middle between the orthocenter and the circumcenter.

Let �EMBED Equation.3��� be a point and �EMBED Equation.3��� be a circle in the plane. Let us draw a line through�EMBED Equation.3��� intersecting the circle at �EMBED Equation.3��� and �EMBED Equation.3���(may be � EMBED Equation.2  ���). This is well known that �EMBED Equation.3��� does not depend of a transversal. The value of the product �EMBED Equation.3��� is called the power of �EMBED Equation.3��� with respect to �EMBED Equation.3���. The locus of P having equal powers with respect to two non-concentric circles is a line called radical axis of these circles. The radical axis of two intersecting circles passes through their points of intersection. 

The pairwise radical axes of three circles have a common point called the radical center of these three circles. 

The touch point of the incircle and the nine-point circle is called the Feuerbach point.



Problems



11. The line IO is the Euler line of (А'В'С'.



12. a) The homothetic center of  (А'В'С' and (L1L2L3 lies on IO.

      b) The circumcenter of (L1L2L3 lies on IO. Hence, IO is the Euler line for the triangles (А'В'С' and (L1L2L3.



Let О1, О2, О3 be the centers of the circles (1, (2, (3, respectively (see Problem 8). The triangles О1О2О3  and L1L2L3 are homothetic.



14. О  is the circumcenter of (О1О2О3.



15. The homothetic center of (О1О2О3 and (L1L2L3 lies on IO.



16. Radius of (О1О2О3) is equal to �EMBED Equation.3���, where R and r are radii of the circumscribed and the inscribed circles of (АВС, respectively.



17. Radical axes of (О1О2О3) and (1, (2, (3 (fig. 12) form (А1В1С1 that is homothetic to (АВС with center I. Thus, (АВС and (А1В1С1 have common bisectors, common incenter. Try to find the ratio of homothety and the interval of its variation..



�

Fig. 12



18. Let I1, I2 и I3 be the excenters of (АВС. Triangles I1I2I3 and L1L2L3 are homothetic with center I.



19. Triangles  I1I2I3 and О1О2О3 are homothetic, the center of homothety lies on IO.



20. The pairwise centers of external homothety of three circles from Problem 5 lie on a line  t that is perpendicular to IO.
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