Hints and solutions to the problems from sections A and B

¢Al a)a—-22=0

b)a—2x—-1=0

c)a—z2=0

d)a—-22=0
@1(,@1,...7,%”):0

¢ A2, = D1(21,. . Tn) 2+ D21, .., 10)2 =0
@m(Il,...,iEn):O

¢ A 3. If the sets A = {F(z1,...,2,) =0} and B = {&(xy,...,2,) = 0} then
ANB = {F(21,...,20)B(x1,...,7,) = 0and AUB = F(z1,...,2,)% + &(x1,...,2,)% = 0.

¢ A 4.
¢A5 a)a=bt+a+1
b)a=b-zx

c)a=c-z+band b<c
a=c-x+b
b<c—b

a=c-z—D>b
b<c—b

e)b=c-at+zand z <c

d)

¢ A 6. a(ry — x2) + b(y1 — y2) = 1 if and only if then a and b co-prime.
a=kt,b=1t, GCD(k,l) =1 if and only if then ¢t = GCD(a,b).

LCM(a,b) = g g§a7b)

¢AT. a)rP<a< (z+1)2
¢AB a)d=k = (z—ky)(z+ky)=1=z—-dy=a+dy=y=0= 2=+l

b) Since uz —v3Vd = (uy —v1Vd) - (ug —v2V/d), then ui —v3d = (u? —vid)(u3 —
2
vid) =1

c) |2'| = V1+y2d = |2'| + V| = v1+y2d + || is monotonic by |y’|. Let
(z+yVd)" <2/ +yVd < (x +yVd)" (x >0, y >0, 2/ >0, 9y >0).
Multiplying it by (z — yvd)* > 0 we get 1 < a + bv/d < = + y\/d, such that
a?—b%d = 1. Since 0 < a+bv/d, then a—bv/d > 0. Since a—bVd < 1 < a+bVd,
then b > 0. Since a —bv/d > 0, then a > 0. So, since while ||+ |y| is increasing,
|y| is increasing, |x| + |y|v/d is increasing, then (z,y) is not a minimal solution.

4 A 9. a) See the previous solution.



b) This statement (and that is z, = 1 (mod k — 1)) can be proved by in-
duction on n.

¢) It can be solved as the particular case of the next problem: 1 = 2% — (% -
— 1)y = (z+39)* — bz + gy)y + 3

4 A 10. Consider the minimal solution and prove that every other solution can
be constructed as the iteration of

¢ A 11. This can be proved by induction of n.
¢ A 12. This can be proved by induction of {.

4 A 13. This can be proved by using the previous problem (since aym (b)
divides on @, (b), am-1(b) = aom—1(0)(a2m(b) — agm—2(b)) and ag;,(b) =
m (b) (atm+1(b) — cm—1(b)))-

¢ A 14. This can be proved by induction on n.
4 A 15. No comments

4 A 16. It is obvious that ay,(b)(amodv) = a,(w)(amod v) and n(amod u) =
ap(w)(amod u). Therefore, since v > 2a(b) > 2w, (b) and u > 2k > 2n, then
we get the statement we need

4 A 17. No comments

4 A 18. The inequality k¥ < a(b) can be proved by induction on k
4 A 19. No comments

4 A 20. This can be proved by induction on k

¢ A 21. This can be proved by induction on n

¢ A 22. ((lzljf)): > O‘Coflﬁ?:;l) > (bn;rcg)c. The left and right parts of this

inequality tend to b°.
4 A 23. No comments
¢B 1l c=[z%] (moddF)

¢B2 a)b=2" a=(2"+1)
b)

¢ B 3. pis prime if and only if then GCD(p,(p — 1)!) =1

¢ B 4. (z0 + 1)(1 — D(xg,71,...,2m)%) — 1 > 0 if and only if then 1 —
D(xg,71,...,0m)% > 0,ie. D(zg,71,...,7m) =0. So,a = (vg+1)(1-0)—1=
Zo.

¢ B 5. It follows from the two previous problems



¢ B 6. a) The first addendum in this sum equals to the number of the factors
divisible by p, the second — by p? etc.

p p

b) >( [m—tn} - {ﬂk} - [pﬂk}) is equal to the demanded number.

n—1
¢BT. @mefliiiﬁiﬁiﬁ) divides on p if and only if then there exists 7, such

that z; < y;.

p"—=1
¢BS8 a<e- =)

‘ B 9. (ynb?_l —+ ... +y1b1 +y0) - (ynbg_l —+.. .—|—y1b2 —|—y0) =0 (HlOd bQ _bl)
(since bf — b = (b = ba) (01" + 01 "ba .+ 0571))

¢ B 10. a; =ay (InOd by — bl) (since a; < b? < by — bl)



