Colorings and clusters
Solutions

la. B paBHOCTOpOHHEM TpEyroJbHUKE CO CTOpOHOM 1 1o mpunIMny Jlu-
puxJjie HaiJlyTcs 2 BEPIIUHBI OJHOTO IBETA.

C

A | B

la. Consider the regular triangle with the side 1. Using Dirichlet principle
we can find 2 vertices colored by the same color.

1b. IIpemnmonoxkum obparnoe. Torma paccmorpum Touky A msera 1. Ec-
JIM TaKOil He HaWAETCs, 3a/1a4da cBojuTcd K la. /lokaxkem, 4To Ha pacCTOSTHUA
v/3 or A Bce Touku mBera 1. PaccMOTPHM IIPOM3BOJIBHBINA PABHOCTOPOHHMIL
tpeyroabHuk ABC co croponoit 1. Toukun B u C' packpallleHbl B IBera 2 1
3. Paccmorpum pasuocTroponnuii Tpeyroiabauk BCD. Touka D mokpariena B
nepselii nBer. Paccrosmme mexkny A u D pasuo v/3. IToBTopsist Takyio orre-
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paInuio Jijid NPOU3BOJIBHBIX TOYEK IIOJIYYUM, YTO BCE€ TOYKH HA PACCTOAHUMN
v/3 0T A HOKpAIIeHbI B [EPBHIT IBET, & T.K. CPEIH HIX Hall[yTcsd 2 TOYKHU Ha
paccTogHnu 1, umeeM TpedyeMoe yTBepKJIeHE.

2. Anajorngso 1b, TonbKO GepéM HE PABHOCTOPOHHME TPEYTOJbHUKH, &
PaBHOCTOPOHHUE TETPad/PHL.

3. Anajiorm4mo 2, TOJBKO OEpéM He PaBHOCTOPOHUNE TETPasdIpbI, a M-
MEPHBbIE CUMIIJIEKCHI.

4. Ilpeanonoxum odparnoe. Torya y niBetroB 1 u 2 HaliyTcd TaKue pac-
CTOSHUA X U i COOTBETCTBEHHO, O€3 orpaHudeHnst OOITHOCTU T > Y, UTO T He
yKJIaabBaeTcsa B npere 1, a y — B 2. Torma paccmorpum Touky A mBera 1.
Bokpyr Heé onuireM OKpPYKHOCTBH pajimyca x. Bce TOYKU 3TON OKPYKHOCTU
IoKparensl B et 2. Torma Ha Hell HaliIyTcs JIBe TOYKHU IIBETA 2, PACCTOSHUE
MEKJIy KOTOPBIMHA — .

5. Ilpeamomoxum mporuBHOE. AHAIOIMIHO 3aJ/a49e 4 pacCMOTPHUM pac-
CTOSHUS X1 = T2 = ... = T, TaKWe, 9TO X He YKJIa/IbIBAeTCs B 1IBeTe 1, Ty —
B IIBETE 2, ..., T, — B 1BeTe n. /lajee qokKa3aTeIbCTBO IIPOBOJIMM IO WHTYK-
. Ecimm Touky niBeTa 1 HeT, TO IpUMeHsieM WHYKIIMOHHOE ITPEIIT0JI0XKEHNE.
PaccmarpuBaem TouKy 1-T0 1BeTa M ONMUCHIBAEM BOKPYT HEE N-MepHYIO cde-
py paauyca r; = x1. Ha Heit ToIbKO TOYKU 2-TO, ..., N-TO IIBETOB. lemepb
paccMOTPUM Ha Hell TOUKy 2-To 1BeTa. Ecam e€ HeT, TO 3a/1a9a ONSTh CBOJIUT-
csl K CJIyvaro MeHbIeit pa3mepHocTu. OnucbiBaeM BOKPYT 3TO# TOYKU cdepy
pajimyca To. B mepecedenun stux JByXx cdep nosydaeM chepy MeHBbIEH pas3-
MEPHOCTH U PaJInyca 7o, pacKpalieHHoil B 1iBeta 3, 4, ..., n. [Ipogomkas sToT
IIPOIIECC JIaJiee II0JIydaeM TOYKY, KOTopasi He MOXKeT ObITh IIOKpallleHa HU B

KaKoll u3 11BeToB. HecjioxkHO Hokaz3arhb, 910 d; > 1; > @di, OTKYy/Ia CJIeIyeT
TpedyeMoe yTBepKIeHIeE.

5. We shall act similarly to the problem 4. Assume the contrary. Suppose
that there are no two points of color 1 on the distance z; from each other,
there are no two points of color 2 on the distance x5 from each other, etc. We
can also suppose that o1 > 22 > ... > x,.

Let us consider a point A; of the color 1 and sphere S; with center A;
with the radius r;1 = x1. Next we consider a point Ay € S7 of color 2 and
sphere Sy C S7 obtained by intersection of S; with sphere of radius x5 centered
in the point of A,. Similarly, we construct point As and (n — 4)-dimensional
sphere S3 and so on.

If we can not find point on the sphere S with color k£ + 1, we proceed
with next color and distance. Finally we get a point, which can not be colored
in any color and get a contradiction.



The only thing we have to take care that process can be continued on
the each step, i.e. all spheres will be not empty. This can be guaranteed by
proving that 2-7r; > d;41.

8. Packpacka B 7 1mBeTOB. ['paHUIBI MTECTHYTOJHHUKOB MOKpPAIEHBI B
oboii tpet, ux guamerp — 0,99: (pucyHOK)

The coloring of the plane in 7 colors is based on the hexagonal lattice.
diameter of each hexagon is 0.99 (see picture).

9b. IIpeamosoxkum mporuBHOe. Pa3obbEM BCIO IJIOCKOCTH Ha, KB IPaTH-
ku co croponoit €/1000. Ecinu B KBajparuke HalyTcsi TOYKH 3 IIBETOB, TO
BCE TOYKM, PACIIOJIOXKEHHBIE OT HEro Ha paccrosiHum or 1 —&e/2 no 1 + &/2
pacKpallleHbl B 2 IIBeTa, 3HAYAT CPEJM HUX HAWIYyTCs 2 TOYKH OJHOIO IIBETa,
pacCTOsTHIE MEXK/Iy KOTOPBIMH OTJINYIAETCsI OT eIUHUIIbI He DOJIbINe YeM Ha £.

FEcnu kaxkiprit KBaJpaTuK packpalineH He Oojiee 4eM B 2 IBeTa, TO OyieM
CUYUTATh €ro KBaJPAaTHUKOM OJHOTO M3 ITHUX I[BETOB. be3 orpaHumveHus oOIIl-
HOCTU HaMJIETCS KBaJApaTuK 1-ro mBera. PaccMoTpuM KjacTep MaKCUMAJIbHON
ILJIOIIA I U3 KBaJAPAaTUKOB 1ro 1Bera. Ecau ¢ HUM 110 BHEIIHENH I'paHUIEe rpa-
HUYAT KJIACTEPHI JIBYX I[BETOB, TO HaiIETCs KBajpaT co CTOpoHOi /10, co-
Jep:kamuit Touku 3 1BeToB. Jlajee Jl0Ka3biBaeM aHAJIOIMYHO IEPBOMl YacTH
JI0Ka3aTeIbCTBA.

Ecau sror xiacrep 1-ro mpera IpaHHYUT TOJBKO C KJIACTEPOM OJIHOTO
1BeTa, 0e3 orpaHudeHns OOIITHOCTHA 20, TO PACCMATPUBAEM TOT KJIACTEDP 2-TO
nera. OH KpoMme KjiacTepa IIepPBOHAYAJIBHOIO IIBETa I'PAHUIUT TOJIBKO C O-
HUM KJjiacTepoM. [Ipojioinkast 9Ty olepalinio, IoJiydaeM KJacTep JuaMeTpa He
MEHbIIIe 2, a B TAKOM KJIacTepe HalyTCs 2 TOYKU Ha PACCTOSTHUU, OTJIUIAI0-
IeMcsI OT eJIMHUIIbI He OoJibilie YeM Ha €. IIpoTruBopedne.
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9b. Suppose contrary. Let us divide the plane onto squares with the side
e/1000.

Suppose we can find 3 points of 3 different colors a,bc in one of these
squares. Let A be center of such square. Consider a circle C' of radii 1 with
the center A. It is clear that all its point are colored with remaining two colors.
If both of them are present (otherwise we can find 2 points of the same color
of distance 1), then there are two points in C' of different colors arbitrary close
to each other. By considering intersection point of C' and circle C’ of radii 1
centered by one of these point, we get a contradiction.

Suppose there are no such square. Let us color each square in color of an
arbitrary point in it. Then no three squares of pairwise different colors meet
and we have cluster with arbitrary big diameter, greater than 1. Then we have
pair of points which we need.

14. The proof is similar to the proof of problem 9b. We divide a space
on small cubes and color each of them in the color of its arbitrary point. If
there is no pairwise contacted cubes of 4 different colors, then there exist a
cluster diameter grater than 1 and we are done. (This fact can be obtained
from dimension theorem quite similar as Lebeg theorem). Next we consider a
sphere S of radii 1 centered by center of one of these cubes and continue.

In order to proceed next step we divide equator of S onto 4 equal parts
Py, P,, P3, Py and consider north hemisphere of S as a “square” with edges P;.
Next we proceed similarly to the problem 9b.

14. PazbuBaem npocTpancTBO Ha KyOouku ¢ pebpom €/1000. Packparsa-
eM UX B OJIMH U3 IIBETOB, KOTOPbIe B HUX coaepxkarcs. V3 3amaun 16 HaxoamMm
KyOHK, B KOTOPOM HaMIyTCs TOYKU 4-6X 1BeTOB. TOorma TOUYKU Ha PACCTOSTHUN
or 1 —¢/2 no 1+ ¢/2 packpaitensl B 5 1BetoB. Jlajee neifictByeM aHAJIOTHTIHO
3a1a4e 90.

17. Ecsmm n-MepHOE MPOCTPAHCTBO IOKPHITO OTKPBHITHIMHU MHOXKECTBaMU
OrpaHUIEeHHOI'O JTHaMeTpa, TO eCTh TO4YKa, MOKphITas n + 1 pas.

Ykazanue. [IycTth Bce OTKpPBIThIE MHOYXKECTBa OI'DAHUYEHBI JIHAMETPOM
d. PaccMoTpuM n-MepHBIN TpaBUWJIBHBIN cuMILIeKC co ctopoHoit 1000d.

[IpucBonM Bcem BepIuHAM CHUMILIEKca 1BeTa oT 1 1o n + 1. Takke mpu-
CBOMM BCEM OTKPBITBIM MHOXKECTBaM IBeTa OoT 1 0 n + 1 Tak, 4ToObl MHO-
»KEeCTBa MOKPBIBAIOIINE BEPIITUHBI IMEJIN 1IBETa STUX BEPIITUH, MHOXKECTBA, T10-
KpbIBaloIue pedpa UMeJN IIBeTa OJHOU M3 JABYX BEPIUH ITUX pedep, MHOXKe-
CTBa, MOKpbIBaIONIe k-MepHbIe I'PaHU UMEJIU IBET OJHOU u3 k + 1 BepIuH,
OTPAHUYMBAIONINX I'DAHD.

Paccmorpum HelpepbiBHOE O0TOOparkeHne BHYTPEHHUX TOYEK CUMILIEKCA
Ha ero rpanmity. Kaxkjas To4uka, MOKPbITasi OJIMH Pa3 IEPEXO/IUT B BEPIITUHY

4



COOTBETCTBYIONIEro 1Beta. To4uKa, MOKpbITas k pa3 MepexouT B TOYKY Ha k-
MEpHOI I'paHU, BEPIIUHBI KOTOPOW paCKpAaIlleHbl B COOTBETCTBYIOIINE IIBETA,
IIPU 9TOM TOYKa BBIOMPAETCsS KaK CPEeIHEB3BEITEHHBIN IEHTP MacC C BeCaMu,
PaBHBIMHU PACCTOSTHUSIM JI0 IPAHUIIBI COOTBETCTBYIOIIEN0 MHOYKECTBA.

Takoe oTobpazkeHUe SIBJIAETCA PETPAKTOM, a HEIPEPBIBHOTO PETPAaKTa He
CYIIECTBYET.

17. Note. Suppose that all open sets are bounded by diameter d. Con-
sider n-dimensional simplex with edges equal to 1000d.

Let us assign the colors from 1 up to n 4+ 1 for the simplex vertices. Also
we assign these colors to the open sets such that the following conditions hold:
the sets covering vertices colored by its colors; the sets covering edge colored
by one of its vertices colors; the sets covering k-dimensional face colored by
one of this face vertices colors.

Consider the continuous mapping from simplex to its boundary. Each
point covered by one set is transformed to the vertex colored by the color
of this set. Each point covered by k sets is transformed to a point on the k-
dimensional face which vertices are colored by the corresponding colors. This
point is situated at weighted mass center of these vertices according to the
distances to the boundaries of the corresponding sets.

This mapping is a retract. But continuous retract does not exist.

10,11,12, 16. Yka3anue. Bce kyiacTepbl orpaHUYeHbl, HHaYE MBI MO-
JKeM HailT! JUIMHHBIA IIyTh B HEOT'paHWYEHHOM KJjacTepe. Kaxkmomy kijacrte-
Py, COCTOAIIEMY U3 KyOOB, COIIOCTABUM OTKPBITOE MHOXKECTBO, COCTOSIIEE U3
TOYeK KJjacTepa U HEKOTopoii e-okpectHoctu (¢ = 1073). W3 romosormye-
ckoro akTa 3a/@a49u 17 cjejayeT, UTO CYIIECTBYeT TOYKa, MOKpbITasi 1 + 1
MHOXKecTBoM. M3 mpunnuna /lupuxie ciemayer, 9To CyHIeCTBYIOT JIBE IIepece-
KAIOIKeCs: OKPECTHOCTU KJIACTEPOB OJHOIO IiBeTa. 1ormaa 3TO J0JIXKEH OBbITh
OJUH KJIACTEP.

10,11,12, 16. Note. All the clusters are bounded. If not, there exists a
long path in some unbounded cluster. For each cluster consider an open set
formed by the cubes of the cluster and its e-neighborhood. Using the fact of
problem 17 we obtain that there exists a point covered by n + 1 sets. Hence
this point is covered by two clusters of the same color. But it is impossible.

13. ¥Ykazanwme. llycTh cymecTByeT packparmieHHbIT Ky0 k X k X k 6e3
ckBO3HOTO TIyTH. OTpa3zuM KyO OTHOCUTETHHO KaXKJIOW €ro 'PaHd B COOTBET-
CTBYIOIIFE STUM I'PaHsIM CTOPOHBI. ByjeM oTpakaTh MoJIydYnBIInecs: KyObl OT-
HOCUTEJILHO JIPYTUX I'PaHeil, 3aI10/IHss OTPAYKEHUSIMU UCXOJIHOTO KyDa Bce HO-
Bble U HOBBIe oOJiacTu. [losryyuMm 3aroJiHeHNE MPOCTPAHCTBA OTPAYKEHUIMU
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Halrero kyba. st oboro kKjacrepa B MCXOJHOM KyOe CYIEeCTBYIOT TPU CO-
IIPUKACAIONINECs TI0 BEPIIUHE I'PAaHU, KOTOPBIX 3TOT KJIACTEDP He Kacaercs. B
BHUJLy ITOCTPOEHHBIX OTPAXKEHUI ITOT KJIAaCTep He KacaeTcsl BCeX IpaHeil HEKO-
TOoporo kKyba 2k X 2k X 2k, BHyTpH KOTOPOTO OH HaXOAUTCs. Takum oOpa3oMm
BCE KJIACTEPbI OI'PAHUYEHBI, YTO IIPOTUBOPEYUT PaKTy 3aJa4uu 12.

13. Note. Suppose that there exists a colored cube k x k X k£ having no
path from some face to the opposite one. Let us reflect the cube using each
its face. Then we reflect these reflected cubes again using other faces. So we
can fill the space by reflections of our initial cube. For any cluster in the cube
there exist three faces having some common vertex such that the cluster does
not intersect them. It is clear that our cluster is bounded by some 2k x 2k x 2k
cube. Hence all cluster are bounded. Using the fact from problem 12 we obtain
a contradiction.



