Part A.
Solutions.

. This immediately follows from calculation of angles.
. This item clearly follows from the previous item.

. It is clearly follows from the fact that the angle between bisector of angle ZA and line B,C is
right.

. This item follows from two previous and the properties of the inscribed angle.

. Let E be a midpoint of segment A;C4. Let X be an intersection point of By FE with incircle
different of B;. Let’s calculate degree of point E with respect to the circumcircle of BA;IC;. We
get BE-EI = FA;-EC,. Now write the equation on degree wrt the incircle FA,- EC, = EX-EB;.
So by BE - EI = EX - EB; we obtain that quadrilateral BX B is inscribed. I X = I B; as radii.
So angles /B BI and ZIBX are equal. Let Y be an intersection point of BB; and the incircle
different of B;. From the above we obtain that XY || A;C}. Hence lines B; X and B,Y are isogonaly
conjugated in angle ZA; B1C. Let’s project cross-ratio of points Ay, C;, E and infinity point of line
A;Cy from point X into the incircle. Since cross-ratio of the initial quadruple equals —1 cross-ratio
of images is equals —1 also. So we get that (A, Cy, By, Y) = —1 for any concyclic quadrilateral
in which tangents through two of their vertices intersect on diagonal passing through two other
vertices. As you remember such quadrilateral are called harmonic.

. It is easy to prove this fact using previous item and angles calculation.

. At first we draw tangents from point B wrt the incircle. So we obtain points A; and C;. Now
construct midpoint of A;C; point E. From previous item we know that the circumcircle of triangle
A1IC divide segment By F in ratio 2 : 1. So if we make homothety with center E and coefficient 3
then the image of the circumcircle of triangle A;ICY pass through B;. So if we intersect this image
with the incircle we obtain two symmetrical solutions of point B;. Now it is easy to construct
vertices A, and C].

. From solution of previous item clearly follows that [ must be at most than half of radius of the
incircle. From this fact it easy to prove that ZA;ICY is at least 120°. So angle /B which is equal
180° — LA, ICY is at most 60°.



Yacts B.

Pemenna.

[Tycts BTOpas Touka mepecedenusi AA; co BIMCaHHON OKPYKHOCTBHIO — TOUYKA (), & BTOpasi TOYKA
nepecedenns: C'CYy co BmcanHoit okpykuocThio — P. Teneps mycts K — Gerarormasi TOYKa IO BIIMCAHHOMN
okpyzxkHocTu. Obo3HaunMm TouKky nepecedenuss K P ¢ BC qepe3 P, a K(Q ¢ AB qepes ()'.

DTy YacTb MOXKHO He pemarTh. QakThl U3 Hee HE UCIOJIb3YIOTCA B JAJbHEHIIIEM.

1. Since ZPGQ = 90°+ ZTB, we obtain that the sum of arcs PQ) and A B is equal to 180°+ £ B. Since
arc A;C' is equal to 180° — ZB, arc PQ) is equal to 2/ B. Thus, if the line passing through ¢ and
parallel to BA meets secondary the incircle in point 7', then ZQT P = ZB. Therefore TP || BC.

2. Let point P’ move on BC with constant velocity. Then (' moves in such way that the cross-ratios of
different points P’ and @’ are equal. Therefore the correspondence between P’ and ()’ is projective.
But by previous item P’ and @)’ are infinity points of the respective lines simultaneously. Thus
this correspondence is affine, i.e. point ) also moves with constant velocity. Therefore the locus
of midpoints is a line. Considering the cases K = A; and K = (' we obtain that this line is the
Gauss line of quadrilateral AC;A;C.

3. Since the locus from previous item is the Gauss line of A;C; AC, it contains the midpoints of third
"diagonal". Let R’ be the midpoint of RB. Find points P’ and Q" on AB and BC' respectively
such that R’ is the midpoint of P'Q)’". Then P'BQ’'R is a parallelogram i.e. P’, )" coincide with P,

Q.

4. Note that the projection of a circle to the same circle from a point not lying on this circle conserves
the cross-ratios. In fact, let the center of projection lie outside the circle. Then there exists a
projective map conserving the circle and transforming the projection center to an infinity point.
The projection from such point coincides with the reflection in some diameter and so conserves the
cross-ratios. If the projecton center lies inside the circle we can transform this point to the center of
the circle. In this case the projection coincides with the reflection in the center and also conserves
the cross-ratios. Now note that quadrilateral B;CA; P is harmonic because the tangents in points
By and A; meet on diagonal C P. Consider the projection of this quadrilateral from point Rto the
same incircle. It interchanges points A; and C; and fixes B;. Thus the image of P is the fourth
harmonic point for By, Ay, C1, i.e. point (). Therefore P, () and R are collinear.

5. Points R, By, A, C are harmonic because the Gergonne triangle is cevian. Project these points
from the infinity point of AB to BC. Let the images of R, A, C, By be P,, B, C, Bj respectively.
Project these four points from B; to AB. This projection transforms Bj to the infinity point, fixes
B and transforms C' to A. Since four points are harmonic it transforms P; to the midpoint, i.e.
P, = P,. Now use the assertion of problem 2.

6. Note that if P = A then @)’ = Ay, and if P’ = C then Q' = C. Therefore when one of points is
the midpoint of the corresponding segment the second one also is the midpoint.

7. Consider the projection of line BC' from P to the incircle. It transforms P’, A;, C and the infinity
point to K, Ay, C; and T respectively. Since the cross-ratio of these points is equal to -1, the
diagonal T'K passes through the common point of tangents in A; and Cf.

8. Arcs T'Cy and C;(Q are equal because the tangent in C is parallel to QT. Arcs C1Q) and A F’ are
equal because C1F” || QA;. Thus arcs C;T and F’'A; are equal which yields the symmetry wrt the
bisector of /B.

9. See the solution of problem 5 from part A. Inversing its reasoning and using two previous items
we obtain the assertion of the problem.



10. Consider the homothety with center K transforming P to P’. It transforms 7" to B and thus the
image of @) is ()'. Since QQ'E is parallel to QG as medial line, we have thatit transforms G to M.
Since PG passes through the midpoint of arc QT', P(Q is the bisector of triangle PQT'. Then QQA;
also is the bisector. Therefore G is the incenter of triangle Q7' P. Thus its image M is the incenter
of triangle Q'BP’.
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Part C.
Solutions.

. Let lines BC" and AC meet in point R. For prove that B lies on A'C’, it is sufficient to prove that

cross-ratios (A, Cy, B,C) and (A, By, R, By) are equal. By the Ceva theorem éocjg = gOBg . i?]g,

élcé = gfcl . gf‘é. From this and an equality (C, Ay, B, A1) = (C, By, R, By) (projection from C")

we obtain

ACy CiB AB, CAy BA, CB; AB, CBy, Bi\R CB; AB, BiR
CyB AC, B,C A,B A,C B/A B,C ByR B,C B/A ByR AB;

Let lines A;C; and AC meet in point R. Project cross-ratio (A, C, By, R) = —1 to line B;C} from
point B’. This projection transforms C, A, R to A’, X, Cirespectively and fixes Bj. Therefore
(B1,C1, A", X)) = —1, i.e. the polar of A" passes through X and the pole of B;C; coinciding with
A. Thus it is line AX which coincide with B'C" by previous item.

Lemma. Let triangle A; B;C} be cevian for ABC. Points A’, B’ and C” on its sidelines are such
that the vertices of triangle ABC lie on the sidelines of triangle A’B’'C". Let Ay be the common
point of B;C; and BC. Points By and Cy are defined similarly. Then lines AA’, BB, CC" and
Ay ByCy concur.

Proof. Consider triangles CA’Ay and C'ACy. We have CA' N C'A = B, A/Ay N ACy = (4,
AoCNC'Cy = A1, and these three points are collinear. By Desargues theorem lines CC’, AA’, AqgCy
concur. Since points Ag, Cy, By are collinear (clearly follows from Ceva and Menelaos theorems),
we obtain the assertion of the problem.

Now note that in our case one of considered triangles is medial. Thus the corresponding lines meet
on the infinity point, i.e. they are parallel.

Use the Pappus theorem to points A, By, C and C;, B’, Ay, and after this to points A, By, C' and
Cp, B', Ap. (see problem 7)

Similarly to previous item use the Pappus theorem to points A, By, C' and Cy, B’, Ag, and after
this to A, By, C' and Cy, B’, Ac. (see problem 7)

Use the lemma of problem 3 to the Gergonne triangle.

/B = 180° — LA - /C = LBAlCl = ISOO;ZB = ZA—gZC = Z(AlB, A101) = Z(AlC, C]) +
L(AI, ACY) = ZL(AI, ACY) = L(A1B, A1Ch) — Z(ALC, CI) = L(A1C, A1Cy) — L(C Ay, CCy) =
L(IC, CAy) + L(AL1C, C1Cy) = L(ICy, CaCh). Therefore A, Cy, Cy, I are concyclic.

By previous item C'4 is the projection of A to the bisector of angle B. Thus angle AByC'4 as central
angle in triangle ACCY is twice greater than angle C' of this triangle, i.e. it is equal to angle C' of
triangle ABC'. Therefore BoC' 4L BC, and C}y lies on the medial line.

Since CyC'y is parallel to BA;, triangle C,CyC'4 is isosceles. Thus CyC = CyC 4. Similarly CyC =
CoCp.

The circle from previous item is orthogonal to the incirle because it passes through Cjand its center
lies on the tangent to the incircle in this point. Since C'y and Cp are collinear with the incenter,
they are symmetric wrt the incircle. This is also true for points Ag and Ag. Thus IC4 - ICg =
r? = IAgp- I Ac, where 7 is the inradius. Therefore these four points lie on the circle which is fixed
under the inversion and so is orthogonal to the incircle.

By the properties of polars and radical axis all these lines coincides with a common chord of given
circles.
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15.

16.

17.

18.

19.

20.
21.
22,

Using the Pascal theorem to points A, B, B, D, C', C we obtain that the tangents in B and C
meet on line N P. Similarly the tangents in A and D meet on this line. Conisder now the polar of
point M. This line passes through the poles of BC' and AD. By above it is line PN. Thus M is
the pole of PN. Similarly for two remaining points.

Point Op lie on A'C" iff the polar of Op wrt the incircle passes through the pole of A'C" i.e. point
B’. Since wp is orthogonal to the incicrle the polar of Op wrt the incircle coincide with the polar of
I wrt wg. But for quadrilateral CgC4AgAc inscribed into wp gerbipexyroibuuka I is a common
point of the oppsite sidelines, and B’ is a common point of the diagonals. Thus the polar of I
passes through B’.

Since wpg, wa and the circumcircle of triangle C'4CgC} passe through points C4 and Cp, their
centers are collinear.

By previous item OgO 4 is perpendicular to C'4Cpg, which is the bisector of angle C'. Then it is also
perpendicular to the bisecor of angle Cy of triangle AyByCy. Therefore the sidelines of O,40Og0O¢
are the external bisectors of AyByCy. This clearly yields the assertion of the problem.

The sidelines of these triangles are perpendicular to the corresponding bisectors of original triangle.

Project cross-ratio (A, C, By, R) = —1 from B’ to O40¢. This projection transforms A, C' and R
to 04, O¢ and infinity point respectively. Thus it transforms By to Mp.

Note that M4, Mg, M¢c, Ay, By, Cy lie on the Euler circle of triangle O 4OpgO¢. Then the homothety
center of triangles Ay B;C} and M, MpgMc is also the homothety center of their circumcircles, i.e.
the Euler circle of original triangle (because was,amznme = Wa,B,c, = is the Euler circle of original
triangle) and its incircle. Therefofre this homothety center coincide with the Feuerbach point. But
by previous item line M 4A; passes also through point A’. Thus A; A’ passes through the Feuerbach
point.

Since AyByCy is the medial triangle of ABC' and the orthotriangle of O 4OgO¢, the Euler circles of
these two triangles coincide. Thus points M4, Mg, M¢ lie on the Euler circle of original triangle.
But triangles A; B;C7 and M4 MpgM¢ are homothetic, so their circumcircles are also homothetic. It
is sufficient to prove that the homothety center lie on one of these circles. Let AA’ meet the incircle
in point R. Since B’ lies on the polar of A’ wrt the incircle and on the diagonal A;C; of quadrilateral
A1 B1C1 R, we obtain that B’ is the common point of the diagonals of this quadrilateral. The same
is true for C'C”. Thus the homothety center lies on the incircle and the circles touche.

This problem is dual to item 18.
See the solution of the next item.

Lemma 1. Z(AoF, FA,) = (L(CA, CB) + Z(BA, B())/2.

Proof. Prove that Z(AoF, FH) = Z(CA, CB)+ Z(BA, BC), where His the foot of altitude from
A to BC. Then the sought assertion will follow from Archimedes lemma. Note that Z(AoF, FH) =
Z(AoBy, BoH) because all these points lie on the Euler circle. Also since By is the midpoint of the
hypothenuse of right triangle AHC', we have Z(CA, CB) = £(CBy, CH) = Z(HC, HB,). Thus
Z(AoBy, BoH) = Z(AoBy, AoH) + Z(AoH, HBy) = Z(BA, BC) + Z(CA, CB), q.ed.

Lemma 2. Points B¢, Cpg, Ay, Ag and F are concyclic.

Proof. Prove that Z(AyCp, CgA;) = Z(AF, FA;). Since Cpl A1 B is cyclic we have Z(Cpl, CpA;) =

Z(BI, BA)) = Z(BA, BC)/2. Since CpAy = AyC, we obtain an equality Z(A¢Cp, CpC) =
A(CCB, CAO) = A(CA, OB)/2 From this Z(AQCB, CBAl) = A(A()CB, CBC)+Z(CBC, CBAl) =
(L4, CB)_QM(BA’ BO) — L(ApF, FAy). Thus Cp lies on the circumcircle of AA; AgF'. Similarly Be
lies on this circle.




23. We proved that A F is the radical axis of the incircle and the circumcircle of triangle Cg BoAj.
Thus it is sufficient to prove that A’ lies on this line. Note that A’ is the homothety center of
triangles CyC1Cp and ByBcB; because the corresponding sidelines of these triangles are parallel.

Therefore f/’gé = I:I,CB’f, and we obtain an equality of degrees: A'Cy - A'B; = A'Cp - A'Be.




