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beHKHI/IOHaJIbeIG KOpHH

Baag Bukoa Amocron AnocTosos

Dyuxumonanpuoe ypasuenme f o f = g, rge g — CcTpPOro yObIBaIOIIas, He-
TmpeprIBHAA (HYHKINA, He UMEET HEIPEPHIBHBIX PEIICHUN, ONPeJeIeHHBIX Ha BCen
9HUCIOBOU IPAMOU. B cTaTbe MCCIeAyeTCs CUTyauusa, KOrga JOIYCKAeTCA KOHed-
HOE WK CIETHOE IUC/IO Pa3pPBIBOB. B 9acTHOCTH, MOKA3aHO, ITO €Cau PA3PELnTh
f MMeTh Wb KOHEYHOE YUCJO PAa3PBIBOB, TO YPABHEHUE HE MMEET DEIIeHUN Ha
YUCIOBOU IPAMOU.

1. BBEIEHUE
k pas

—_—N—

Bcem xopomo smaxomo o6osmadenme fF)(z) = fofo---o f(x). Dynkuusa
f%) () masmBaercs k-ii mrepammenn dyskmmm f. Ipz srom f(71)(z) obosmauaer
obparuyio Qymxmmo, a f(F(z) ects (fCV) R (2). fcno, uro (f™)M(z) =
= fmn)(z). Ecrecrsenno ompegemnts fU/?)(z) xax dyHkmmio g, Takyio 9TO
g(g(z)) = f(z) (amamormano onpegerserca f(/5) (z) u ganee f7/9 (z)). Takyo pynk-
WO MBI HA30BEM (PYHKYUONAADHBIM WAL UWMEPGYUONHbIM KopHeM. DYHKIMOHATLHEBIE
KODHHU ABJAAIOTCA BAXKHBIM HHCTPYMEHTOM AHAIN3A THHAMUYECKUX CHCTEM, TAK KAK
OHW [ETAIOT BO3MOKHBIM €CTECTBEHHBIN TIEPEXO] OT NUCKPETHOTO BPEMEHW K HETIPe-
pPHIBHOMY. JIeMCTBUTENBHO, MYCTh MMEETCS MOCAeI0BATEILHOCTE MOMEHTOB BpeMe-
HU ...,—1,0,1,... u cocTosHUE cuCTeMBI MeHseTcs o 3akoHy w(t + 1) = g(w(t)).
Ecan MBI mEpexoiuM K HEMpepHIBHOMY BDEMEHH, TO, HaIpUMep, NpeoOpa3oBaHue
w(t) — w(t + 1/2) pomxno oupenensrbesa Takon pyukuuen f, aro f(f(z)) = g(z).

MaremaTuieckue TpUIOKeHna GYHKINOHATLHEIX KOPHEH BKIIOIAIOT TAKKE TH-
CJIEHHEIE METOIBL, AHAJIN3 JAHHLIX B XA0TUYECKAX CACTEMAX U MHOTOe apyroe. Utepu-
POBAHUE UTPAET BAXKHYIO DOJb W IIPY OIACAHUN SBOIIONUN CACTEM B IPYTUX HAY THBIX
00J1aCTSAX, KAK HATIPUMED, B DKOJOTHMHA, IV EMUOIOTUN, ONTUMU3AINA WH Ty CTPUAIb-
HBIX TIPOIIECCOB, TEOPUN ABTOMATOB U TEOPHUA TypOyJeHTHOCTH. Bomee moapo6HO 06
5THUX BOmpocax cM. [1-10].

Hac mHTEpecyeT BOMPOC O CYIIECTBOBAHAN (DYHKIMOHAILHOT'O KOPHS BTOPOR CTe-
[eHU, T.€. 0 QYHKINOHATLHOM YPABHEHUN

fof=g (1)
Jlerko BugeTh, 9T0 €11 g MOHOTOHHO yORIBaeT, TO ypasuenue (1) He umeer peruenui

B KJIACCE€ HEIPEPHIBHLIX PyHKIUMA. B caMoM gene, MOHOTOHHO yORIBArOmaa (pyHKIHA
OPYHUMAET KaXI0€ CBOe 3HAYeHue Mo pasy, T.e. paseHcTso ¢(x) = ¢(y) Breder
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pasercreo = = y. [lockoasky u3 f(z) = f(y) creayer f(f(x)) = f(f(y)), uro pasHO-
cuibEo g(z) = g(y), IPUXOAUM K BBIBOAY, 9TO f NMPUHUMAET KAKIOE CBOE 3HAUCHUE

POBHO OfMH pa3. BMecTe ¢ HENpEpEIBHOCTBIO f 5TO BJIEYET €€ MOHOTOHHOCTB, T.e.
f ambo MOHOTOHHO BO3pacTaeT, MO0 MOHOTOHHO yObIBaeT. B oboux cayuasx f o f
MOHOTOHHO BO3PACTAET, 9TO IPOTUBOPEIUT BEIGOPY ¢.

C npyrou cTOPOHEL, ecau pa3pemuTs GyHKIuY f OBITH PA3PBIBHOU, TO YPABHEHUE

(1) wacro umeer peulenue, Hanpumep upu g(z) = —z. ITOT CLy4all UHTEPECEH TEM,
9TO MHOKECTBO (PYHKIHHA [, YAOBJICTEOPAIOIIAX yPABHCHUIO
f(f(x)) = —=, (2)

— DTO B MOUKOCIY MHOXECTBO DYHKINN, "padUKi KOTOPHIX MEPEXOAAT B CeOA TPH
moBopoTe Ha 90° OTHOCUTENBHO HAYAIA KOODAWHAT.

SATAYU

1. MpoBepbTe BTO CBOUCTEO TPapUKOB PEIeHnn ypasHeHus (2).

2. TocTpoure QyHKOUIO f €O CIETHEIM IUCIOM TOYEK Pa3pbIBA, YIOBIETBOPSIIO-
LIy} YDABHEHUIO (2) U OLPEAECNCHHYIO0 HA BCEU YUCAOBOY IIPSAMOU.
YKA3AHUE. Hoaoxum f(0) = 0, g = 0. Bribepem nociegoBarenisHOCTL Ty,
k=1,..., Takywo uro xj > 0, x;, — oo. lpexacrasum R \ {0} B Buge o6begune-
HUs HENePeCeKAIIMXCs nap noayurrepsaios Dy = (xp_1, k]| U [—Tk, —Tk—1).

Tp—1 + T

2
¢ obGaacrbio oupegenrenus Dy, nepecrapisiomee IOLYUHTEPBAABL (Tg—1, Yk,

(Yr>Tr), =Tk, —Yk), [=Yk, —Th—1)-

IIycre yp, = . llocTpoum KyCOYHO-AMHENHOE pelllenue ypaBHeHus (2)

3. MocTponre pemenune ypasuenus (2) ¢ obaacTeio onpenenenus (—1,1). A rak-
XKe HailguTe PyHKILOHATbHBE KOpHH o060l cremenn f(2¥) = —z co caerHBIM
qucaIoM TO4eK paspeisa. lIposepsre, uro Beerga f(0) = 0, u, kpome ToOro, 0TO-
O6paxenne f OMEKTUBHO.

2. DOD®DEKTHI YETHOCTHU

Nurepecusre 2(p(PpeKTH BOZHUKAIOT, KOI'Ia PACCMATPUBACTCA pPelreHre (PpyHKIIO-
HaspHOTO ypasuenus f(f(x)) = g(z), nae g — HempepbIBHAS MOHOTOHHO yOBIBAIOIIASL
dyHKIMA, B KIacce Pynkuut ¢ xoneunvim (G He CUCTMHLIM) YUCAOM TOYUEK DA3PbIEA.

Ha 53-u Mockosckon matemarudeckon omummuane A. f. BeroseiM 6buta mpemsio-
JKEHA, CIeAYIOMAS 33,1394

SANAYA. Cywecmeyem au Gynkyus [ ¢ KOHEUHbIM YUCAOM MOUEK PA3PbIEA, YIO-
saemsopsowas ycaoswo f(f(x)) = —x, obaacmy onpedesenus xKomopot ecmov a)
ompesox [—1,1]; 6) omxpemet uwmepsaa (—1,1)7

OTBeTHl B IyHKTaxX 4) U 0) HEOKUIAHHO OKA3LIBAIOTCA pPasHEIME. B myHkTe a)
OTBET «CyLIeCTBYeT», B IyHKTE §) oTBeT «HeT»!
Hamomuum, 910 opbumoti moukuy o HA3BIBAETCI MHOKECTBO

orb(z) = {f™ (x0) | n € N}.
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Ananorugno, opbumoti muoscecmea I aBaseTcs ceMeNCTBO MHOXKECTB
orb(1) = { {f™(I)} | n € N}.

PEMEHUE IYHKTA a). Ilocrpoum ¢yukumio f: [-1,1] — [—1,1] ¢ xouednsim
YUCIOM TOYEK paspeiBa, Takywo, 4ro f(f(z)) = —z. Homxoxum f(0) = 0, u mycrb
dyakums f gercteyer mo mpapmiy 1/2 — —1+— —1/2 — 1+ 1/2. Ha ocTaBmmxcs
OTKDPBITHIX MHTEPBAJAX (PYHKIUA NEUCTBYET KaK U300DaXKEHO Ha puC. 1,
re. f((-1/2,0) = (-1,-1/2), £((0,1/2)) = (1/2,1), f((1/2,1)) = (~1/2,0),
f((—=1,-1/2)) = (0,1/2). Cpaprure c puc. 2, rge n3obpaxena opobura Touku x. [

. 14 1/2
1/2 € .
1/2 1
T hd i : 1 O
1 -1y -1
. - —1/2
L1 e —-1/2
Puc. 1. I'pagux f Puc. 2. Opbéura x

PEWEHUE IYHKTA 6). Ilokaxem, uro we cywecmeyem gynryvu f: (—1,1) —
(—1,1) ¢ KOHEUHBIM ¥MCIOM TOYEK pasphiBa, masa kotopon f(f(z)) = —z.

Ecan Takas QyHKIMA cymecTsyeT, T0O f OnekTusHa, a 0 — eINHCTBEHHAS HETIO-
JBIKHAA TOUKA.

B camom gene, f(z) = f(y) = f(f(2)) = f(f(y) = —v = —y = v =y
= —(—2) = f(f(=2)) = f(s), vae s = f(—2); f(@) = & = [(x) = [(f(2)) = —a,
orkyga x = —x, T.e. £ = 0.

ToxaxeMm, 9TO OpOUTA KaXKION TOUKHU, KPOME HYJS, COAEPKUT 6 MOUHOCU 4
DJIEMEHTA.

B camom gmene, f(f(f(f(x)))) = —(—=x) = z. Ecim z # 0, 10, Kax MBI BUJE/H,
J(@) # 2, f(J@)) = —2 # 2w ecan = = [(f(/(2))), T0 F(z) = [(FTS@)) = =,
T.e. z = 0.

Paccmorpum MuONKecTBO A = {a3,as,...,a,} TOUYeK paspbiBa GYyHKINU f U TO-
JIOZKIM

A*:={0}U U orb(a).
a€A
ITO MHOKECTBO 6N0OAKE UNEAPUAHMHO OTHOCUTEILHO [, T. €.

fly) e A¥ < ye A"



DyHKIIMOHAJBHBIC KODHI 197

Ilycre by, bo,. .., b, — 24eMEHTE MHOXKECTBA A, nepevucieHHble B IOPAIKE BO3Pa-
crauus. [lockoapky opbuTa 000U TOYKU U3 A*, KpoMe HyJA, CONepXuT 4 naeMeH-
Ta, TO
m=4k+1, keN. (3)
Monoxum Iy = (=1,b1), Im41 = (bm, 1), m a11 2 < j < m nycrs I; = (bj_1,b;).
Mpumensasa aemmy 2, npusenéunyio muxke, kK I = (—1,1) u M = A*, noayvaewm,
9TO f-0pOMTa KaxkKAOT0 MHTepBana [; cocTonT un3 4 sremenTon. [losTomy m+1 = 4p
s Hekoroporo p € N. Ho 510 npoTusopeduT ypasHeHUO (3), T.€. CYIIECTBOBAHUIO
dyuxuun f ¢ KOHEYHBIM YUCJIOM TOYEK PA3PHIBA. U

31ech MBI HAOMIO1AeM KoMOuHamopHubil acnexm 3axa<dn. Mur nokazann, ITo 4au-
Ha OPOUTHI KAXKIOU TOYKU, KPOME HEMOABIKHOU, PABHA 4 U MOTOMY KOJUYIECTBO UH-
TEPBAJIOB MOIYy4YeHHOrO paszbuenus umeer Bul 4k + 1. Ho okaseiBaeTcs, ITO n IIMHA
OpOUTHI KAXKAOT0 UHTEPBALA TOXKE paBHA 4, OTKYJa MOLYyIaeM IIPOTUBOPEIHE.

3. OCHOBHASI TEOPEMA

EcrecTBenno BosHukaeT Goee 06mmUu BOIPOC: dana cmpozo yobieaou,as nenpe-
poienas Pynkyus g, onpedesennas na 6cets wucao6ot npamot. Moxcem au cywecmeo-
oMb PYHKUYUS [ € KOHEUNbIM YUCALOM TMOYER Pa3pbiea, makas wmo f o f = g7

OTBeT Ha 5TOT BONPOC TAET

OCHOBHAA TEOPEMA. Ilycmb g: R — R — cmpoeo monomonno y6wieaouas
nenpepvienas Gynkyus. Toeda ne cywecmsyem umepayuonno2o KopHi 6mopott cme-
NEHU U3 § € KOHEUHBIM YUCAOM MOYUEK DA3DPIEA.

Buagaime JOKaXKeM HECKOJBKO BCIIOMOr'aTeJlbHBIX yTBepm,quMﬁ.

JIEMMA 1. [Tyemp na nexomopom unwmepsate sadanvt Gynryuu [ v g, npuuem
g Menpepuiena U 63aumMH0 00n03nauna. Ilycms f u g wommymupyom, m.e. fog =
= go f. Toeda nenpepwisnocmo Gynkuyuu f 6 HEKOMOPOt MouKe To PABHOCUALHA €€
nenpepuienocmu 6 mouxe g(ro).

JTOKABATEJbLCTBO. 3aMeTuM, 9TO W3 OMEKTMBHOCTY M HEMPEPLIBHOCTU (PYHK-
LU g CTIeAYET OMeKTUBHOCTD M HempephiBHOCTH dyrkumn g( 1), Tlosromy gocTarou-
HO JOKA3aTh TOJIbKO OHY MMILIIKAIMIO, 8 MOTOM 3aMeHuThb g Ha ¢~ 1),

IIycrs f umenpepriBua B Touke zo. [lomoxum yo = g(xg) U paccMOTpUM HpOU3-
BOJILHYIO IIOCIEIOBATEILHOCTD (Y, ), TAKYIO 9TO Y, — Yo. Homoxum z, = g1 (y,).
Torga z, — o, mockombky g1 — menpeprBHas Qpyrkuma. Tak Kak f HempepLIBHA
B TOYKE Tg, TO

fyn) = flg(zn)) = 9(f(20)) = 9(f(z0)) = f(g(20)),
9TO U TPeOOBATOCH. O
IIycre fo f =g. B arom cay4ae f u ¢ KOMMYyTUPYIOT, M MEL IOy 9aeM

CueactBuk 1. Ilpu yeaosuu (1) opbuma mouru paspwiea gynkyuu [ nod dei-
CMBUEM § COCTOUM U3 MoueK paspuisa. Ecau mnoxcecmeo mouer pazpuisa Konewno,
mo u opouma 410001 U3 HUT KOHEUNA.
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(o]
CaeacTBuE 2. Myems I = () g®)(R), 2de g — cmpozo yovisanuwas Gynryua,
k=0
@) (x) = g(x). Ecau ynryus f umeem Koneunoe mMuo*cecmeo mouex paspuiea, mo
ece onu npunadaencam I.

JOKABATEJILCTBO. Jliobas Touka Bue I umeer Geckonednyio opbury. Ocraercs
MPUMEHUTH caeacTeue 1. 0

3AMAYA 4. Mycrs g — cTporo yomBawoman HenpepsisHas ¢yakumsa, g(R) — or-
kperThii ays. Torga mua moboro s > 1 ypasrenme f(¥)(x) = g(x) He nmeer pemrermit
B KJIacce PyHKIMU C KOHEYHBIM 9UCIOM TOYEK PA3PLIBA.

YKABAHME. C nOMOWBIO CeACTBUA 2 MOXKHO IOKA3aTh, 9TO [ HENPePLIBHA U
youBaer nHa R\ g(R). Ecim ¢ — rpamuna g(R), To f(c¢) # ¢, nnade 6vu10 611 g(c) =
= ¢. Tlo menpepusrOCcTH f(c) € g(R), orkyaa f(R\ g(R)) C g(R). B To xe Bpems
flgR)) = g(f(R)) C g(R), .e. fF(R) C g(R). Tak kax f B3auMHO OJHO3HAYHA, TO
g(R) € g(R) — mpoTtusopetne.

OTMeTuM, YTO OTCIOA BHITEKAET perrenue 3amadn K. Maabkosa, omybankoBaH-
HOH B cOopHuke «MaTemaTnieckoe mpocsemenne», Ne3, 1999, c. 232, mog mHomepom
3.3; pemenue K. ManbkoBa onybaukoBano B «(MaremaruieckoM mpocserneHumy, Nej,

2001, c. 227-228.

JIEMMA 2. Iyemv I C R — omxpomuiti uwmepean, a f: I — I — Ouexmusnas
Pynryus. Paccmompum mmoxncecmeo mouex M C I, |M| = m, enoane unsapuanms-

noe omuocumenvno f. ITycmo {Ij};"jll — pasbuenue I na omrpuimbie unmepsabl
moukamu muoscecmsa M. Tozda:

(i) Ecau f nenpepvisna na xaogcdom uwmepsaae I, mo f(I;) = I das nexomopozo
1<kE<m+1.

(i) Ecau, donoanumeavno % (i), fo f empoeo yoweaem, mo f(I;) = I; das ecex
1<j<m+ 1.

(ili) Ecau, donoanumesvno x (i) v (i), wexomopas mouxa xo npunadsexcum M u
F(f(x0)) = x0, mo opbuma xasxicdoeo unmepsana I; umeem 4 saemenma.

JTOKABATEILCTBO. (i) 3aHyMepyeM MHTEPBAIL pa3OUeHNUA CJAEBA HATIPABO U PAC-
cMoTpuM HekoTOpe muTepBal ;. @ymxunma f orobpaxaer I; ma f(I;) Hempe-
puiBHO U OuextuBHO, nostoMy f(I;) = (¢,d) mas mexoropmx c¢,d € I. Ilockonbky
I; "M = @, a M Bnonue uuBapuanTHO OoTHOCHTEABLHO f, TO (¢,d) C I mms meko-
roporo 1 < k < m + 1. Ucnoassys f~1) u paccyxk1as aHATIOIMYHO, MOIYHUAEM, HUTO
fI;) = Iy.

(ii) Tax xax f*) crporo yoemaer, To f(*) crporo Bospacraer. UmeeTca posno
j — 1 urrepBanos caea ot I;. Ilpumensas yreepxaenue (i) k f® | noxyuaaem, uro
CyLIeCTBYeT po6no j — 1 murepsaos ciesa ot f(4) (I;). CregoBaTennHo, f@ (I;) = 1;.

(iii) I3 (i4) crexyer, uTo op6uTa KaxkIOrO MHTepBata [; cocrout m3 1, 2 mim
4 snementos. Ilpeamonoxum, uro f(f(I;)) = I;. Tak kak ¢yskmua f o f cTporo
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yOBIBACT M HENPEpPBIBHA HA [j, TO IO TEOpeMe O IPOMEXKYTOTHOM 3HAMEHHH CyLIEC-
mByeT « € I;, mna koroporo f(f(z)) = z. Ho cTporo yOerBatomas GbyHKIMA MOXKeT
UMETh JUITb OTHY HEMOJBMKHYIO TOUKY. SHAYNT, T = To € M, — IpOTHBOpEdne.
CrenoBaTenbHO, OpOUTA KaXKI0T0 HHTEPBAIa, UMeeT AIUHY 4. O

JIEMMA 3. Ilyemv g — cmpo20o youieaouas HENPEPuISHas PYHKUUSL U 6LINOAHEHO
ypasnenue f o f = g. Toeda Pynkyuu f u g umerom eduncmeennyio wenodeurcHyo
MoKy, NPuYem 06Uy,

JOKABATEABCTBO. O4eBrAHO, 9TO CTPOro yOBBAIOWAL (PYHKINA MOKET UMETD
JIMIIB OAHY HENOABIKHYIO TOUKy. Ecam npu 5T0M QyHKIUMA HEIPEPEIBHA, TO 1O TEO-
peMé O TMPOMEXYTOYHOM 3HAYMECHWM Takad TOYKa To cymectsyer. Torma f(zg) =
= f(g(zo)) = g(f(z0)), T.e. f(xo) TaxKe ABAASTCA HEMOABUIKHON TOIKON (DYHKINK
g. 3uauur, f(xg) = 9. O6parHo, ectu f(z) = z, To g(z) = f(f(z)) = z, orkyzna
T = Tg. ]

JEMMA 4. ITyems I C R — omxpuimaii unmepsaa, a f,g: I — I maxoser, wmo
fof =g, npuuem g nenpepvisna u Ouexmuena, o [ umeem Komeunoe wucA0 Mmo-
wex pazpwvisa. Toeda Kaxncdas u3 IMUT Mouer AUO0 A6AKEMCA HENOIBUNCHOT MOuKOT
dynxuyuy g, aubo umeem f-opbumy uz 4 ssemenmos.

JTOKA3BATENLCTBO. [lycts A — mHOXKeCTBO TodYek paspwiBa dyukumu f. Ilo-
CKOMBKY ¢ U [ KOMMyTHUpPYIOT, TO 10 cieactsuto 1 gemmbl 1 g(A) C A. Tax kak A
KoHe4HO, a yukuusa g unbexktusaa, To g(A4A) = A. lycrs a € A u g(a) # a. Ilo-
CKOIIBKY g o g crporo BoapactaeT u g(g(A)) = A, to g(g(a)) = a, t.e. fH(a) = a.
Tak kax g(a) # a, 10 f(a) # au f®(a) = fV(a) # a, r.e. a umeer opbury u3 4
TOEK. d

JOKA3ATEJLCTBO OCHOBHOW TEOPEMBL. /[lomycTuM, 9TO CyHIECTBYET (PyHK-
mua f, o6razalomas CBOMCTBAME 3 ycaoBua TeopeMel. Owesmgno, g("TD(R) C
C g (R) mas Becex n € N. IlockombKy ¢ HempepbIBHA U CTPOr0 MOHOTOHHA, TO
g™ (R) — orkperrsnt narepear B R. TTomomxmm

o0
I=() g®(R).
k=0
IockonbKy g HENpPEPHIBHA U CTPOrO yObIBaeT, TO ypaBHeHue ¢(&) = & UMeeT POBHO
oguo pemenue zo. Torga g (xg) = x¢ a1 Becex k € N, orkyza zg € I, .e. I # @.

IMockonbky I — cueTHOE mepecedenne OTKPLITHIX HHTEPBAIOB, TO I cBa3mo. Ilpu
srom g(I) = I. Jlerko Bugern, 4o I He MOXeT OLITH HOLYUHTEPBAIOM B CHILY MOHO-
rouHOCTH g. IIpexnonoxum, uto I = [a,b] mna HexoTopwix a < b. Tak kKak g cTPOro
youiBaet, To g(a) = b, g(b) = a. Ho KOHUBI MPOMEXYTKA He BANAIOT HA HAIIN PACCY-
JKJIEHUS, TAK 9TO MOXKHO CUMTATH | OTKPBITHIM MHTEPBATIOM.

IIycTs MHOXKECTBO Agyy COCTOUT U3 BCEX TOUYEK PA3PhiBa DYHKIUEU f M TOUKA
zo. U3 caegcrBua 2 gemmbl 1 BeiTekaeT, 9TO Aexy C I. Ilpumenusn gemmbr 3 u 4
k f,g: I — I, nony4daem, 910 MHOXKECTBO Aeyy cocTout u3 4p + 1 saeMenTos s
umexkoroporo p € N. CoorBercrByiomee pasbuenue uaTepBata I JOMKHO COCTOATH U3
4p + 2 oTKpHITHIX UHTEPBAIOB. [Ipumenus Kk I asemmy 2(iii) ¢ M = Aeyy, momyuaeM,
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9TO OpOUTa KaXkKJOT'O HHTEPBaTIa [; COCTONT M3 IeTHIPEX 3MEeMEHTOB U IIOTOMY THC/IO
WHTEPBAJOB MTOMKHO TeTUTHCA Ha 4, TOrMa Kak OHO uMeeT Bum 4p+2. Takum oOpasom,
TIPEIONOXKEHNE O CYIIECTBOBAHUN (DYHKIMK [ BEIeT K MPOTUBOPEUUIO. g

4. TIONBITKA IAJBHERIIETO OBOBIIEHUS

EcrecrBenno nonerarhes 0606IMTL OCHOBHYIO TeopeMy. A 4ro ecau (pyHKIuUs
g: R — R monoronno ybeiBaer, HO He 00s3aTeabHO HenpepbiBHa! fcHO, 4TO ecan
g mMeeT GECKOHETHOE UUCIO TOYEK PA3PLIBA, TO (DYHKIMOHAILHBIU KODEHbL f, mis
xoToporo f o f = g, Toxe mMeeT OECKOHEUYHOE HUCJIO TOUYEK paspwiBa. [losTomy
moTpebyeM, ITOOBl PYHKYUA § UMEAL KOHEUHOE YUCAO TOYEK PA3PbIEA.

OxaspiBaercs, B 5ToM ciaydae ypasHerue (1) MOxKeT UMeTh DELleHUs, OLpe1eIeH-
HEIE HA BCEH YUCJIOBOU MPAMOU.

IIPEANOKEHNE 1. Cywecmeyem omxpomsid uwmepsas I C R u dynxyuu
fr9: 1 — I ¢ KoneunviM wucAoM MOUEK PA3PLIBA, MAKUE 4MO § CMPo2o Y6uisaem
uw f(f(x)) = g(x) das ecexx € 1.

JIOKABATEJBLCTBO. 316Ch MBI HAYMHACM HE ¢ BLIOOpA (PYHKIWMU ¢ ¢ TOCASTYIO-
MM TTOCTPOEHUEM [, a ¢ MOCTpoeHus camou GpyHkmn f. [as obrerdenus Beramce-
uunt pacemorpum I = (—16,16), Bmecro (—1,1).

g +2 mpuz e (—16,-8),
—§+10 upu z € (—8,0),
—%—10 mpu z € (0,8),
llyere f:(-16,16) = R, f(z) = g —2 mpmzx € (8,16),

—2 mpumx = -8,
—10 mpmzx =0,

2 upmx =8.

Jlerxo mpoBepuTh, UTO f MMeeT 3 TOUKM pa3pbiBa u uTO ¢ := fof cTporo y6niBaeT
7 TOXEe UMEEeT 3 TOUKHU PaspbiBa. 1TOOBI JyHIille YBUAETH IOIYIUBIIVIOCI KAPTUHY,
cM. puc. 3 u puc. 4. O

3AMEYAHUE 1. Ormernm, 94T0 rpaduk GyHKIUU [ CUMMETPUYEH (33 UCKIIOHe-
HUEM OJHOU TOYKU) OTHOCHTEILHO OBOPOTA IIockocTy Ha 180° (cMm. Taxxe puc. 1).

BJIATOIAPHOCTH

Mu xotum nobaaronaputh Anekces Benosa u ['érua Ilpaugepa, koropole mo3na-
KOMWIM HAC C (PYHKIMOHAALHEIM ypapHenmeM [ o f = —id, a Takxke Ajekcaniapa
Byderona 3a nonesunsie samedanusa nu Bopuca dpenknna 3a peIakIMOHHYIO TPABKY.
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Msr ocobenno Gmarogapubl Anekceio BenoBy, KOTOPBIA O AepKaN HAIIM ITONBITKA
00006 TE 3TO QYHKIIMOHATHLHOE YDABHEHNE.
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