LXVI MockoBckasa MaTeMaTHIeCKasA OJUMIINA 1A

OxpyxHOU TYP 8 KJacc 2.02.2003
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F npuseden moavko eepuwvili omaeem

+ gepubili £0d pewenus, Ho JonYywena apuPMemuueckas owubra
3agaua 2. B tpaneuum ABCD: AD = 2, AB = BC = CD = 1. B C

Haugure paguyc OKpyKHOCTH, IPOXOIAMIEN Uepe3 BCe BEPIIUHBI TPATICIIUH.
OTBerT: 1.
[Iycts O — cepeguna AD (cm. pucynok 8.2). Torga AO = BC u 4 0 D
AO||BC, crepoBarensno, ABCO — napamnerorpamm. 3Hadut, OC = AB =
= OA = 1. Ananoruyno, BO = 1. 3uauur, Toyka () paBHOyJaJeHA OT TO-
ek A, B, C' u D, T0 ecTh ABJIAETCA IEHTPOM OKPYNKHOCTHU, OMUCAHHOU
OKOJIO TDATCIUH.
F npuseden moabko 8epruili omeem

Puc. 8.2.

3aga4a 3. [Joxaxmure,qaro qmcao 9"+ — 78+ qenprea ma 20 npum Beex HATYPAJIBHEIX M.

Permmenue. 98n+4 _ 78n+4 — (94n+2 _ 74n+2)(94n+2 + 74n+2) — (94n+2 _ 74n+2)(812n+1 + 492n+1).

B mepBout ckoOke CTOMT Pa3sHOCTh ABYX HEYETHBHIX UUCET, KOTOPas ABAACTCSI YETHBHIM HUHUCJIOM.
Bo BTOpOU cKOOKe TepBas CTeleHb OKAHYMBAETCA HA €IUHUIY, a BTOpasd — Ha 9, TaK KakK TOKa-
3aTeJb DTOW CTENeHW HEeYeTHBIW. 10Ta WX CyMMa OKAHYMBAETCA HYyJeM, TO eCcTh meaurtcs Ha 10.
[TpousBenenue veTHOrO YMCaa U yucia, kparHoro 10, merurcsa Ha 20.

Paccmampusas nocaednue yudpvlt dannbls cmeneneti MosHcHo Jdokazams moavko, 4mo pashocmb
deaumcs wa 10.

F ecmb udes pasaoHcenus no Popmyae pa3Hocmu Keadpamos, Ho pewenue ne dogedeno do KoHya

+/2 dokazana deaumocmv na 10

3agaua 4. Bapon MoHXray3eH yTBEpXKIaeT, YTO OH MOXET NMPOBECTU B HEKO-
TOPOM TPEYTOJbHUKE OJWH OTPE30K TaK, YTO IOCTE DTOTO HA YE€PTEXKe OKAXKYTCA
BCE BU/BI TPEYTOJbHUKOB: PABHOCTOPOHHWUN, PABHOOEIPEHHBIN, PA3HOCTOPOHHUM,
OCTPOYTOJBHBIN, IPAMOYTOJIBHBIN U TyHOyroabHb. He Bper su 6apon?

OTBeT: HeT, HE BpeT.

Ecau B mpsaMoyroasHOM TpeyroabHuke ¢ yriaoMm 30° mpoBecTu MeIuaHy K TUIIO-
TeHy3e (cM. pucyHOK 8.4), TO OHa Pa3o6bET UCXOAHBIM MPAMOYTOJBHBIM PA3HOCTO-
POHHUUT TPEYTONLHIUK Ha TYTOYTOJBHBIA PABHOOEIPEHHBIN U OCTPOYTOJILHBIN PAB- Puc. 8.4,
HOCTODOHHUMU.

ITpusedennviii 8 pewenuy NPUMeP ABAAELMCA COUHCNBEHHO 603MONCHBIM.

+ npuseden NPAMOY20AbHBIL MPEYLOAbHUK, BEPHO YKA3AHA BEAUUUHG OCMPO20 Yead U NOKA3GH
ompe30x

+/2 npuseden NPAMOY20abHbIT MPEY20AbHUK, 6EPHO YKAZAHA BEAUNUNG OCTPO20 Y2ad, HO OMpe-
30K He NoKa3aH

— npuseden moabko omsem “nem”




3aga4a 5. Ha ocTpoBe poiliapen u JKeroB MPOBEIN MePenuch HaceTeHusa. 1acTh KuTeJaen 3asaB1-
JIa, ITO KOMUIECTBO PHIIIAPEN HA OCTPOBE YETHO, & OCTAIbHBIE — YTO KOJUIECTBO JKEIOB HEIETHO.
Mormo qu Ha ocTpoBe XuTh poBHO 2003 HesoBeka?

OTBeT: HE MOTIO.

[Tpeanonoxum, aro Ha ocTtpoBe — 2003 xwurens. Torga:

1) ecau mepBoe yTBEpK JeHNe NCTUHHO, TO KOINYECTBO JXKeloB HedeTHO. CleoBaTelbHO, BTOPOE
yTBEpXKJeHNe TaKXe UCTUHHO, YTO IPOTUBOPEYIUT YCJIOBUIO 33 Ja9N.

2) ecau mepBO€ YTBEPKJEHWE JOXKHO, TO KOJIUIECTBO PHIIAPEH HEYETHO, MOITOMY KOJIXIECTBO
JDKEIIOB TOMXKHO OBITH 4yeTHO. Clef0BaTenbHO, BTOPO€e YTBEePXK/IeHNe TAaKXKe JOXKHO, UYTO IPOTUBOPe-
YT YCAOBUIO 33,1a4N.

Taxum o6pa3om, Ha ocTpoBe He Morao XuTh 2003 demoBeka.

Moocno maxace pewums 3adauy, paccmampusas Pa3AuyuHble CAYUAL YEMHOCNY KOAUUECTNEA Pbl-
yapet u KOAUYECTNEA AHCEYOE.

F npuseden 8epHbll OMBEM, HO PACCMOMPERG MOALKO UACMb CAYUAES

— npueeder MoabKO 8epHbL omeem

3aga4ya 6. Cpenu 25 BHelIHe 0 IMHAKOBBIX MOHET — 3 (paJbIIUBLIX U 22 HacToAmUX. Bee HACTO-
AIIEe MOHETHI BECAT OJWHAKOBO, BCE (DAJBIIUBBIE MOHETHI TaKXKe€ BECAT OJIMHAKOBO, HO (hATHITABLIE
MOHETHI Jerde HacToamux. OObACHUTE, KaK C TOMOIILIO IBYX B3BEIIMBAHUN HA YallleYHBIX Becax 6e3
TUPh HAUTHU 8 HACTOSIMINX MOHET.

Pemenue. 1) Ionoxum Ha 06e damu Becos mo 12 moner. Ecau gamu Gy1yT HAXOIUTCA B PAB-
HOBECHUH, TO Ha KaXKJOU Jallle JEXWUT POBHO IO OJHOU (paJbIImBOM MOHeTe. Ecian xe Kakas-To Jama
[IEPEBECUT, TO HA HeW JuOO0 HeT (PAJbIIMBLIX MOHET, 60 POBHO OJHA (haiblnIuBasg MOHETa. Takum
00pa3oM, 3a IEPBOE B3BEIIMBAHME MBI BHIAEIUM 12 MOHET, CPeJu KOTOPBIX HE 60see 0qHOU (hajbIIIu-
BOM.

2) PazresqmM oTu 12 MOHeT Ha 3 Ky4YKM 110 4 MOHETHI U B3BECUM [IBe U3 HUX. ECIu Bechl OKaxXyTcs B
PaBHOBECHH, TO BCe B3BEIIMBAaeMble MOHETHI HacToAmMe. MHave — emnHCTBeHHAA (paabITUBas MOHETA
HaXOUTCA B 60J€e Jerkou Ky4dKe, ¥ BCE MOHETHI B [BYX OCTAJbHBIX Ky9YKaX HACTOSAIIME.

F 636€WUBAHUSL YKA3AHDL BEPHO, HO HE PACCMOMPEHDL BCE CAYUALU



LXVI MockoBckasa MaTeMaTHIeCKasA OJUMIINA 1A

OxpyxHOU TYP 9 Kjacc 2.02.2003

3agaua 1. Pemmre ypasuenme: 1 + —5- (1 + 2 (1 1 )) =x.

z+3 T+2 z+1
OTsBer: 2.
1 z42 3 2 _
1+ 241 = 241 I0ITOMY JaHHOE ypaBHEHHE PABHOCHIBHO yPABHEHHIO 1+ poc (1 + —w+1) = T 1upu
ycaoBum, 9T0 T # —2. [leUcTBYs aHAJOTMYHO, mOaydIuM, 9TO 1 + a:i—l—l =z, a6 x # —2ux # —3.

KOpHHMI/I 9TOI'0 YpaBHEHUA ABJAIOTCA IUCIA 2 n —2, 3HAQYIUT KOPHEM UCXOOHOT'O YPaBHEHUSA ABJACTCA
TOJBbKO YHCJIO 2.

F npuseden moavko eepuvlli omeem

+/2 sepubiti £00 pewenus, HO He OMOPOWEH NOCTNOPOHHUT KOPEHD

3agaua 2. /Ipa TapakaHa HaxoaaTcsa B yriy A kBanpaTHou koMHATEHL ABCD u 01HOBpEMEHHO
HAYUHAT 6eraTh 6€3 0CTAHOBOK C PABHBIME CKOpOCTsaMu. [lepBoin 6exur mo auaronanu AC, 3aTem
mo cropore C'B, 3aTrem mo cropone BA u Tak gajee. A Bropou — mo croporne AD, 3aTem 06paTHO
mo cropore DA u Ttak manee. Moryrt im TapakaHbl KOT/1a-HUOY b BCTPETUTHCA CHOBA?

OTBeT: HEeT, HE MOT'YT.

[IycTs cTOpoHa KBaapaTa paBHA T, a CKOPOCTH TapaKaHOB paBHHI Mo 1. TpaekTopuu IBUKEHUS
TapakKaHOB MepeceKalnTcsa TOAbKO B Touke A. IlycTh oHEM BeTpersaTcs B Touke A, Korjga mepBLIN
TapaKaH BEPHETCA TyAa B n-U pa3, a BTOPou — B m-u pa3. [lepBuil TapakaH BIEepBbIE BEPHETCSA
B A, npo6GexaB paccrosnue 2r + x\/i, a BTOPOM TapakaH — mpobexaB paccrosuue 2x. Bpewms
JBIKEHWs TEePBOro TapaKaHa 10 BCTPedn paBHO (2 + v/2)rn, a BpeMms IBUKEHUA BTOPOrO — 271
Cocrasum ypasrenume: (2 +v/2)zn = 2zm < 2 = Z_2M  4ero He MOXET OBITH, NOCKOIBKY B
JIEBOM YACTHU YPABHEHUs CTOUT MPPANMOHAIBHOE YUCIO, 8 B MPABOU — PAIMOHAIBHOE.

— npuseder MoAbKO 8epHbL omeem

+ npuseden eepuviti omeem, 8bICKA3AHA U 000CHOBAHA UJEs HECOUBMEPUMOCTIU, HO Hem dop-
MAALHBIE 8bIKAGIOK

3aga4ga 3. Ilo xpyry Bemucano 2003 meabIX YuUCIa, IPAYEM B KaXKIOW Tape COCETHUX UUCET
OJHO JenuTcsa Ha aApyroe. [lokaxwre, 9TO HAUAETCA MMapa HECOCEIHUX HHUCeNa, 00J1aJalomas TaKuM
e CBOMCTBOM.

Pemenune. CoequauM Kax ble 1Ba COCEIHUX YUCAA CTPENKON, BEAYIIEH OT JETUMOTO K JeJUTETIO
(ecam 9mcaa paBHBI, HAIPABAM CTPEIKY MPOU3BOALHO). DTuX cTpeqaok 2003 (HeueTHOe KOIU4eCcTBO),
MODTOMY HAUIYTCA XOTA OBl IBE COCEIHME CTPEIKU, HAPABJEHbIE B OMHY CTOPOHY (a — b — ¢), TO

ecthb a:b, a b:c. CregoBarensHo, a: ¢, TO ecTh napa (a;c) — UCKOMas.
F npucymemeyem udes mparn3umusHoCmu OMHOUEHUS JeAUMOCTU

3agaua 4. B npamoyroasaom Tpeyroasauke ABC nposenena Beicora C'H k runmorenyse AB.
Buccextpucer yraos CAB u BC'H nepecekaiorcs B Touke M, a 6uccexkrpucer yriioB CBA u ACH
— B Touke N. [okaxure, uro M N||AB.

c

B P H Q A
Puc. 9.4.

Pemenne. [lycte CP u C(@) — 6uccektpuckl TpeyroabaukoB BCH u ACH cooTBeTCTBEH-
o, ZCAM = « (cm. pucynok 9.4). Torna /CAH = /BCH = 2a. ZACH = 90° — 2q, 3Ha4uT,

LACM =90°—a. LZAMC =180°—(LCAM+ZACM) = 90°. 3naunt, AM — BbICOTA U GHCCEKTPH-
ca Tpeyroasauka AC'P, o ectb AC = AP u M — cepeauna C' P. AHaJIOrnYHO TOKA3BIBAETCSA, ITO



touka N — cepeauna C'Q. Torga M N — cpexpuss aunusa Tpeyroasuuka CPQ, To ects M N||PQ,
9T0 U TpebOBAJIOCH TOKA3aATh.

3aga4a 5. Uncra a u b TakoBwL, 9T0 a’+b? = “TH’ Hangure HanmenbIiee u HanbOJIbIIEE 3HAYEHIE
Pa3HOCTH 4uCeI a u b.

OTBeT: —~ — HauMeHbIee 3HAYCHUE; — — HaubOJbIIee.

s 1o 202 +20°  (a®—2ab+0*)+ (> +2ab+b?)  (a—b)*+ (a+0b)?

a® +b° = 5 = = . Ucnoabsys pa-
BEHCTBO, NaHHOE B ycaosmu, moayaum, 91o (a — 0)? = (a + b) — (a + b)?. Iycts a + b = ft,
torga (a — b)> = t —t? < ; (mepaBeHcTBO ¢ — ¢* < ; MOXKHO JOKA3BIBATH PA3IMIHBIME CIO-
co6aMu, B YaCTHOCTH, OHO PAaBHOCHIBHO BepHOMy HepaBeHCTBY (¢ — 3)? > 0). Takum oGpasom,

la—b| <% & —%<a-—b< ;. 3nadenne i gocruraercsa npu a = 1, b= 0, a 3HadeHNe —1 — npu

a=0,b= %, npuYeM ykKaszaHHble napsl (a,b) yIOBIETBOPAIOT YCIOBUIO.

+ sepro Hatideno u 060CHO6AHO MOALKO 00HO U3 IKCMPEMAALHBIL SHAUEHUT
+ dokazano, umo |a — b| < %, HO He NOKA3AHO, YMO IMU ZHAUEHUSL J0CTNULAIOMCA

F npuseden moabKo 8eprbili omeem

3agagda 6. CeMuyroibHUK, TPU YIiIa KOTOPOro paBHH mo 120°, BOuCaH B OKPYXKHOCTH. Moryt
JU BCE €r0 CTOPOHBI OBITH PA3IUYHBLIMU MO NIUHE?

OTBeT: HET.

[Iycte ABCDEFG — nauuwii cemuyroabauk. [lokaxem, 9T0 Kakue-TO 1B €r0 CTOPOHBI PABHHI.

B

Puc. 9.6a Puc. 9.66

Ecau ects nBa cocennux yraa no 120° (manpumep, npu Bepmunax A u B, cM. pucynok 9.6a), To
nyru GAB u ABC pasubl, a 3ua4uT, paBuel gyru AG u CB. Torga crarusatomue ux xopasl AG u
CB paBHBI, 9TO U TPeGOBAJIOCH T0KA3ATh.

Ecau yrasr mo 120° pacmoJioXeHbI He pAIOM, TO, 6€3 OrpaHuYeHrs OOIIHOCTH, MOXKHO CUUTATh,
4T0 Takyio BeamduHy umeorT yrasl A, C m E (cMm. pucyHok 9.66). B sTOM ciydae meHTpajbHBIE
yrast GOB, BOD u DOF pasust no 120°. Torga Z/FOG = 360° — (/GOB + ZBOD + Z/DOF) =
= 360° — 120° — 120° — 120° = 0°. Iloayyuru mpoTUBOpEYME.

F BEPHO PACCMOMPEN MOALKO 00UH U3 0BYL BO3MONCHBIL CAYULES
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OxpyxHOU TYP 10 xaacc 2.02.2003

3agaya 1. Pemure ypaBHeHue:

L + 5 + > +..+ 2003 — 1002
22420 +2 22+20+4 22+422+6 7 22422 +2004 ’
OrBeT: £ = —1.
1 < 3 <1 2003 LT .
_— -_————— e . aK KaK B JeBOU YaCTU OTaHHOI'O
@T+12+1 S (@+1)243 5777 (@+1)2+2003 A
1 3 2003

ypaBuenusa 1002 ciaraembix, TO < 1002, npuyuem

+ +-- 4
(x+1)224+1 (z+1)2+3 (z +1)2+ 2003
PaBEHCTBO JOCTHUTAETCA TOTJA M TOJBKO TOrAa, KOIAa Kaxgoe u3 caaraembeix pasHo 1. Caegosa-
TelbHO, T = —1.

F npuseden moabko 6epHbIT 0MBem

3agaua 2. B maxmaraom Typuupe Bacs ceirpaa 52 maptum. [lo crapou cucreme mompcuera
0YKOB 3a T06eLy AaBatoch 1 04Ko, 3a HU4Ib0 — 0 04KOB, 3a nopaxenue — (—1). ITo HoBOU cucTeme
3a mobeay cTaium AaBaTh 1 0YKO, 3a HHYBbIO — 1/2 ouka, 3a mopaxkenue — (. M3BecTHO, 4TO MO
HoBOM cucTeMe Bacs mabpana 25 oukoB. CKOIBKO 0YKOB OH HaOpaJ Obl, eCau Obl OYKN HAYUCAIACH
mo crapou cucreme?

OTBeT: —2 ouka.

Bsegem mpoMexyTOYHYIO CHCTEMY TOACYETA OYKOB: 3a Mobery — 2 OvKa, 3a HUYBI0 — 1 OYKO,
3a nopaxenune — 0. [Ipu Takou cucreme monacyera Baca mabparx 661 50 oukoB. UTOOH nepenTu OT
DTOU CUCTEMBI K CTapOu, HYXHO 33 KaXK Y0 CBITPAHHYIO MaPTHUIO BEIYECTh MO OTHOMY OYKY, TO €CTh
BHIYECTH KOJAMYECTBO CHIPPAHHBIX mapruu: H0 — H2 = —2.

Tor xe pe3yabTaT MOXHO MOAyunTh u andrebpamyecku. [lycts a, b, ¢ — koaumvecTBa Bacunbix

mobel, HUYbUX U TMOpaXeHnuu cooTBeTcTBeHHo. Torma 1-a + ib +0-c=25<2a+1b+0c=50&

la+0b+ (—1)c= —2.
F npueeden moavko eepubit omeem
F npueeden sepbit 0MEEM, NOAYUEHHDIE 6 PEYALTNAME PACCMOMPEHUL UACTIHIT CAYUALES

3agaua 3. Haiinure Hauboabinee 3HaYeHre BhIpaxenus a’b — b2a, ecim a? + b? = 1.

OrBerT: 1

IepBum cnoco6. Tak xak a? +b? = 1, To cymecTByeT 4mcIo ¢, TaKoe 9To a = cos &, b = sin .
Toraa a®b—b*a = ab(a? — b?) = cos asin a(cos? a —sin® ) = 3 sin 2a.cos 2 = % sin 4. HamGombmee

1 ™
3HAaYEHNE 3TOr'0 BEIPAXKEHUA PABHO 1 U JOCTUTAETCA, HAIIPUMED, IPU (@ = 3

Bropou cnoco6. Ilycts C = @b — b*a = ab(a®? — b?). KBagpaT 5TOro BHIpAXKeHUSA DABEH
C? = a®?(a* + b* — 2a?0?) = a®b?((a® + V*)? — 4a%b?) = a?b*(1 — 4a?b?). [onoxum z = 4a’b?.
z(1—x)

Torga C? = — Maxkcumym Boipaxenus (1 — ) pasern 1/4 u nocruraercs npu = 1/2.

Toraa nauGoabmree 3naderne C? pasro 1/16. 3ameTuM, 9TO MHOXKeCTBO 3HadeHH C' CUMMETPUIHO
OTHOCHTEJIBHO HYJIfA, TAK KAK €CJIN IePeCTABUThL MECTAMH 3HAYEHUA ¢ U b, TO 3HAYEHNE BBIPAXKEHU
U3MEHUTCSA Ha TPOTUBOMONOKHOE. [TosToMy HamGoabmee 3uadenue C' pasuo 1/4.

F npuseden moabko 8epHbIT omeem

+ npoussedena sepras oyenKa, Ho He NoKa3aHo, umo s3nauenue 1/4 docmuzaemes

3agaua 4. Yerwipexyroapuuk ABC'D Bnucan B OKpYXHOCTb, M — TOYKa MepeceveHus ero
nuaronamaen, O; u Oy — HEHTPHI OKPYKHOCTEN, BIUCAHHLIX B Tpeyroabuuku ABM u CM D coot-
BercTBeHHO. K — cepenuna ayru AD, ue cogepxkamen Todek B u C. /01 KO, = 60°, KO; = 10.
Hangure O,0,.

Oreer: 0.0, = 10.



Tax kax Toukum O m Oy Jexar Ha OuccekTpucax yrios AM B
u CMD coorBercrBenno, To M aexut ua orpeske 0105 (cM. pu- ¢
cynok 104). ZBMO; = ZDMQOy = ZCMO,. Tax xak K — ce-
pemuna ayru AD, o BK — 6uccekrpuca yraa ABD, caemosa-
TegbHO, Touka (O jgexuT Ha Jayde BK. Ananormano, Touka (o
aexnT Ha ayde CK. Yramt ACK n DBK BumcaHHBE U OIOUpaA- M o X
I0TCA Ha paBHBIE IYT'H, CIefoBaTeabHO, OHU paBHBL. /K010y = O1
=/KBD + /ZBMO, = ZKCA+ ZCMQOy = LK050,. Crenosa-
TeabHO, Tpeyroabauk K (109 — paBrOGeapenusn ¢ yriaom 60°, To
ecThb paBHOCTOpOHHUU. SHa4uT, 010y = 10.

— npueeden Moabko 6epHbll omeem K

F npuseden sepubiti omeem u ykasano (o ne dokazano!), umo Puc. 10.4.
MPeY20abHUK — PABHOCTOPOHKHUL

3agauga 5. B pan Bemucansr yucaa: 1, 2, ..., 20, 21. Urpatoume mo odepenu BBIYEPKUBAIOT
10 OJHOMY YHCJIY M0 TeX IOp, MOKa He OCTAHYTCA ABa YUCIa. Ecam cymMMma 3TUX Yucesn AeJuTCA Ha
5, TO BBHIUTPABIINM CUYUTAETCA MEPBBIA UI'POK, a8 €CAU HET — TO BTOpou. KTO BEHIUTDHIBaET mpu
MPABUJIBHOU UTpE?

OTBeT: BHIUTIPLIBAET MEPBBIA UT'DOK.

Pazo6bem umcaa or 1 1o 20 Ha mapel Tak, 9TOOLI CyMMa YHMCE] B KaXKJOU Mape IeJmIach Ha D,
manpumep: (1;4), (2;3), (6;9), (7;8), (11;14), (12;13), (16;19), (17;18), (5;10), (15;20). IlepseiM
XOJIOM MEpPBBIM UTPOK BhrepkuBaeT 4ucao 21. B orBer Ha a1060M X0 BTOPOrO OH BBIYEPKUBAET
YMCJI0 W3 TOU XKe Mapbl. TakuM 06pa3oM, B KOHIE UI'PBI OCTAHYTCS ABA UMCJIA U3 OTHOU MAPBI, X UX
CyMMa KpaTHA IIATH.

— npusedern Moabko 8epHbl omeem,

3agauda 6. Umeercs TeTpasap, Bce pebpa KOoToporo paBHbl 12 ¢cM. MOXHO /I yMECTUTH €ro B
KOPOOKY, MMeIIy0 (pOopMy HPAMOYTOJbHOrO MapaJierenunena ¢ pasmepamu 9 cm, 13 cm u 15 cm?

OTBeT: MOXHO.

[TycTh BBICOTA KOpobkm 9 cm. PacmomoxuMm TeTpasap Tak, 9TOOBI ABa €0 CKPEIIUBAIONTUXCS
pe6pa OBLIN COOTBETCTBEHHO MapaJIelbHBI IBYM TEePHeHINKYJIIPHBEIM pedpaM OCHOBaHUSA KOPOOKH.
[lnnHa m mupuHa KOpoOKu Goabiie 12 cM, O3TOMY OCTAHETCS CPABHUTH BBICOTY KOPOOKM M pac-
CTOsIHME MEXy CKpeIIuBalomuMucsa pedbpamu TeTpasapa. B TeTpasape ¢ pebpoM a 3TO paccTOsiHUE
paBHO av/2 /2 (OHO HAXOAWTCS M3 NPAMOYTOJBHOIO TPEYrOJbHUKA, TUNOTEHY30U KOTOPOIO ABIAET-
Csl BBICOTA T'DAHU, & OJHUM U3 KATETOB — IMOJOBUHA pebpa). B mHamem caydae paccTosHEmE PABHO
6v2 < 9.

Ommemum, ¥mo svicoma dannozo mempasdpa paska 4/6 > 9, nosmomy nocmasums mempasdp
0CHOBAHUEM HA OHO KOPOOKU He NOAYUUMCH.

— npusedern Moabko 8epHbiti omeem

+/2 npucymemeyem, no ne 060CHOBARA UDEA BEPHORO PABMEWEHUS MEMPAIOPa



LXVI MockoBckasa MaTeMaTHIeCKasA OJUMIINA 1A

OxpyxHOU TYP 11 xaacc 2.02.2003
3agaya 1. Pemmre ypasuenne: V22 — 16 + V22 + 22 = 2v/22 + 2 — 8.
OTBeT: £ = —8.
IMepBoin cnoco6. Ilycts a = V22 —16 > 0, b = V22 + 22 > 0. Torga a +b = 2 @ &
tb _  [a21b?
92 = /%3, Mur noay+min, 9To cpejHee apudMeTHIeCKOe IBYX HEOTPUUATEIbHBIX THCEI DABHO

UX CpeJHeMY KBaJpaTUIHOMY. SHAUUT, @ = b. DTOT ke pe3yabTaT MOXKHO MOJYyYATh U ABHO: a +b =
=2/ = (a+b)? = 2(a® +1?) & a® + b = 2ab & (a — b)? = 0 & a = b. Taknm o6pasowm,

2?2 — 16z = 22 + 2z, oTKy1a £ = —8.
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Puc. 11.1.

VIHVE _
2

Bropoun cnoco6. I[Iycrs y = 22 — 16, 2z = 2% + 22. Torga \/ 52, PacemoTpum rpaduk

dbyuxmun f(t) = V/t. [lory4eHHOE PABEHCTBO O3HAMAET, UTO w = f(&%). Ecm y # 2, ToO
TOYKa C KOODJUHATAMMU (y—;z, f (ygﬂ)) ABJIAETCA CEPENUHON OTpe3ka ¢ KoHmamu B To4kax (y; f(y))
u (z; f(2)), To ects aexur Huxke rpaduka (cMm. pucynok 11.1). CregoBaTenvHo, y = 2z, 3HAYWT,
2?2 — 16z = 22 + 22, oTKyga £ = —8.

F npuseden moavko epublli omeem

3agadua 2. B rpamenuu ABC'D ¢ menbmum ocHoBanueM BC' 1epe3 Touky B mpoBejeHa npsamas,
napasaeasias CD n nmepecekawomasa auaronaab AC Touke E. CpaBHUTe TIOMAIN TPEYTOTbLHUKOB
ABC u DEC.

OrBeT: mwiomanm TpeyroaibHUKOB PABHHI.

B C

E

A K D
Puc. 11.2.

[Iycrs npsamas BE nepecekaer ocuoBanue AD B Touke K (cm. pucynok 11.2). Torna BCDK —
napaJtesorpaM. Ilromans Tpeyroasuuka C'DE pasua momoBuue miomanun BC DK, Tak Kak y HUX
o6mee ocuoBauue C'D u obmias BeIcOTA, NpoBeaeHHas u3 Touku F. A miomans Tpeyroasauka ABC
pasua nosoBuue womaaun BC' DK, Tak kak y nux obmee ocuoBanue BC' a BBICOTHI, MPOBEIEHHBIE
COOTBETCTBEHHO U3 TO4YeK A u D, paBHHI.

— npueedern Moabko 6epHbll omeem

3 UMeIOT POBHO OHY 06IIYIO TOUKY?

3agadua 3. Bepuo am, uro rpadukn pyuknun y = 2*uy = x

OTBeT: HEeT, HE BEPHO.

[ycts f(x) = 2% —23. 3amernm, uTo f(r) HempepbIBHA (Pa3HOCTH ABYX HENPEPLIBHLIX (DyHKITUH)
u f(0) =1>0, f(2) = —4 < 0, f(10) = 1024 — 1000 > 0. Taxum oGpazom, f(x) umeer Hy.u
ua unTepasax (0;2) u (2;10). CaexoBarensno, rpadukyu JAaHHBIX (QYHKIUNA UMEIOT HE MEHee JBYX
00X TOYeK.

— npueeder MoabKO 8epHbll omeem

+ BEPHOE PEWEHUE U seprnZ omeem, HOo omcymcmyem CCoblaka Ha HENPEPLI6HOCTIb ﬁyHKUU’L‘Z



3agaua 4. Ha m1ocke HammcaHO YHCAO X. 3a KaXIBIM X0 €r0 MOXHO 3aMEHHUTH JU00 Ha, IUCJIO0
21 + 4, 160 Ha 9uca0 3x + 8, 160 Ha Yuca0 2 + 5x. MO0XKHO I 3a HECKOILKO TAKUX XOJ0B U3 TUCIA
3 moayuutsh uuciao 20027

OTBeT: HeT, HENB3A.

3aMeTuM, 9TO eCJIU YUCJAO T IaeT OCTATOK 3 NPU JeJeHUu Ha 7, TO eCTh uMeeT Buji 7k — 4, rjie
k — maTypanbHOe, TO U wmcaa 2 + 4, 3z + 8, 2 + 5T TakXKe AT OCTATOK 3 IpPH JTeIeHUM Ha 7:
20+4=2(Tk—4)+4=14k—4,32+8 =3(Tk—4)+8 =21k —4, 2* + 5z = (Thk —4)? +5(Tk —4) =
= 49k? — 56k + 16 + 35k — 20 = 49k? — 21k — 4 = 7(7k* — 3) — 4. llosToMy U3 YnCHAa 3 C TOMOMILIO
YKA3aHHBIX OMEPAIMYA MOXKHO MOJYIUTh TOJBKO YUCIA, JAIONINEe OCTATOK 3 IIPY JEJeHUN Ha 7, & IUCIO0
2002 memmTcsa HaA 7.

— npuseden Moabko 6epHblli omeem

3agada 5. OgHa TpeyroibHas OIUPAMEIa PACIONOXKEHa BHYTpH Apyrou. Moxer au cymma IJIuH
pebep BHEIIHEW MUPAMUILL OBITh MEHbBIIEe CyMMBI [JIUH pebep BHYyTPEeHHEU !
OTBeT: na, HanmpuMmep, cM. pucyHok 11.5.

Puc. 11.6.

Buemmusaa nupamuga ABCD umeer 3 “mamumunbix” pebpa: DA, DB, DC, u tpu “kopoTkux’:
AB, BC, CA. Buyrpenuss nupamujga A, B;C1D; nmeer 4 “pnmuunbix” pebpa: A;Cy, A1 Dy, B:Cy,
B, D, n nBa “xoporkux”’: A1 By u C1D;. [lnuanable pe6pa BHYTPEHHEN MUPAMUILI HEMHOTUM KOPOYe
IIAHHBIX pebep BHEITHEW MUPAMUIbLI, a IIMHBI KOPOTKUX pebGep He CYIMECTBEHHBI A CPABHEHUS.

IIpusedenue KOHKPEMHBIT YUCAEHHBIT NPUMEPOE CONPANCEHO C OOADULUMY METHUUECKUMY MPYO-
HOCMAMY NPU JOKA3GMEALCMEE MO20, UMO 00HA NUPAMUIG MOHCEM AEHCAMb BHYMPU OPY20T.

— npusedern Moabko 8epubiti omeem 6e3 npumepa

+ npuseden npumep ¢ nPasdonodobHbLIM UEPMENCOM, HO OMCYMCMBYIONM CAOBECHBIE TLOACHEHUS

3agaga 6. [ana ¢yskuusa f(z). [na BceXx 1eNCTBUTENBHBIX T BBIIOJHAIOTCA HEPABEHCTBA
flx+3)< f(x)+3 un f(z+2) > f(z)+2.

Hoxaxwure, uro Qpyukiys ¢g(x) = f(r) — = ABIAETCA TEPUOAUIECKOM.

Permenne. 13 nepBoro HepaBencTBa caeayer, 9To aias Beex = g(z +6) = f(z +6) — (x +6) =
=f((x+3)+3)—2—-6< f(z+3)+3—2—-6< f(x)+3+3—2—6 = f(z) —z = g(x). U3 BTOpPOrO
HEPABEHCTBA cleayer, 4To 1is Bcex ¢ g(x +6) = f(z+6) — (z+6) = f((z+4)+2)—z -6 >
> flze4+4)+2—-2-62> f(z+2)+24+2—-2-62> f(z)+2+2+2—-2—-6= f(z) —z = g(x).
CuaenoBarensHo, npu Bcex = g(x + 6) = g(z), To ecTb 4ucao 6 apasercsa nepuogoM GyHkiuu g(z).

Modcno doxazamv, umo aobas Pywkyus g(z), ydossemsopaowas ycaosui, umeem nepuod 1.



