OmuaHaAOUATAs BCepoccHiicKkaa oauMmuana mo reomerpuu um. U. ®@. [lapeiruna
Tpunagumaras ycTHas OJMMIINAaAA IO TeOMETPUU
r. MockBa, 12 anpeas 2015 roga

Pemrennga 3amau
8—9 kiaace

1. (0. Baunkos) B tpeyronsauke ABC BbicoTa AH TpPOXOAUT Uepes
cepenuny menuanbl BM. [lokaskure, uTo B Tpeyroiabuuke BMC Tak:xe
OJlHA W3 BBICOT ITPOXOAUT Uepe3 CePeInHYy OMHON M3 MequaH.

Pemenne. ITycts L — Touka mepeceuenusa AH u BM, torga CL —
MmenuaHa tpeyroabHuka BMC. Hoxaxxem, uro BbicoTa MK sToro Tpe-
yroabHuKa genut CL nmomosam. leificTBUTEIbHO, IIOCKOIBKY M — cepe-
nuna AC u MK || AH, to MK — cpenuasa nusausa Tpeyroinsbauxka ACH,

a cjemoBaTeJabHO U TpeyroabHuKa ACL, uTo 1 Tpe6boBaIOCh. Puc. 8-9.1
Kommenrtapuii. Ormetum, utro BH = HK = KC.

2. (O.Baunkos) KBanpar ABCD m paBHOCTOPOHHUU TpeyroabHUK M KL pacmojioKeHbl TaK, Kak
9TO MOKa3aHo Ha pucyHKe. Haiimgure yrom PQD.

Oteer: 75°. B K C
Pemenne. [okasxkeM, uTo P — IIeHTP BHEBIUCAHHON OKPYKHOCTU Tpe-
yroabHuKka CKQ (cMm. puc. 8—-9.2). [leiicTBUTENbHO, ITOCKOJBKY P Jexur
Ha gumaroHaam KBajapara, To CP — ouccexrpuca yrima KCQ. Kpome Toro, Q
/BKM = /KML = /ZMKL = 60°, orkyzna ciaenyet, uro KP — 0OuccexkTpuca P
yriia BKQ (BHemrHero yria ajsa TpeyroabHuka CKQ).
Taxum ob6pazomM, P — IeHTP BHEBIIMCAHHOI OKPYKHOCTH TPEYTOJbHUKA

CKQ, To ectb, QP — Guccexrpuca yria KQD. IMockomsky /KQC = 90° — 4 M D L
— /CKQ = 30°, 10 /PQD — /PQK — % — 750 Puc. 8-9.2

3. (M.Bacunveg) B tpeyroabuuxke ABC ma croponax AC, BC u AB ormerunu touku D, E u F
COOTBETCTBEHHO, Tak, uto AD = AB, EC = DC, BF = BE. Ilocie sToro crepau Bce, Kpome Touek E, F
u D. BoccranoButre TpeyroiabHUK ABC (uccriedosarnue npogodumbs He mpedyemcs).

Puc. 8-9.3

Pemenue. 3ameTuM, UTO cepeAUHHBIE IIEPIEHANKYIAPHI K oTpedkaM DE u EF comep:kaT OUCCEKTPU-
cul Tpeyroabauka ABC. CiemoBaTesIbHO, ITeHTP | ONMCAHHONI OKPYKHOCTH Tpeyroabuuka DEF coBma-
IaeT ¢ IMeHTPOM BIHCAHHOM OKpPYy:KHOCTU TpeyroabHuKka ABC (cMm. puc. 8—9.3).

ITockonbky AD = AB u AI — Ouccekrpuca yria A tpeyroabuuka ABC, to AADI = NABI. Cne-
nosatesnbHo, DI = BI. To ecTb, B JIeXKUT Ha ONMMUCAHHON OKPYKHOCTU TpeyrojibHuKa DEF.

Orcroza BBITEKAET CJIeAYIoIllee IOCTPOEeHUe:

1) Haxogum I KaK TOUKY IlepeceueH’s CepeIUHHbBIX MePHeHAUKYIAPOB K orpedkam DE u EF;

2) HaxoguM B KaK TOUKYy IepeceuyeHUs CePeIUHHOTrO MepHeHAUKYJIApa K oTpe3ky EF m OKpy:KHO-
CTH, ONVCAHHOU BOKPYT TpeyrojbHuka DEF;



3) HaxoauM A KaK TOYKY IepeceueHusi CEPeINHHOr0 neprneHankyaapa kK BD u npavoii BF;

4) saxoaum C KaK TOUKY IepeceueHus npamMbix AD u BE.
KomMmenTapwuii. Takike MOKHO OBIIO MCIIOJb30BaTh, UTO YETHIPEXYTONbHUK ADIF — BIMCAHHBIN.

4. (/1. llImeiinzapy) B Tpaneriuu ABCD 6uccekTpuchl yriioB A u D mepeceKaioTcs B Touke E, Je-
JKalreil Ha 60KoBoii ctopoHe BC. 9Tu 0MCCEeKTPUCHI pa30UBaIOT TPaleIlio Ha TPU TPEYyroJbHUKA, B KO-
TOpbIe BOUcCANU OKPYy:KHOCcTH. OnHA M3 3TUX OKPYXKHOCTell KacaeTrcAa ocHoBaHuUA AB B Touke K, a nBe
npyrue Kacaiorcesa ouccekTpuckl DE B Toukax M u N. J[lokamure, utro BK = MN.

Pemenune. 3amerum, uro LAED = 90° (cymma yriioB A u D paBHa 180°, DE u AE — GucceKTpu-
cbl, cM. puc. 8—9.4a). [Mokaxkem, uto AD = AB + CD u CE = BE. Ilycts F — TOUYKa mepeceuyeHUA
npamblx DE u AB. Torma B TpeyroabHuke ADF orpe3ok AE sABasAeTCS BBICOTONM M OMCCEKTPUCOM,
cJaeqoBaTebHO, 3TOT TPEYTOJIbHUK — paBHOOenpenusnlii u DE = EF. Torga, B cuily mapajjeIbHOCTH,
TpeyroabuauKku DCE u FBE pasnbI (1o cTtopoHe u aBym yriam). CaemoBatensuo, CE = BE u DC = FB,
orkyaa AD = AF = AB+ BF = AB + CD.

D C D o
A
E E C1 \
: / \ B,
A = ‘=F A K %
Puc. 8-9.4a Puc. 8-9.46 Puc. 8-9.48

B manbHeHINNUX paccy:KIeHUAX HEeCKOJIbKO pa3 BOCIIOJIb3yeMCs CJIEAYIONIUM (PaKTOM:

ITycmv Ay, By u C; — mMoYKuU KACAHUA 6NUCAHHOL OKPYIHCHOCMU CO CMOPOHAMU MPEY20ibHUKA
ABC (cm. puc. 8-9.48). Tozda ABy = p — BC (20e p — noaynepumemp mpeyzoavriuxa ABC).

Bripasum aiauubl orpedkoB MN u BK (cm. puc. 8—9.46): MN = DN — DM = papg — AE — (Ppce —
— CE), BK — PABE — AE. Tor‘,ua MN — BK — PADE — PDCE — PABE + CE = %(AD+DE+AE —DC—-CE —

— DE — AB — AE — BE + 2CE) = 0, uto u tpeboBasock. Touku M u N pacmnojokeHbl Ha oTpeske DE
MMEHHO B TAKOM IIOPAJKe, KaK IMOKasaHo Ha pucyuke 8—9.40, B cuny paBeHctBa (DN — DM) — BK = 0.
To ects, DN > DM. B

Kommenrapuiti. OTmMerum, uTo mO0CKONBKY AD = AB + DC u DE u AE — OUCCEeKTPUCHI
yryioB D 1 A cOOTBETCTBEHHO, TO TpeyroabHuku DCE 1 ABE MOXXHO «Ieper’HyThb» II0 CTOPO-
HaMm DE u AE BHYTDPBb TpeyroabHuka ADE Tak, uro Touku C u B coBnagyT u OKa)KyTcd Ha
otpeske AD. To ecTb, 3a71auy MOKHO OBLJIO CBECTH K TaKOMY M3BECTHOMY (haKTY:

B Tpeyronpuuke ABC upoBesu uyesuany BK. M, L u N — TOYKH KacaHUS BIIMCAHHBIX
OKpy:kHOCTEeN TPeyroabHUKoB ABK, CBK u ABC co croponoii AC (cm. puc. 8—9r). Torga A
MK = NL.

IToxpobHee, HATIPUMED, CM. CTATHIO «/[Be OKPYKHOCTU B TPEYTOJIbHUKE, TPU OKPY KHOCTU
B TPEYTOJBHUKE... », JKypHaI «KBauT», 2012/Ne2.

MENL C
Puc. 8-9.4r

5. (/. IIpoxonenko) Ha cropone BE nmpaBuiabHOTO TpeyroibHuKka ABE BHe ero nmocrtpoesn pom6 BCDE.
Otpesku AC u BD nepecekaiorca B Touke F. Jlokaxxure, utro AF < BD.

Pemenne. 3ameruuMm, uTo TpeyroabHuKk ABC — paBHOOeIpeHHEBIN, caegoBareabuo, LBAC = ZBCA
(cMm. puc. 8—9.5). Kpowme Toro, B cuny cummerpuu, /BCA = /BEF. CnenoBarenbno, /BAF = /BEF, To
ecTb, ueTbipexyroabuiuk ABFE — Bnucauusbiii. Torga LZAFE = /ABE = 60° u /DFE = /BAE = 60°.
Takxke /FDE = /FBE = /FAE. Torga /AEF = /DEF. CnenoBaTenbHo, TpeyroabHuk AEF paBeH
TpeyroabuuKy DEF 1o AByM cTopoHaM uM yriy Mme:xay muMmu. CiaemosarenbHo, AF = DF < BD, uto u

TPeboBaJIOCH.

KommenTtapwuii. PaBeHcTBo yriioB AEF u DEF MOXXHO IOKas3aTh U HEIOCPEICTBeHHBIM IIOJ[CUETOM, He MCIIOJIb3ySA BIIU-
cauHbIX yrioB. Ilyects /BAC = /BCA = /BEF = «, Ttorga LZABC = 180° — 2a, 10 ecTtb, ZEBC = 120° — 2. CnemoBaTebHO,
/BED = 60° + 2a, To ectb, ZFED = 60° + a = ZFEA.



Puc. 8-9.5

6. (A.Axy606) B ocTtpoyrosbHOM HepaBHOOeapeHHOM TpeyroiabHUKe ABC mpoBeneHa BbicoTa AH.
Ha cropounax AC u AB ormeuensl ToUuKu B; m C; COOTBETCTBEHHO, TaK, uTo HA — OucceKTpuca yrJa
B1HC; un uetbipexyroabHuk BC;B;C — Buucauubliii. [lokasxkure, uto B; u C; — OCHOBaHUA BBICOT
Tpeyroabuuka ABC.

B
c o T
Puc. 8-9.6a Puc. 8-9.66
Pemenue. I1epautii cnoco6. Bocnonb3yeMcd caeqyIOIIUMU N3BECTHBIMU (haKTaMu’:
1) Ilycts orpedok CiB; — auTtunapasuiesnen cropoHe BC tpeyrombuuka ABC (cm. puc. 8—9.6a).

Torma meHTP ONMCAHHON OKPYKHOCTU TpeyroabHuka AC;B; Jexut Ha BbicoTe AH Tpeyroapauxa ABC.

2) ([Iemma o mpesyouye) Ilycts I — 1eHTP BIMCAHHON OKDPY:KHOCTH TpeyroiabHuKa ABC, W — ce-
penuua ayru BC ero onmcaHHON OKPYKHOCTU, I, — IIEHTP BHEBONCAHHOM OKPYKHOCTHU, Kacaloleics
croponbl BC (cMm. puc. 8-9.66). Torma WI =WB =WC =WI,.

Ilepeiinem K perrenuto. Ilycts O — IEeHTD onMMCcaHHON OKPY:KHOCTU TpeyroabHuka AB{C; (cMm. puc.
8-9.68B). UernipexyronbHuk BC{B{B — BUucaHHBIHN, caenoBaTenbHo, B;C; u BC anTunapaJielbHbI,
TO ecThb, O jmexkut Ha AH (yTBep:kaenue 1).

A

Hp

By

Puc. 8-9.68 Puc. 8-9.r Puc. 8-9.1

3ameruM, uto O IPUHALIECKUT CEPEINHHOMY IIEPIEeHINKYIAPY K oTpesKy B;C;. PaccmoTpum Tpe-
yroabauK HB;C;. Buccekrpuca HA u cepeAuHHLINA HePIeHIUKYJAP K cTropore B;C; He COBIAajaioT,
moaTomMy Imepecekaiorcsa B cepenmae O nyru B;C; ero onmcaHHO# okpy:KkHOcTH. C Opyroii CTOPOHBI,
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MOCKOJIbKY O — IIEHTP ONMCAHHOU OKpYy:KHOCTU TpeyroabHuka AB1Ci;, To OA = OB; = 0OC;. Cie-
IoBaTeJIbHO, A — IeHTP BHEBIHCAHHOUN OKpPY:KHOCTH Tpeyroabuuka HB{C; (yrBep:kaenue 2). Torma
/BCiH = /KC1A = LAC1B; = LACB. To ectnb, ueTbipexyroabank ACi{HC — BOUCaHHLINA, OTKYyJa
/CC1A = ZCHA = 90°, uTo u TpeboBaIOCh.

B nByx ciaemymoinux pelreHusX BOCIIOJIb3YEMCS T€M, UTO BLICOTHI TPEYIOJLHUKA COAEPIKAT OMCCEK-
TPUCHI YIJIOB €r0 OPTOTPEYTOJbHIUKA. 3aMEeTHM, UTO €CJIM OJHA M3 ToueK B; muu C; ABJIAeTCA OCHOBA-
HMEeM BBICOTHI, TO U APYyrasi TOMKe.

Bmopoti cnoco6. Ilyects By u C; — He ocHOBaHuA BbICOT. Torga BOCCTAHOBUM U3 3TUX TOUYEK IePIeH-
IUKYJISAPBL 10 mepeceuenusd ¢ upambeiMu AC u AB B Toukax B’ u C' coorBercTBeHHO (cM. puc. 8—9.6r).
Torma C'B; u B'C; — BbICOTHI B Tpeyroyabuuke AB'C’, ciegosarenbrno, B1Cy u B'C’ anTunapaiebHbl.
ITockonsry B1C; u BC Ttakike antunapasienbusl, To BC | B'C’, to ectb, AH' — BbICOTa B TPEYTrOJb-
nuxke AB'C' (H' — Touka nepeceuenus AH u B'C’).

Torma /C1H'A = /B;H'A. Tlo ycinosuw, /C1HA = /B{HA, cinenoBareibHo, Tpeyroabuauku C{HH'
u ByHH' paBubl, otkyfa HB; = HC,. Torga HA | B,C,, caegoBarensso, B1C; || BC, To ects, Tpe-
yroabHUK ABC — paBHOOenpeHHbIN. [loyueHHOE IpoTUBOpPEUNe IIOKa3bIBaeT, uTo By u C; — ocHoOBa-
HUA BBICOT TpeyroabHuka ABC.

Tpemuii cnocoo. Ilycts By u C; — He ocHoBaHuA BbIcOT. Torga mpoBemem BbicoThl BH, u CH.,

(cMm. puc. 8-9.6x). Takxke, nycts AK, AL, H.N u H,M — nepneHAuKyJaApsl K npameiMm HC, u HB;.

H.N H, Cl HbBl HbM
ITockoanrry B:C H,H,., Tto o= = = = . ITockosnbky HA — OHCCeKTpHUca yrJiaa
y B1Cy || HyH,, To, L AC, A, K v p y

C1HB,, To AK = AL, nostomy H.N = H,M. Tak rak HA tak:ke Ouccexkrpuca yraa H.HH,, To
/H.HN = Z/H,HM, cnegoBaTesqbHO, Tpeyroabauku HH.N u HH,M paBHbI. TO €CTh, OPTOTPEYTOJbLHUK
Tpeyroabuuka ABC — paBHOOGeapeHHBIN, moaToMy ABC — ToKe paBHOOEIPEHHBIN, ITPOTUBOPEYHE.

Marepuaas: moarorosusu: A. Biauakos, 0. Biuakos, A. T'opckas, A. I'pubanko, A. 3acaaBCKuid,
. IIpokomeHko.



OmuaHaAOUATAs BCepoccHiicKkaa oauMmuana mo reomerpuu um. U. ®@. [lapeiruna
Tpunagumaras ycTHas OJMMIINAaAA IO TeOMETPUU
r. MockBa, 12 anpeas 2015 roga

Pemennga 3amau
10—11 kxacc

1. (Poavkaop) Y aByX Tpamenmuii COOTBETCTBEHHO PAaBHBI YIJIBI W JuaroHajau. BepHo Ju, 4TO TaKme
Tpamnenuy paBHBI?

Oteert: HeT, HEBEPHO.
Pemenue. I1epsuiii cnoco6. PaccMoTuM Be paBHOOOKME TpameIliuy C COOTBETCTBEHHO MapaJlIeIbHBI-

MU CTOPOHAMH, BOMCAHHBIE B OOHY OKPYsKHOCTBH (cMm. puc. 10—11.1a). Torma yrusl Tpamenuii paBHBI.
BD B1Dq
3ameruM, ut0o ———— = 2R = ——— | caemosarenbHo, BD = B;D;, TO eCTb, AUATOHAJU DTUX
sin ZBAD sin /B1A1D;

Tpamenuii TakKe PaBHEI.

KomMmenTapwuii. PaBeHcTBO AuaroHasieii MOKHO MOJYYUTD, UCIOJb3Ys paBeHCTBO AyTr: —« BBy =— CCy =— DD, oTKyzxa
« BD =« B]Dl, TO eCThb, BD = BlDl.

B
Puc. 10-11.1a Puc. 10-11.1.6
Bmopoti cnoco6. Paccmorpum paBHOcTOpOoHHUI TpeyroabHUK ABC. Ilycts A; mu Ay — TOUYKHM Ha
cropone BC, a By u B, — Touku Ha cropoHe AC Takme, utro BA; = A,C = CB; = AB; (cMm. puc.

10-11.16). Torga tpanenuu ABsAsB u AB1A1B — HCKOMBIE.

2. (M.I1anos) llpsamasa | nepreHANKYJIAPHA OAHON M3 MeAuaH TpeyrojbHuKka. CepefuHHBIE TIePIEH-
IUKYJAPLI K CTOPOHAM 3TOTO TPEYroJIbHUKA IIepeceKaloT HmpAMYIo [ B Tpex TouKax. JloOKasKuTe, UTO
OIHA 13 HUX fABJIAETCS CEPeINHON OTpes3Ka, 00pasoBaHHOTO JIBYMs OCTABIIHNMUCS.

Pemenue. Ilycts nmpsamada [ meprneHauKyaAapHa Meguane BM, X
a cepeaVHHBIE IEPHEHANKYJIAPhI K CTOPOHAM TPEYTOJbHUKA IIe-
pecekaior [ B Toukax X, Y u Z (cm. puc. 10-11.2). Touxku K,
M, L — cepeIuHBI CTOPOH TPEYyTroJbHUKA, O — IIEHTD OIIMCAH-
HOII OKpYy:KHOCTH, N — Touka mnepeceuenus [ u BM.

Hcmonp3ysa mepneHAuKYJIAPHOCTb IPSAMBIX, HOJIYUYUM, YTO
/X0Y = /BAC, /YOZ = /BCA, /0XZ = /ABM, /0ZX =
= /CBM.

Manblile MOKHO PacCysKIaTh PA3JINUYHBIMU CIIOCO0AMMU.

ITepsuiii cnoco6. Tpeyroabuuku YOX u MAB nono0HEI, ciie-

YX YO
IoBaTeJbHO, — = ——-. TpeyroabHuUKU YOZ u MCB Tak:xe
MB MA vz Yo
o HEBI, BaTeJbHO, — = ——. Il bRy MA = MC,
0100 cJIeOBATEJILHO VB~ MC OCKOJILKY C

0 YX = YZ, uro u Tpe6b0oBaIOCh.
Bmopoti cnocob6. Ilpogmum menuany BM Ha ee giauHy (CM.

Sear”

puc. 10-11.2). Torma Tpeyroabauku BAD un XOZ mnomoOHBEI.
ITockonbky AM — MenuaHa B TpeyroabHuke BAD u /BAM =
= /X0Y, to OY — menuaHa B Tpeyrojbauke X0Z, uTo u Tpe- Puc. 10-11.2

00BaJIOCH.
KommenTapuit. OTMeTHM, UTO YTBEPKIACHNE 3a0aUM BEPHO JIA IPOU3BOJBHON TPONKM HPAMBIX, HePIEeHIUKYIAPHBIX
CTOPOHaAM TPEYTOJIbHUKA U IIePECEKAIIINXCA B O,Z[HOﬁ TOUKeE.

5



3. (0. Baunkos) O — ToOUuKa IIepeceueHns JuaroHajieil Tpamenuu
ABCD. Ilpamasa, npoxogdamias uepe3 C 1 TOUKY, CUMMETPUUHYIO B
otHOcuTesibHO O, TIepecexkaerT ocHoBaHme AD B Touke K. [lokaxkure,
uTO0 Ss0x = Sa0B + Spok-

Pemrenne. ITockonsky BC || AD, 10 Sagp = Sacp, CIeL0BaTeIbHO,

1
Si08 = Spoc. IlosTOMYy AOCTATOUHO AOKAa3aTbhb, UTO Siox = ESACD'

IIycts P m @ — cepenunbl ocHoBauuiit BC u AD rtpanemuu ABCD
(cm. puc. 10-11.3). 3ameTum, uTo npamada P IPOXOAUT yepes TOU-
Ky O u napannenbua npamoit CK. [lajee MOXKHO paccy:KAaTb pas-
JUYHBIMU CIIOCO0AMMH.

Q K
Puc. 10-11.3

Ilepsuiii cnoco6. Ilyctsb 2—? = %. ITockonpKky QPCK — mapanaenorpamm, To QK = PC, cienmoBa-

TeJILHO, % = (g + g) :a = (a+b) : 2a. C gpyroii cropousl, AO : AC = a : (a +b). To ecrTsb,
AO-AKsin/CAD _AK AO a+b a 1

AC-ADsin/CAD AD AC 22 a+b 2°

Sa0k : Sacp =

. 1
Bmopoii cnocoo. CQ — menuana tpeyroabuuka ACD, oTkyzna ESACD = Scgp = Scek + Sckp. Ilo-

ckoabKy CK || OQ, Tto Scox = Scok, cienoBaTenbHo, Scox + Sckp = Scox + Sckp = Socpk, 4TO U
TPeboBaJIOCH.

KommenTtapwuii. Taxk:ke BOBMOKHO pellleHUe ¢ TOMOIIbI0 ahGUHHBIX Tpeobpa3oBaHUii, IePeBOAAIIEe TaHHYIO TPAIEI[HUIO
B paBHOOOKYI0. OTHOIIIeHE ILIOIAAell IPKU 9TOM coxXpausdeTrcs. ITlogpobHee mpo adhduHHbIe IIPeodbPa30OBAHKSI CM., HATIPUMED,
. 1I1. TlorapuH, «daeMeHTapHAas reoMmeTpus», T. 1, raasa 2, §23.

4. (A.T'apraswiiil) B Tpeyronbauke ABC: Ttouka M — cepeguna BC, P —
TOYKa IepeceueHnsi KacaTeJbHBIX B TOUuKaxX B m C K OMMCAHHOU OKPYIK-
"HOCTH, N — cepenuua orpeska MP. Orpesok AN mepeceKaeT ONHCAHHYIO
OKPYKHOCTBH B TOuKe @. [lokaxkure, uto /PMQ = /MAQ.

Pemenne. [{ocTaTouHo goKasaTh, 4To M N — KacaTeJbHasA K OKPYsKHO-
CTU, OIMCAHHOI BOKPYT TpeyroiabHuka AME, TO ecTb, paBeHCTBO NM?2 =
= NQ - NA (cm. puc. 10-11.4). OGosnauum uepe3 deg, N cTeleHb TOU-
K N OTHOCUTEJbHO ONMCAHHON OKpPY:KHOCTU TpeyroabHuka ABC. Torma
deg, N = NO* — R? = (NM +OM)? — R> = NM? + 2NM -OM + OM? — R% =
= NM? + PM -OM + OM? — R?. TlockoabKky PB — KacaTeJIbHas K OKPYK-
HocTUu, a M — cepenuna xopasl BC, To TpeyronbHuK BOP — npsaMOyToJib-
HBIIL ¢ BbIcoTOii BM, ciemoBarenbHo, PM - OM = BM?. Torga deg, N =
= NM? + BM? + OM? — R? = NM?. C npyTroii CTOPOHBI, CTeIIeHb TOUKU N
OTHOCHUTEJIHLHO OKPYKHOCTH w paBHA NQ-NA, To ectb NM? = NQ-NA, uro
1 TpeGOoBAaJIOCH.

P
Puc. 10-11.4

5. (/1. Koxcesrnurog) B mpocrtpancTBe aaH TpeyroabHUK ABC u chepbl
S1 1 Sy, KaxKaasa 13 KOTOPBIX ITPoxoauT yepeld Touku A, B u C. [Iina Touek
M cdoepsl S;, He JeKalIX B ILIOCKOCTH TpeyroiabHuKka ABC, mpoBogdaTcA
npambie MA, MB u MC, nepecekaloiue chepy Se BTOPUUYHO B TOUKAX Aq,
B; u C; coorBeTcTBeHHO. [[oKasKuTe, UTO IJIOCKOCTH, IIPOXOAAIINNE Uepes
Touku A, B; u C1, KacamoTrca GUKCHPOBAHHON cephbl MO0 IIPOXOAAT Uepes
(PUKCUPOBAHHYIO TOUKY.

Pemenue. Ilycts O; u Oy — 11eHTDPHI AaHHBIX chep. [Jokaxkem, 4TO pac-
cMaTpuBaeMas IMJIOCKOCTh KacaeTcsA cepsl ¢ IeHTpoM Oy UM IIPOXOJUT Ue-
pe3 Touky Oy. IlJ1s1 9TOTO JOCTATOYHO AOKAa3aTh, YTO PACCTOSAHME OT TOUKH
Oy 0 3TOI IIJIOCKOCTH MOCTOAHHO. IIpegBapuTeIbHO JOKAKeM JBe JIeMMEI.

Jemma 1. ITycTs aBe okpy:kHOCTU C 1meHTpamu O m O, mepeceKarTcsa
B Toukax B m C, M — TouKa mepBOi OKPY:KHOCTU, npsambie MB u MC
ImepeceKarmT BTOPYIO OKPY:KHOCTh B Toukax B; m C; (cm. puc. 10-11.5a).
Torga MO; 1 B:C;.
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HokaszareabcTBo. 3ameTum, uro /CMO; = 90°—/MBC = 90°—-/MC,B;.

Jlemma 2. B ycaoBusax mepBoit jemMbl nycth O K | B1C;, Torga anuHa orpeska O, K He 3aBUCHUT OT
BbIOOpa Touku M. (Jlemma BepHa u B cayuae, Korga B;C; npoxoaut uepes O;.)

HokaszareabcTBo. 3ameruM, uTo yroj BMC u gyra BC BTOpO# OKPY’KHOCTHU IocToAHHBI. CiemoBa-
TeJbHO, Ayra B;C; Tak:ke MOCTOSIHHA, TO eCcTh, O3 K = const.

Ipyzue cayvau pacnoaoxenus mouku M 6 nemmax paccmampuéaromces aHaL02UYHO.

Ilepeiinem K pemrenuto 3agaun. [Jlokamem, uto MO0 1. A1B1Cy. ITO MOKHO CIIeJIaTh HECKOJIbKUMU
cmocobamu.

Ilepsuiii cnocoo. Noraskem, uto MO; — BbicoTa nupamunsl MA;B1Cy, tne Ay, By u C; — TOUKHU
nepeceueHuss npAMbIXx MA, MB nu MC co BTopoit cepoit (cm. puc. 10—-11.56). 3ameTum, 4TO TOUKA
O — mpoerknus O; Ha mwiockocts MB{C; — ABAseTCA IIEHTPOM ONHNCAHHON OKPYKHOCTU TPEYTOJib-
Huka BMC. IIo nemme 1 MO | B:C,. YuurbiBasa nepneugukyaapaoctb 00 u B{C;, moay4yuM, 4TO
MO0 1L BCq{, TO ectb, MO0 L A1B;C;, mo3TOMy BBLICOTA IMUPAMUILI TPUHAIICIKUT IIJOCKOCTH
MO,0. PaccmaTrpuBas aHaJoOTUUYHBbIE TPOEKITU TOYKM (O Ha Apyrue rpaHy MUPaAMUIbI, IIOJIYUUM, UTO
MO, — BpICOTA.

Bmopotui cnoco6. Ilycte M dpukcupoBaHa. [[oxkakeM, 4TO KOHYC C BepHINHON B ToOuke M, MpOXoasa-
U Yepes OKPY:KHOCTh IIepeceueHuA ABYX chep, ImepeceKaeT BTOPYIO cepy TaKiKe IO OKPYIKHOCTH.
PaccmoTpuM MHBEpPCHUIO € IIEHTPOM B TOUKe M OTHOCUTEJIBLHO c(ephl ¢ paguycoM, KBaapaT KOTOPOro pa-
BE€H MOJYJIIO CTeNeHU TOUYKU M OTHOCUTEJIbHO BTOpPOi cdepshl. ([I1sa Touek, JiexKaniux BHYTPU BTOPOM
cephl, HAA0 IPEeaABAPUTEILHO PACCMOTPETh CUMMETPHUI0 OTHOCUTENIbHO TouKu M.) IlockoabKy mepBas
cepa COmEpPIKUT IeHTP MHBEPCUU, TO OHA MIEePEeXOAUT B ILIOCKOCTL. TOUKM, JieKaliue Ha OKPYKHOCTU
mepeceyeHusd, IePedayT B TOUKH, JeKallue Ha BTOPOH cjepe, caeqoBaTeJbHO, OHM BCe JIXKAT B OJHOM
IJIOCKOCTU. 3aMEeTUM, YTO U3 CUMMETPUU OTHOCUTEJILHO mIocKocTu MO0y aTa MI0CKOCTh HepPHeH -
KyJIpHA ILIOCKOCTU OKPYsKHOCTH, YTO U TPeOOBAJIOCH.

Paccmorpum ceuenme MO10;. OHO mpoxoauT uyepesd IEHTPHI chep, TO
€CTh, IIepeceKaeT uX I10 OOJILIINM OKPYKHOCTAM (II09TOMY JIJIs JIFOOOI0 pac-
MMOJIOKeHUA TOUKU M 5T mapbl OKPYKHOCTEH COBMEIIAI0TCS IIOBOPOTOM
BOKpPyr ocu 010:). Kpome Toro, sTo ceueHue neprneHgukyaapao A;B:C;.
IIycte K — ocHOBaHUe TepHEeHAUKYJSApa, OnylleHHoro u3 Touku O Ha
njockoctb A1B;C;. Torga O3K 1 A;B:Cy, ciemoBaTenbHOo, O3 K JeXur B
naockoctu MO;05, TO ecThb, o JeMme 2, Os K = const.

KommenTtapuii. Tak:ke MOKHO OBLIO pacCMaTPUBATh «ABUKEeHHEe» TOUKH M 1O «IIa-
pajuiesaaM» U1 «MepuaguaHaM» HepBOfI C(I)epI:I.

6. (/[. IIpoxonenrxo) B ocTpoyrosbHOM HepaBHOOEAPEHHOM TPEYTOJIbHU-
Ke ABC BricoTbl CC; u BB; miepecekaioT IpAMYI0, IPOXOIAIIYIO Uepes3 Bep-
muny A u nmapaienabHyio npamoi BC, B Toukax P u . Ilycts Ay — ce-
penuHa ctopoubl BC, a AA; — BuIcoTa. IIpambie AqgC; u AygB; mIepeceKaioT By
npamyio PR B Toukax K u L. JloKasKuTe, YTO OKPYKHOCTH, OIIMCAHHBIE Puc. 10-11.56
OKO0JIO TPeyroJabHuKoB PQA,, KLAy, A1B1Ci 1 OKPY’KHOCTL C IUAMETPOM
AA; mepeceKaloTcsa B OJHOI TOYKe.

Pemenne. Ilycts U — Touka mepeceuenusda npambix PQ u B,C; (cm. puc. 10—-11.6a).

HoxaxxeM cHauajia, YTO B OJHOI TOUKe MePeceKalTCs TPU OKPYKHOCTHU: ONHCAHHBIE OKPYKHOCTHU
TPeyrodbHUKOB PQA; n A1B1C1 U OKPYKHOCTD ¢ guamMmeTpoMm AA;.

3aMeTuM, UYTO 4YeThIpexyroabHuUK P@B;C; — BnmcauHbiii. [elicrBurenvbuno, LAPC, = /BCC,; =
= /BB;,C;. Kpome Toro, UA — xacaTeJbHasd K OKPY’KHOCTH, OIIMCAHHON OKO0JIO TpeyroabHuka ABC;.
Torga degyp o, U = UCy - UBy = UA?, degpgp,¢, U = UCy - UB; = UP - UQ, 0 ecrs, UA? = UP-UQ =
= UC1-UB;. C npyroi croponsl, UP-UQ = degpgy, U, a UC1-UBy = degy, g ¢, U, TO ecTh, Touka U nexur
Ha paguKaJIbHOI OCH OKPY/KHOCTEH, ONMCAHHBIX OKOJIO TPEeyTroJbHUKOB PQA; u A;B:C:. Ilycts T —
TOUKAa IIepeceueHnusi dTUX OKpysKHocTel, Toraa T nexutr Ha A U. 3amerum, uro UT-UA; = UC,-UB; =
= UA?, cnepoBatenbHo, AT | UA;. To ects, T IPUHALIEKUT OKPYKHOCTH ¢ AuaMeTpoM AA;.
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Puc. 10-11.6a

Ocranoch moKasaThb, uTO T TPUHALIEKUT TaKiKe U OKPYKHOCTHU, OMMMCAHHOU OKOJIO TPEYyroJbHU-
ka KLAg,, Tto ecTb, uTo T — mouka Mukena nna npambix UL, AgL, KAy, UB; (cm. puc. 10-11.66).
IJ1sT 9TOTO MOCTATOYHO AOKAa3aTh, UTO 1T NPUHAIIEIKUT OIMIMCAHHON OKPYsKHOCTH TpeyroabHuka UKC;.
HelicTBUTEIbHO, TOUKa T JIEKUT Ha OMMCAHHOU OKPY:KHOCTH UeThIpexyroabHuUKa AgCiB1A;, mosTromy
/LC1TA; = LC1A(C = LUKCq, TO ecTb, ueTbipexyroabuuk UKC;T — BOUCAHHBINA, YTO U TPEOOBAJIOCH.

A

Puc. 10-11.66

Kommenrtapuii. ITogpo6Hee npo Touky Mukeas MOKHO MPOUYUTATh, HAIPUMED, B KHUre «3aJauu MO MJIAHUMETPUM»,

B. B. IIpacosos, riaea 2, §10.

Marepuaast moarorosuau: A. Baunakos, 0. Bauakos, A. I'opckasa, A. 3aciaaBckuii, I1. KoxxeBHE-
KOB.



