ŔŘŐĚŁŰĹĹ ŚŁŘĚŹĹĆĂđŹĹŢŚ§ ŔŘ§ŇŻŢ Ă. Čăľťşńńĺŋ, Ă. Śłőŕěŋłőć, Ň. Śłőŕěŋłőć ĺ Ă. Ÿăŕőćăńőć

So also werde ich alles in Erinnerung behalten:

Nur ein kleines Album von Miniaturen. H. B-oll, Im Tal der donnernden Hufe.

Ććőďŋżě ğăďăůĺ.

0. Śşźěśšćşěš ńĺ ć ŕřőśšřăŋśšćě őďŋă ĺńĺ ŋěśłőńĳłő ğăňłŋşšżţ ńőňăŋżţ, ďă¿źĺě ŕřĺ ŕřőěłűĺĺ ŋă ŕńőśłőśšĳ ďăŋŋş¿ łăřšĺŋłş (śň. řĺś. 0)? Ŕřĺ ¡šőň łăęďőě ğćěŋő ńőňăŋőľ ďőńęŋő ŕřőěűĺřőćăšĳś£ ć űěńőě ğćěŋő ŕřőěłűĺĺ.

1. Śşźěśšćşěš ńĺ śěňěľśšćő ŕř£ňżţ ć ŕřőśšřăŋśšćě, łőšőřżě ŕřĺ ŕřőěłšĺřőćăŋĺĺ ŋă ŋěłőšőřş¿ ŕńőśłőśšĳ ďă¿š ďăŋŋş¿ łăřšĺŋłş (śň. řĺś. 1)?

Typeset by AMS-TEX 1

2

Őŕřěďěńěŋĺ£. Ŕşśšĳ ŋă ŕńőśłőśšĺ ğăďăŋő śěňěľśšćő ŕř£ňżţ, ŋĺłăłĺě šřĺ ĺğ łőšőřżţ ŋě ŕěřěśěłă¿šś£ ć őďŋőľ šőůłě. Ŋăřĺśşěň ć ňěśšăţ ŕěřěśěůěŋĺ£ ŕř£ňżţ, ůšő őďŋă ĺğ ŕř£ňżţ "ŕřőţőďĺš ćżÿě". Ŕőńşůěŋŋă£ (ŕńőśłă£!) łăřšĺŋłă ŋăğżćăěšś£ ŕńěšěŋłőľ. Ŕńěšěŋłĺ řăćŋż, ěśńĺ őŋĺ ŕěřěćőď£šś£ ďřşč ć ďřşčă ŕőďőąĺěň. Ŕńěšěŋłă ŋăğżćăěšś£ řěăńĺğşěňőľ, ěśńĺ śşźěśšćşěš ŋăąőř ŕř£ňżţ ć ŕřőśšřăŋśšćě, ďă¿źĺľ ŕřĺ ŕřőěłűĺĺ ŋă ŋěłőšőřş¿ ŕńőśłőśšĳ ďăŋŋş¿ ŕńěšěŋłş.

Ěśńĺ şśńőćĺě ğăďăůĺ £ćń£ěšś£ ťőřňşńĺřőćłőľ şšćěřęďěŋĺ£, šő ŕőďřăğşňěćăěšś£, ůšő ¡šő şšćěřęďěŋĺě ŋşęŋő ďőłăğăšĳ.

Őŕřěďěńěŋĺě. Ŕř£ňă£ ć ŕńěšěŋłě ŋăğżćăěšś£ ňőŋőšőŋŋőľ, ěśńĺ ŋă ŋěľ śşźěśšćşěš šăłă£ šőůłă, ůšő ś őďŋőľ śšőřőŋż őš ŋěě ŕř£ňă£ ŕřőţőďĺš ćżÿě ćśěţ, ă ś ďřşčőľ | ŋĺęě. Ć ůăśšŋőśšĺ, ŕř£ňă£, ŕřőţőď£źă£ ćżÿě ćśěţ őśšăńĳŋżţ ĺńĺ ŋĺęě ćśěţ őśšăńĳŋżţ, šőęě śůĺšăěšś£ ňőŋőšőŋŋőľ.

2. Řěăńĺğşěňőśšĳ ŕńěšěŋłĺ ŋě ňěŋ£ěšś£ ŕřĺ őšąřăśżćăŋĺĺ ňőŋőšőŋŋőľ ŕř£ňőľ. 3. a) Ěśńĺ ŕńěšěŋłă śőśšőĺš ĺğ 1, 2 ĺńĺ 3 ŕř£ňżţ, šő łăęďă£ ěě ŕř£ňă£ ňőŋőšőŋŋă. b) Ěśńĺ ŕńěšěŋłă śőśšőĺš ĺğ 4 ĺńĺ 5 ŕř£ňżţ ĺ łăęďă£ ěě ŕř£ňă£ ŋě ňőŋőšőŋŋă, šő ŕńěšěŋłă ŋě řěăńĺğşěňă. c) Śşźěśšćşěš řěăńĺğşěňă£ ŕńěšěŋłă ĺğ 6 ŋě ňőŋőšőŋŋżţ ŕř£ňżţ.

d) Śşźěśšćşěš ąěśłőŋěůŋő ňŋőčő řěăńĺğşěňżţ ŕńěšěŋőł ąěğ ňőŋőšőŋŋżţ ŕř£ňżţ, łőšőřżě śőśšő£š ĺğ řăğŋőčő łőńĺůěśšćă ŕř£ňżţ.

Őŕřěďěńěŋĺě. Ěśńĺ ŕńěšěŋłş B ňőęŋő ŕőńşůĺšĳ, ćżłĺŋşć őďŋş ĺńĺ ŋěśłőńĳłő ŕř£ňżţ ĺğ ŕńěšěŋłĺ A, šő B ŋăğżćăěšś£ ŕőďŕńěšěŋłőľ ŕńěšěŋłĺ A.

4. a) Ŕńěšěŋłă, śőďěřęăźă£ ŋěřěăńĺğşěňş¿ ŕőďŕńěšěŋłş, śăňă £ćń£ěšś£ ŋěřěăńĺğşěňőľ. b) Śşźěśšćşěš ŋěřěăńĺğşěňă£ ŕńěšěŋłă, ćśě ŕőďŕńěšěŋłĺ łőšőřőľ řěăńĺğşěňż.

c) Śşźěśšćşěš ąěśłőŋěůŋő ňŋőčő ŋěřěăńĺğşěňżţ ŕńěšěŋőł (ś řăğŋżň łőńĺůěśšćőň ŕř£ňżţ), ćśě ŕőďŕńěšěŋłĺ łőšőřżţ řěăńĺğşěňż.

d) Ďń£ ń¿ąőčő n ≥ 4 śşźěśšćşěš ŋěřěăńĺğşěňă£ ŕńěšěŋłă ĺğ n ŕř£ňżţ, ćśě ŕőďŕńěšěŋłĺ łőšőřőľ řěăńĺğşěňż.

5. Ŕşśšĳ łăęďă£ ŕř£ňă£ ŕńěšěŋłĺ ŕăřăńńěńĳŋă ńĺąő őśĺ Ox, ńĺąő őśĺ Oy. a) Śşźěśšćşěš ńĺ ŋěřěăńĺğşěňă£ ŕńěšěŋłă šăłőčő šĺŕă, ć łőšőřőľ ŋěš ŕőďŕńěšěŋłĺ ćĺďă 1g? b)* Ŋăľďĺšě łřĺšěřĺľ řěăńĺğşěňőśšĺ šăłĺţ ŕńěšěŋőł.

6.* Ć ¡šőľ "ťĺğĺůěśłőľ" ğăďăůě ňż ŋě ŕřĺćőďĺň ăłłşřăšŋőľ ťőřňşńĺřőćłĺ şśńőćĺ£ ĺ ŋě šřěąşěň ăłłşřăšŋőčő ďőłăğăšěńĳśšćă. Ćăęŋő ŋě śšőńĳłő řěÿĺšĳ ďăŋŋş¿ ğăďăůş, śłőńĳłő ĺśŕőńĳğőćăšĳ ěě ďń£ ŕřőćěďěŋĺ£ ¡łśŕěřĺňěŋšă ŕşšěň ŕőśšřőěŋĺ£ ňőďěńěľ ĺ ŕőńşůěŋĺ£ őšćěšă ć ďřşčĺţ ğăďăůăţ (ŋő ŋě ďń£ ĺţ śšřőčőčő ďőłăğăšěńĳśšćă!).

a) Ŕşśšĳ ňż ĺňěěň ďőśšăšőůŋő ňŋőčő ďńĺŋŋżţ šőŋłĺţ şŕřşčĺţ ŕřşšĳěć (ĺńĺ ŕőńőśőł). Śőśšăćĺň ĺğ ŋĺţ (śńěčłă ĺğčĺąă£ ŕřşšĳ£) ťĺčşřş, ĺğőąřăęă¿źş¿ ďăŋŋş¿ ŕńěšěŋłş. Ŕřěďŕőńőęĺň, ůšő ŕőńşůĺńăśĳ ęěśšłă£ łőŋśšřşłűĺ£, šő ěśšĳ ťĺčşřş ňőęŋő ŕőďćěśĺšĳ ğă őďŋş šőůłş šăł, ůšőąż őŋă ŋě řăśŕăńăśĳ. Šőčďă śőőšćěšśšćş¿źă£ ŕńěšěŋłă ŋě řěăńĺğşěňă.

b) Ŕńěšěŋłă řěăńĺğşěňă šőčďă ĺ šőńĳłő šőčďă, łőčďă ŕőśšřőěŋŋă£ ć (a) łőŋśšřşłűĺ£ ŋě śőďěřęĺš ęěśšłĺţ ŕőďłőŋśšřşłűĺľ.

Ŕřőňěęşšőůŋżľ ťĺŋĺÿ.

Ŕőśńě ŕřőňěęşšőůŋőčő ťĺŋĺÿă şůăśšŋĺłĺ ňőčńĺ ŕřěďśšăćĺšĳ řěÿěŋĺ£ ğăďăů 3.d, 4.c, 5.ab, 6.ab, 7, 8, 9.ab, 10,11,12,13,14abcd,15.abcd. Ć ğăďăůăţ 3.d ĺ 4.c ążń ŕřĺćěďěŋ šőńĳłő ŕřĺňěř, ă řěÿěŋĺě ňőęŋő ążńő śďăšĳ ĺ ŕőśńě ŕřőňěęşšőůŋőčő ťĺŋĺÿă.

7. Řěăńĺğşěňőśšĳ ŕńěšěŋłĺ ŋě ĺğňěŋ£ěšś£ ŕřĺ a) ğăňěŋě ŕńěšěŋłĺ ŋă řăćŋş¿ ěľ;

b) ĺğňěŋěŋĺĺ ćśěţ ŕěřěśěůěŋĺľ ŕř£ňżţ ŋă ŕřőšĺćőŕőńőęŋżě (ŕř£ňă£, ŕřőţőďĺćÿă£ "ćżÿě", ąşďěš ŕřőţőďĺšĳ "ŋĺęě" ĺ ŋăőąőřőš);

c)* ăťťĺŋŋőň ŕřěőąřăğőćăŋĺĺ;

d)* ŕřőěłšĺćŋőň ŕřěőąřăğőćăŋĺĺ, ěśńĺ ŕő őďŋş śšőřőŋş őš őąřăğă ąěśłőŋěůŋő şďăńěŋŋőľ ŕř£ňőľ ŕřĺ ¡šőň ŕřěőąřăğőćăŋĺĺ ğăňěŋĺšĳ ćśě ŕěřěśěůěŋĺ£ ŕř£ňżţ ŋă ŕřőšĺćőŕőńőęŋżě.

Ćőğĳňěň ŕńěšěŋłş ĺ ąşďěň ŋěŕřěřżćŋő ďćĺčăšĳ ěě ŕř£ňżě (ŕő őďŋőľ ĺńĺ ŋěśłőńĳłő őďŋőćřěňěŋŋő) šăł, ůšőąż őŋĺ őśšăćăńĺśĳ ŕř£ňżňĺ, šĺŕż ŕěřěśěůěŋĺľ ŋě ňěŋ£ńĺśĳ, ŕăřăńńěńĳŋżě őśšăćăńĺśĳ ŕăřăńńěńĳŋżňĺ, ŕěřěśěłă¿źĺěś£ | ŕěřěśěłă¿źĺňĺś£, ĺ ŋĺ őďŋă ŕř£ňă£ ŋě ŕřőţőďĺńă ůěřěğ šőůłĺ ŕěřěśěůěŋĺ£ ďřşčĺţ ŕř£- ňżţ (śň. ŕřĺňěř ŋă řĺś. 2). Šăłőě ŕřěőąřăğőćăŋĺě ŕńěšěŋłĺ ŋăğżćăěšś£ ĺğőšőŕĺěľ, ă ŋăůăńĳŋă£ ĺ łőŋěůŋă£ ŕńěšěŋłă | ĺğőšőŕŋżňĺ.

Ŋă řĺś. 0 ĺ 1 łăřšĺŋłĺ ĺ ŕńěšěŋłĺ ğăďăŋż ś šőůŋőśšĳ¿ ďő ĺğőšőŕĺĺ.

8. Řăśśňőšřĺň ŕńěšěŋłş, ĺğőšőŕŋş¿ ŕńěšěŋłě ŋă řĺś. 1.f, ĺ ďĺăčőŋăńĺ AD, BE ĺ CF ÿěśšĺşčőńĳŋĺłă ABCDEF . a) Ěśńĺ ďĺăčőŋăńĺ ŕěřěśěłă¿šś£ ć őďŋőľ šőůłě šăł, łăł ŋă řĺś.3.a, šő ŕńěšěŋłă ŋě řěăńĺğşěňă. b) Ěśńĺ ďĺăčőŋăńĺ ŕěřěśěłă¿š ďřşč ďřşčă šăł, łăł ŋă řĺś. 3.b, šő ŕńěšěŋłă ŋě řěăńĺğşěňă. c) Ěśńĺ ďĺăčőŋăńĺ ŕěřěśěłă¿š ďřşč ďřşčă šăł, łăł ŋă řĺś. 3.c, šő ŕńěšěŋłă řěăńĺğşěňă. d) Śşźěśšćş¿š ďćě ĺğőšőŕŋżě ŕńěšěŋłĺ, őďŋă ĺğ łőšőřżţ řěăńĺğşěňă, ă ďřşčă£ ŋěš (¡šş ğăďăůş ňőęŋő řěÿĺšĳ ĺ ďřşčĺň śŕőśőąőň, őšńĺůŋżň őš ŋăňěůěŋŋőčő ć ŕşŋłšăţ a,b,c)

5

Őŕřěďěńěŋĺě. Ŕřěďŕőńőęĺň, ůšő ć ŕńěšěŋłě ćżďěńěŋż ďćě ŕř£ňżě l_1 ĺ l_2 ĺ ćżąřăŋă őřĺěŋšăűĺ£ ŋă ćśěţ őśšăńĳŋżţ ŕř£ňżţ. Řăğřěÿăěšś£ ďćĺčăšĳś£ ŕő ŕř£ňżň ŕńěšěŋłĺ ć ŋăŕřăćńěŋĺĺ ĺţ őřĺěŋšăűĺĺ (ŕő ŕř£ňżň l_1 ĺ l_2 ňőęŋő ďćĺčăšĳś£ ć ŕřőĺğćőńĳŋőň ŋăŕřăćńěŋĺĺ) ĺ ŕěřěţőďĺšĳ ś őďŋőľ ŕř£ňőľ ŋă ďřşčş¿, ěśńĺ ŕěřćă£ ŕř£ňă£ ŕřőţőďĺš ć ¡šőľ šőůłě "ćżÿě" ćšőřőľ. Ŋăğőćěň ŕńěšěŋłş ăűĺłńĺůŋőľ, ěśńĺ ďń£ ń¿ąőčő ćżąőřă ŕř£ňżţ l_1 ĺ l_2 ĺ őřĺěŋšăűĺľ ŋă őśšăćÿĺţś£ ŕř£ňżţ ŋěńĳğ£ ŕřőľšĺ ŕő ğăňłŋşšőňş ňăřÿřşšş ĺ ćěřŋşšĳś£ ć ĺśţőďŋş¿ šőůłş.

9 a) Ćś£łă£ řěăńĺğşěňă£ ŕńěšěŋłă ăűĺłńĺůŋă.

b)* Ćěřŋő ńĺ, ůšő ďń£ ń¿ąőľ ăűĺłńĺůŋőľ ŕńěšěŋłĺ ŋěłőšőřă£ ĺğőšőŕŋă£ ěľ ŕńěšěŋłă řěăńĺğşěňă? 10.* Śşźěśšćşěš ąěśłőŋěůŋă£ ŕőśńěďőćăšěńĳŋőśšĳ řěăńĺğşěňżţ ŕńěšěŋőł, ć łőšőřőľ łăęďă£ ŕńěšěŋłă ŋě ĺğőšőŕŋă őśšăńĳŋżň ĺ ŕőďŕńěšěŋłăň őśšăńĳŋżţ.

Őŕřěďěńěŋĺ£. Śŕńěšěŋĺě | ¡šő ŋěşŕőř£ďőůěŋŋżľ ŋăąőř ŕőŕăřŋő śłřěźĺćă¿źĺţś£ ŋěőřĺěŋšĺřőćăŋŋżţ ŕř£ňżţ ć ŕřőśšřăŋśšćě.

(Ŕřőśšřăŋśšćěŋŋă£) ĺğőšőŕĺ£ ŋăąőřă ŕőŕăřŋő śłřěźĺćă¿źĺţś£ ŕř£ňżţ | ¡šő šăłőě ŋěŕřěřżćŋőě ďćĺęěŋĺě ŕř£ňżţ ŋăąőřă, ć ŕřőűěśśě łőšőřőčő őŋĺ őśšă¿šś£ ŕőŕăřŋő śłřěźĺćă¿źĺňĺś£.

11. Ěśńĺ p = 4k +3, čďě k | ń¿ąőě űěńőě, šő ćś£łőě śŕńěšěŋĺě ĺğ p ŕř£ňżţ ŋě ĺğőšőŕŋő śćőěňş ğěřłăńĳŋőňş őąřăğş (şłăğăŋĺě: śň. ğăďăůĺ 12 ĺ 13).

Őŕřěďěńěŋĺě. Ŕşśšĳ ďăŋă şŕőř£ďőůěŋŋă£ ŕăřă őřĺěŋšĺřőćăŋŋżţ śłřěźĺćă¿źĺţś£ ŕř£ňżţ. Śŕřőěłšĺřşěň ¡šş ŕăřş ŋă ŕńőśłőśšĳ őąźěčő ŕőńőęěŋĺ£. Ěśńĺ ŕőńşůěŋŋă£ őřĺěŋšĺřőćăŋŋă£ ŕńěšěŋłă šăłőćă, łăł ŋă řĺś. 4.a, šő łő¡ťťĺűĺěŋš ğăűěŕńěŋĺ£ ¡šőľ ŕăřż řăćěŋ −1, ĺŋăůě +1.

12. a) Łő¡ťťĺűĺěŋš ğăűěŕńěŋĺ£ ŋě ğăćĺśĺš őš ćżąőřă ŕńőśłőśšĺ ŕřőěłűĺĺ ĺ śőţřăŋ£ěšś£ ŕřĺ őďŋőćřěňěŋŋőň ĺğňěŋěŋĺĺ őřĺěŋšăűĺĺ őąěĺţ őřĺěŋšĺřőćăŋŋżţ ŕř£ňżţ.

b) Łő¡ťťĺűĺěŋš ğăűěŕńěŋĺ£ şŕőř£ďőůěŋŋőľ ŕăřż őřĺěŋšĺřőćăŋŋżţ ŕř£ňżţ ŋě ĺğňěŋ£ěšś£ ŕřĺ ĺğőšőŕĺĺ. c) Ďćě şŕőř£ďőůěŋŋżě ŕăřż őřĺěŋšĺřőćăŋŋżţ śłřěźĺćă¿źĺţś£ ŕř£ňżţ ĺğőšőŕŋż šőčďă ĺ šőńĳłő šőčďă, łőčďă ĺţ łő¡ťťĺűĺěŋšż ğăűěŕńěŋĺ£ řăćŋż.

d)* Šřőľłĺ őřĺěŋšĺřőćăŋŋżţ ŕőŕăřŋő śłřěźĺćă¿źĺţś£ ŕř£ňżţ ĺğőšőŕŋż šőčďă ĺ šőńĳłő šőčďă, łőčďă ĺţ ŕőŕăřŋżě łő¡ťťĺűĺěŋšż ğăűěŕńěŋĺ£ řăćŋż.

Őŕřěďěńěŋĺě. Łő¡ťťĺűĺěŋš ğăűěŕńěŋĺ£ şŕőř£ďőůěŋŋőľ šřőľłĺ őřĺěŋšĺřőćăŋŋżţ ŕőŕăřŋő śłřěźĺćă¿- źĺţś£ ŕř£ňżţ | ¡šő ŕřőĺğćěďěŋĺě šřěţ ŕőŕăřŋżţ łő¡ťťťĺűĺěŋšőć ğăűěŕńěŋĺ£.

13. a) Łő¡ťťĺűĺěŋš ğăűěŕńěŋĺ£ šřőľłĺ őřĺěŋšĺřőćăŋŋżţ ŕř£ňżţ ŋě ğăćĺśĺš őš ćżąőřă şŕőř£ďőůĺćăŋĺ£ ĺ őřĺěŋšăűĺľ ŕř£ňżţ.

b) Ğěřłăńĳŋă£ śĺňňěšřĺ£ ŕřőśšřăŋśšćă ĺğňěŋ£ěš łő¡ťťĺűĺěŋš ğăűěŕńěŋĺ£ łăł ŕăřż, šăł ĺ šřőľłĺ ŕř£ňżţ. c) Ŋăąőř ĺğ p ŕř£ňżţ śőďěřęĺš p(p − 1)(p − 2)/6 šřőěł ŕř£ňżţ.

d) Ůĺśńő p(p − 1)(p − 2)/6 ŋěůěšŋő šőčďă ĺ šőńĳłő šőčďă, łőčďă p = 4k + 3, čďě k | űěńőě.

Ĺśšőřĺůěśłőě ğăňěůăŋĺě. Ŋăśšő£źĺľ űĺłń ¡ńěňěŋšăřŋżţ ğăďăů ŕő£ćĺńś£ ć ăńčěąřăĺůěśłőľ šěőřĺĺ

şğńőć [Maz88, ViDr88, Vir85]. Őśŋőćŋżňĺ řěğşńĳšăšăňĺ ŋăÿěčő űĺłńă £ćń£¿šś£ ğăďăůĺ 4.cd (Ă. Śłőŕěŋłőć, 1989 [Kva89]) ĺ 8 (Č. Čăńĳŕěřĺŋ ĺ Ă. Śłőŕěŋłőć, 1988; ŕřĺćěďěŋŋżě ğďěśĳ řěÿěŋĺ£ ŕőńşůěŋż Ă.Čăľťşńńĺŋżň ć 2001 č.). Ĺŋšěřěśŋżě ŋěřěÿěŋŋżě ğăďăůĺ | 5, 9.b ĺ 10.

Ąńăčőďăřŋőśšĺ. Ňż ąńăčőďăřĺň Ă. Ą. Śőśĺŋśłőčő ĺ Ă. Šăńăňąşűş ğă ŕőńěğŋżě őąśşęďěŋĺ£ ĺ Ă.Łşńżčĺŋă

ğă ŕőďčőšőćłş łőňŕĳ¿šěřŋőľ ćěřśšłĺ.

References

[Maz88] Ć. Ňăğşřőćśłĺľ, Ğăŕĺśłĺ ŋăşůŋżţ śěňĺŋăřőć ŃŐŇĹ 187 (1988), 121{134. [PrSh88] Ć. Ć. Ŕřăśőńőć, Ĺ. Ť. Ÿăřżčĺŋ, Ğăďăůĺ ŕő śšěřěőňěšřĺĺ. [Tab88] Ś. Ń. Šăąăůŋĺłőć, Ň1085ăąć, Łćăŋš 5 (1988).

[Tab89] Ś. Ń. Šăąăůŋĺłőć, Ńĺŋěľŋżě ŋěřăćěŋśšćă ĺ ğăďăůă Ň1085, Łćăŋš 6 (1989), 38,60. [ViDr88] Ő. §. Ćĺřő, đ. Ć. Ďřőąőšşţĺŋă, Śŕńěšěŋĺ£ śłřěźĺćă¿źĺţś£ łřĺćżţ, Łćăŋš 3 (1988), 12{19. [Vir85] Ő. §. Ćĺřő, ĎĂŊ ŚŚŚŘ 284:5 (1985), 1049{1052.

[Kva89] Ŋăň ŕĺÿşš: Ěźě řăğ ő śŕńěšă¿źĺţś£ ŕř£ňżţ, Łćăŋš 11 (1989), 33 .

Řěÿěŋĺ£ ğăďăů, řăśśłăğăŋŋżě ŋă ŕřőňěęşšőůŋőň ťĺŋĺÿě.

0. b),d) Őšćěš: ŋěš. Őąž£ćĺň ŕńőśłőśšĳ ABC čőřĺğőŋšăńĳŋőľ ĺ ŋăůŋěň ŕőśńěďőćăšěńĳŋő ćż£śŋ£šĳ ŕřő őśšăńĳŋżě łőŋűż ĺ šőůłĺ ŕěřěśěůěŋĺ£, ćżÿě ĺńĺ ŋĺęě ŕńőśłőśšĺ ABC őŋĺ ńěęăš. Ążśšřő ŕřĺďěň ł ŕřőšĺćőřěůĺ¿.

a),c) Őšćěš: ďă.

Ğăňěšĺň, ůšő ŕřĺ ĺğňěŋěŋĺĺ ćżśőšż ćěřÿĺŋż ńőňăŋőľ ŕřőěłűĺ£ ŋě ĺğňěŋ£ěšś£. Ěśńĺ ć ŕřőěłűĺĺ ŕőńşůă- ¿šś£ ďćă ŕěřěśěłă¿źĺţś£ őšřěğłă, šő ğăťĺłśĺřőćăć šřĺ łőŋűă őšřěğłőć ĺ ňěŋ££ ćżśőšş ůěšćěřšőčő łőŋűă, ňż ňőęěň ŕőńşůĺšĳ ŋşęŋżľ ŋăň šĺŕ ŕěřěśěůěŋĺ£.

(a) Ŕőśšřőĺň ńőňăŋş¿ ć ŕřőśšřăŋśšćě ďń£ ń¿ąőľ ŕřőěłűĺĺ ćĺďă 0a. Śŕěřćă řăśŕőńőęĺň ćěřÿĺŋż A, B, C, D, E ŋă ćżśőšě 0. Řăśŕőńőęĺć H ŋă ćżśőšě −1, ďőąĳěňś£, ůšő őšřěğőł BH ŕřőľďěš ŕőď CD. Řăśŕőńőęĺć ćěřÿĺŋż F ĺ G ŋă ćżśőšě 1, ŕőńşůĺň őšřěğłĺ AF ĺ BG ŕřőţőď£źĺě ŋăď CE ĺ AD śőőšćěšśšćěŋŋő. Šěŕěřĳ ŋěšřşďŋő ćżąřăšĳ ćżśőšż ćěřÿĺŋ K ĺ L šăł, ůšőąż HL ŕřőÿěń ŋăď GK. Ŋăłőŋěű, ćżśőšż ćěřÿĺŋ M ĺ N ňőęŋő ćżąřăšĳ ŕřőĺğćőńĳŋő.

(ś) Ŕőśšřőĺň ńőňăŋş¿ ć ŕřőśšřăŋśšćě ďń£ ń¿ąőľ ŕřőěłűĺĺ ćĺďă 0ś. Ćżąěřěň ćżśőšż ćěřÿĺŋ A, B, C, D ůšőąż AD ÿěń ŋăď BC, ĺ ćżśőšż E, F, G, H ůšőąż EH ÿěń ŋăď F G. Ğăšěň ćżąěřěň ćżśőšż ćěřÿĺŋ I, J ůšőąż DI ÿěń ŋăď CJ. Ŋăłőŋěű, ćżąěřěň ćżśőšş K ůšőąż F K ÿěń ŋăď DI, ğăšěň ćżśőšş L ůšőąż EL ŕřőÿěń ŕőď F K ĺ CJ.

1. a),b) Őšćěš: ďă. Śńěďşěš ĺğ ğăďăůĺ 2. � c) [Tab88] Őšćěš: ŋěš. Ďőŕşśšĺň, ůšő šřěąşěňőě řăśŕőńőęěŋĺě (řĺś. 1.c) śşźěśšćşěš. "Őŕşśšĺň" ŕř£ňş¿ 1 ć ćěřšĺłăńĳŋőľ ŕńőśłőśšĺ, ŋě ğăďěćă£ ŕř£ňş¿ 3, šăł, ůšőąż őŋă ŕěřěśěłńă ŕř£ňżě 2 ĺ 4 (řĺś. 5). Ğăšěň ăŋăńőčĺůŋő "őŕşśšĺň" ŕř£ňş¿ 3 šăł, ůšőąż őŋă ŕěřěśěłńă ŕř£ňżě 1 ĺ 4. Ŋăłőŋěű, ŕőćěřŋěň ŕř£ňş¿ 2 ć ćěřšĺłăńĳŋőľ ŕńőśłőśšĺ ćőłřşč ěě šőůłĺ ŕěřěśěůěŋĺ£ ś ŕř£ňőľ 1 šăł, ůšőąż őŋă ŕěřěśěłńă ŕř£ňş¿ 3. Ŕřĺ ¡šőň ŕř£ňă£ 2 ąşďěš ŕő-ŕřěęŋěňş ŕřőţőďĺšĳ ŕőď ŕř£ňőľ 4. Ŋő ć šő ęě ćřěň£ ŕř£ňżě 2 ĺ 4 ďőńęŋż ŕěřěśěłăšĳś£, š.ł. łăęďă£ ĺğ ŋĺţ ŕěřěśěłăěš ŕř£ňżě 1 ĺ 3. Śńěďőćăšěńĳŋő, ćśě ůěšżřě ŕř£ňżě ďőńęŋż ńěęăšĳ ć őďŋőľ ŕńőśłőśšĺ. Ŕřőšĺćőřěůĺě. � d) Őšćěš: ŋěš. İšă ŕńěšěŋłă śőďěřęĺš ŕńěšěŋłş ŋă řĺś. 1.c ć łăůěśšćě ŕőďŕńěšěŋłĺ. � e) Őšćěš: ŋěš. Ďőłăğăšěńĳśšćő ăŋăńőčĺůŋő ğăďăůě 4c.

f) Őšćěš: ďă. Őůěćĺďŋő, ůšő ěśńĺ ĺğ ďăŋŋőľ ŕńěšěŋłĺ ćżłĺŋşšĳ ŕř£ňş¿ 2, őŋă śšăŋěš řěăńĺğşěňőľ. Řăśśňőšřĺň 5 ŕř£ňżţ m_1, m_3, m_4, m_5, m_6, ďă¿źĺţ ŕřĺ ŕřőěłűĺĺ ŋă čőřĺğőŋšăńĳŋş¿ ŕńőśłőśšĳ ŕńěšěŋłş ŋă řĺś. 1.f ś ćżłĺŋşšőľ ŕř£ňőľ 2. Ŕşśšĳ m_2 | ŕř£ňă£, ŕěřěśěłă¿źă£ ŕř£ňżě m_3 ĺ m_5 ĺ ŕřőěłšĺřş¿źă£ś£ ć ŕř£ňş¿ 2. Ąşďěň ďćĺčăšĳ ŕř£ňş¿ 2 ŕăřăńńěńĳŋő śăňőľ śěąě ŕő ŋăŕřăćńěŋĺ¿ ł šőůłě ŕěřěśěůěŋĺ£ ŕř£ňżţ 3 ĺ 5. Ŕřĺ ¡šőň ŕř£ňş¿ m_2 ąşďěň ďćĺčăšĳ šăł, ůšőąż őŋă ćśě ćřěň£ ŕěřěśěłăńă ŕř£ňżě m_3 ĺ m_5 ĺ ŕřőěłšĺřőćăńăśĳ ć ŕř£ňş¿ 2. Ŋăůĺŋă£ ś ŋěłőšőřőčő ňőňěŋšă ŕř£ňă£ m_2 ąşďěš ŕřőţőďĺšĳ ŋăď ŕř£ňőľ m_6 ĺ ŕőď ŕř£ňżňĺ m_1 ĺ m_4. Ŋěňŋőčő ŕőćěřŋěň ěě ć ćěřšĺłăńĳŋőľ ŕńőśłőśšĺ šăł, ůšőąż őŋă śšăńă ŕřőţőďĺšĳ ŕőď ŕř£ňőľ m_3 ĺ ŋăď ŕř£ňőľ m_5. Ŕőńşůĺň ŋăąőř ŕř£ňżţ m_1, . . . , m_6 ďă¿źĺľ ŕřĺ ŕřőěłűĺĺ ŋă čőřĺğőŋšăńĳŋş¿ ŕńőśłőśšĳ ŕńěšěŋłş, ĺğőšőŕŋş¿ ďăŋŋőľ. �

g) [Tab88] Őšćěš: ŋěš. Ďőŕşśšĺň, ůšő řăśśňăšřĺćăěňă£ łőŋťĺčşřăűĺ£ ćőğňőęŋă. Ŕěřěďćĺčă£ ŕř£ňżě ć ćěřšĺłăńĳŋżţ ŕńőśłőśš£ţ, łăł ć ğăďăůě 1.c, ňż ňőęěň ďőąĺšĳś£, ůšőąż łăęďă£ ĺğ ŕř£ňżţ a, b, c ŕěřěśěłăńă łăęďş¿ ĺğ ŕř£ňżţ l_1, l_2, ă l_3 ŕěřěśěłăńăśĳ ś a ĺ b (řĺś. 6.a). Ŕşśšĳ A_1, A_2, . . . , C_2 | šőůłĺ ŕěřěśěůěŋĺ£ ŕř£ňżţ a ĺ l_1, a ĺ l_2, . . . , c ĺ l_2; šěňĺ ęě ąşłćăňĺ őąőğŋăůă¿šś£ ĺ ŕřőěłűĺĺ ¡šĺţ šőůěł ŋă ŕńőśłőśšĳ ŕńěšěŋłĺ. Śŕřőěłšĺřşěň ćś¿ łőŋťĺčşřăűĺ¿ ŋă ćěřšĺłăńĳŋş¿ ŕńőśłőśšĳ λ, śőďěřęăźş¿ ŕř£ňş¿ l_3, ćďőńĳ ŕř£ňőľ c (řĺś. 6.b). Ŕř£ňă£ c ŕřĺ ¡šőň ŕřőěłšĺřşěšś£ ć šőůłş C. Ďőłăęěň, ůšő ¡šă šőůłă ńěęĺš ŋă ŕř£ňőľ l_3 | ¡šő ąż őğŋăůăńő, ůšő c ĺ l_3 ŕěřěśěłă¿šś£, ĺ ŕřőšĺćőřěůĺńő ŕřěďŕőńőęěŋĺ¿. Ćěřšĺłăńĳŋżě ŕńőśłőśšĺ, śőďěřęăźĺě ŕř£ňżě a, b ĺ c, ŕăřăńńěńĳŋż (šăł łăł ŕřőěłűĺĺ ŕř£ňżţ a, b ĺ c ŋă ŕńőśłőśšĳ ŕńěšěŋłĺ ŕăřăńńěńĳŋż), ŕő¡šőňş ĺ ŕřőěłűĺĺ a ĺ b ćďőńĳ c ŋă ŕńőśłőśšĳ λ ŕăřăńńěńĳŋż. Łřőňě šőčő, ć ŕńěšěŋłě A_1A_2 : A_2A_3 = B_1B_2 : B_2B_3, ă śńěďőćăšěńĳŋő, ¡šő ćěřŋő ĺ ďń£ śăňőľ łőŋťĺčşřăűĺĺ, ă ğŋăůĺš, ĺ ďń£ řĺś. 6.b (ŕřĺ ŕăřăńńěńĳŋőľ ŕřőěłűĺĺ őšŋőÿěŋĺ£ ďńĺŋ ŕăřăńńěńĳŋżţ őšřěğłőć śőţřăŋ£¿šś£). Őšś¿ďă őůěćĺďŋő, ůšő ŋă řĺś. 6.b ŕř£ňă£ A_3B_3 ŕřőţőďĺš ůěřěğ šőůłş C, ůšő ĺ šřěąőćăńőśĳ ďőłăğăšĳ. �

2. Ŕşśšĳ P | ŕńěšěŋłă ś ňőŋőšőŋŋőľ ŕř£ňőľ, P 0 | ŕńěšěŋłă, ŕőńşůă¿źă£ś£ ĺğ ŋěě ŕřĺ ćżłĺďżćăŋĺĺ ¡šőľ ŕř£ňőľ. Őůěćĺďŋő, ůšő ěśńĺ P řěăńĺğşěňă, šő P 0 řěăńĺğşěňă. Ďőłăęěň őąřăšŋőě. Ŕřěďŕőńőęĺň, ůšő P 0 řěăńĺğşěňă. Řăśśňőšřĺň śőőšćěšśšćş¿źěě řăśŕőńőęěŋĺě ŕř£ňżţ ć ŕřőśšřăŋśšćě. Ŋă ňőŋőšőŋŋőľ ŕř£ňőľ ŕńěšěŋłĺ P (ńěęăźěľ ć čőřĺğőŋšăńĳŋőľ ŕńőśłőśšĺ) őšňěšĺň šőůłş, ś őďŋőľ śšőřőŋż őš łőšőřőľ ¡šă ŕř£ňă£ ŕřőţőďĺš "ćżÿě" őśšăńĳŋżţ ŕř£ňżţ ŕńěšěŋłĺ P , ă ś ďřşčőľ | "ŋĺęě". Ŕřőćěďěň ůěřěğ ¡šş šőůłş ćěřšĺłăńĳŋş¿ ŕř£ňş¿ ĺ ŋěňŋőčő ŋăłńőŋĺň ěě. Ŕőńşůĺň řăśŕőńőęěŋĺě ŕř£ňżţ, ďă¿źěě ć ŕřőěłűĺĺ ŋă čőřĺğőŋšăńĳŋş¿ ŕńőśłőśšĳ ŕńěšěŋłş P . �

3. a) Őůěćĺďŋő, šăł łăł łăęďă£ ŕř£ňă£ ŕńěšěŋłĺ ŕěřěśěłăěšś£ šőńĳłő ś ďćşň£ ďřşčĺňĺ ŕř£ňżňĺ ŕńěšěŋłĺ. �

b) Ń¿ąă£ ŕńěšěŋłă ĺğ 4 ŋě ňőŋšőŋŋżţ ŕř£ňżţ ĺğőšőŕŋă ŕńěšěŋłě ŋă řĺś. 1.c ĺńĺ śĺňňěšřĺůŋőľ ěľ őšŋőśĺšěńĳŋő ŋěłőšőřőľ őśĺ, ă ğŋăůĺš, ŋěřěăńĺğşěňă. Ń¿ąőľ ŋăąőř 5 ŕř£ňżţ őąźěčő ŕőńőęěŋĺ£ ŋă ŕńőśłőśšĺ ŕěřěćőďĺšś£ ŕřőěłšĺćŋżň ŕřěőąřăğőćăŋĺěň ć "ğćěğďőůłş". Ń¿ąă£ šăłă£ ŕńěšěŋłă ĺğ 5 ŋě ňőŋőšőŋŋżţ ŕř£ňżţ ńĺąő śőďěřęĺš ŕőďŕńěšěŋłş ĺğ 4 ŋě ňőŋőšőŋŋżţ ŕř£ňżţ, ńĺąő ś šőůŋőśšĳ¿ ďő ĺğőšőŕĺĺ ĺ őśěćőľ śĺňňěšřĺĺ śőćŕăďăěš ś ŕńěšěŋłőľ ŋă řĺś. 1.e. Ć ń¿ąőň śńşůăě őŋă ŋěřěăńĺğşěňă. �

c) Ŋăŕřĺňěř, ŕńěšěŋłă ŋă řĺś. 1.f. � 4. a) Őůěćĺďŋő. � b) Ŋăŕřĺňěř, ŕńěšěŋłă ŋă řĺś. 1.c. �

Řěÿěŋĺ£ ğăďăů, řăśśłăğăŋŋżě ŕőśńě ŕřőňěęşšőůŋőčő ťĺŋĺÿă.

3.d) Ŕěřćőě řěÿěŋĺě. Ďń£ ń¿ąőčő ŋăąőřă ŕř£ňżţ ć ŕřőśšřăŋśšćě, ďă¿źěčő ć ŕřőěłűĺĺ ŕńěšěŋłş ąěğ ňőŋőšőŋŋżţ ŕř£ňżţ, ŕőśšřőĺň šăłőľ ŋăąőř ś şďćőěŋŋżň ůĺśńőň ŕř£ňżţ. Ă ĺňěŋŋő, śďćĺŋěň ćśě ŕř£ňżě ŋă őďĺŋ ĺ šőš ęě ćěłšőř, ŕăřăńńěńĳŋŋżľ ŕńőśłőśšĺ ŕřőěłűĺĺ, őšśńěďĺć, ůšőąż ŋĺ őďŋă ĺğ ŋőćżţ ŕř£ňżţ ŋě ŕěřěśěłńă śšăřş¿ (ŕőďşňăľšě, ŕőůěňş ¡šő ćśěčďă ćőğňőęŋő). Šőčďă ĺ ć ŕřőěłűĺĺ ŋăąőřă ĺğ ŋőćżţ ŕř£ňżţ ćśě ŕř£ňżě ąşďşš ŋě ňőŋőšőŋŋżňĺ, šěň ąőńěě őŋĺ ŋě ňőŋőšőŋŋż ć ŕřőěłűĺĺ őąžěďĺŋěŋĺ£ ŋăąőřőć.

Ćšőřőě řěÿěŋĺě. Ďőłăęěň ŕő ĺŋďşłűĺĺ ŕő n, ůšő ŕřĺ n > 1 śşźěśšćşěš řěăńĺğşěňă£ ŕńěšěŋłă ĺğ 3n ŋě ňőŋšőŋŋżţ ŕř£ňżţ. Ŕřĺ n = 2 ¡šő śńěďşěš ĺğ ğăďăůĺ 1.f. Ŕşśšĳ n > 2 ĺ P | ŕńěšěŋłă ĺğ 3n − 3 ŋě ňőŋšőŋŋżţ ŕř£ňżţ. Ŕřőćěďěň ć ŕńőśłőśšĺ ŕńěšěŋłĺ P ŕřőĺğćőńĳŋş¿ ŕř£ňş¿ l, ŋě ŕăřăńńěńĳŋş¿ ŋĺłăłőľ ŕř£ňőľ ŕńěšěŋłĺ P ĺ ŋě ŕřőţőď£źş¿ ŋĺ ůěřěğ łăłş¿ šőůłş ŕěřěśěůěŋĺ£ ďćşţ ŕř£ňżţ ĺğ P . Ŕşśšĳ A ĺ B | ďćě šőůłĺ ŕěřěśěůěŋĺ£ ŕř£ňőľ l ś ŕř£ňżňĺ ŕńěšěŋłĺ P , šăłĺě ůšő ćśě őśšăńĳŋżě šőůłĺ ŕěřěśěůěŋĺ£ ŕř£ňőľ l ś ŕř£ňżňĺ ŕńěšěŋłĺ P ńěęăš ŋă őšřěğłě AB. Ďőŕőńŋĺň ŕńěšěŋłş P šřěň£ ŕř£ňżňĺ, ąńĺğłĺňĺ ł l, ŕěřěśěłă¿źĺňĺś£ ć šřěţ šőůłăţ ćąńĺğĺ ŕřőďőńęěŋĺ£ őšřěğłă AB ğă šőůłş B. Řăśśšăćĺň ŕřőţőďż ĺ ŕěřěţőďż šăł: ŋă ŕěřěśěůěŋĺ£ţ ¡šĺţ šřěţ ŕř£ňżţ | łăł ŋă řĺś. 1.a, ć šőůłăţ ŕěřěśěůěŋĺ£ ¡šĺţ šřěţ ŕř£ňżţ ś ŕř£ňőľ ĺğ P , ŕěřěśěłă¿źěľ l ć šőůłě A őŋĺ ŕřőţőď£š "ŋĺęě", ă ć šőůłăţ ŕěřěśěůěŋĺ£ ś őśšăńĳŋżňĺ ŕř£ňżňĺ ĺğ P | "ćżÿě". Ŕőńşůěŋŋă£ ŕńěšěŋłă ĺğ 3n ŕř£ňżţ ŋě śőďěřęĺš ňőŋőšőŋŋżţ ŕř£ňżţ, ŋő řěăńĺğşěňă. Ć śăňőň ďěńě, ňőęŋő ćğ£šĳ ć ŕřőśšřăŋśšćě šřĺ ąńĺğłĺţ ŕř£ňżţ, ďă¿źĺţ ŕřĺ ŕřőěłűĺĺ ŋă ŕńőśłőśšĳ ŕńěšěŋłĺ P ŕńěšěŋłş, ĺğőšőŕŋş¿ ŕńěšěŋłě ŋă řĺś. 1.a ĺ "ćśšăćĺšĳ" ¡šĺ šřĺ ŕř£ňżě ć řăśŕőńőęěŋĺě ŕř£ňżţ, ďă¿źěě ŕřĺ ŕřőěłűĺĺ ŋă ¡šş ŕńőśłőśšĳ ŕńěšěŋłş P . �

4.c) Ŕőśšřőĺň ŕőśńěďőćăšěńĳŋőśšĳ ŕńěšěŋőł Ln ś šřěąşěňżň śćőľśšćőň. Ŕńěšěŋłă Ln ąşďěš śőśšő£šĳ ĺğ 2n+1 ŕř£ňżţ | ŕřőďőńęěŋĺľ śăňżţ ďńĺŋŋżţ ďĺăčőŋăńěľ ŕřăćĺńĳŋőčő (2n+1)−şčőńĳŋĺłă. Ŋă řĺśşŋłăţ 1.e, 7 ĺ 8 ĺğőąřăęěŋż ŕńěšěŋłĺ L_2, L_3 ĺ L_4. Ğăňěšĺň, ůšő ŕěřěśěůěŋĺ£ łăęďőľ ŕř£ňőľ ŕńěšěŋłĺ Ln ś őśšăńĳŋżňĺ ŕř£ňżňĺ şśšřőěŋż őďĺŋăłőćő: ěśńĺ ĺďšĺ šăł, ůšőąż űěŋšř (2n + 1)−şčőńĳŋĺłă őśšăćăńś£ śńěćă, šő śŋăůăńă ŕř£ňă£ ŕřőţőďĺš (n − 1) řăğ "ŕőď", ŕőšőň őďĺŋ řăğ "ŋăď", ğăšěň őŕ£šĳ "ŕőď" ĺ ŋăłőŋěű (n − 1) řăğ "ŋăď"(řĺśşŋőł 9).

Ďőłăęěň ŋěřěăńĺğşěňőśšĳ ŕńěšěŋłĺ L_4, ć őąźěň śńşůăě ďőłăğăšěńĳśšćő ăŋăńőčĺůŋő. Ŕřěďŕőńőęĺň, ůšő ŋăÿă ŕńěšěŋłă £ćń£ěšś£ ŕřőěłűĺěľ ŋěłőšőřőčő ŋăąőřă ŕř£ňżţ ć ŕřőśšřăŋśšćě. Ćőğĳňěň ŋă ŕř£ňőľ 1 šőůłş A, łőšőřă£ ŕřőěűĺřşěšś£ ć šőůłş ŕěřěśěůěŋĺ£ ŕřőěłűĺľ ŕř£ňżţ 1 ĺ 2. ĺ ŕőćěřŋěň ŕř£ňş¿ 1 ć ćěřšĺłăńĳŋőľ ŕńőśłőśšĺ ćőłřşč šőůłĺ A, ďő ŕěřěśěůěŋĺ£ ś ŕř£ňőľ 2. Ăŋăńőčĺůŋő, ŕőćěřŋěň ŕř£ňş¿ 2 ďő ŕěřěśěůěŋĺ£ ś ŕř£ňőľ 3, ..., ŕőćěřŋěň ŕř£ňş¿ 9 ďő ŕěřěśěůěŋĺ£ ś ŕř£ňőľ 1. Ďőłăęěň ŋěřěăńĺğşěňőśšĳ ŕőńşůěŋŋőľ łăřšĺŋłĺ. Ŋăŕřăćĺň őśĳ z ćŋĺğ ŕěřŕěŋďĺłşń£řŋő ŕř£ňżň 1 and 2. Ŕşśšĳ p | ŕńőśłőśšĳ, ŕřőţőď£źă£ ůěřěğ ŕř£ňżě 1 ĺ 2. Ďőłăęěň, ůšő z-łőőřďĺŋăšă ćőğřăśšăěš ŕřĺ ďćĺęěŋĺĺ ćďőńĳ ŕř£ňżţ 3,4 ..., 9 ŕő ůăśőćőľ śšřěńłě ćőłřşč űěŋšřăńĳŋőčő ďěć£šĺşčőńĳŋĺłă, ĺ šěň śăňżň ŕřĺďěň ł ŕřőšĺćőřěůĺ¿. Śŋăůăńă ďőłăęěň ¡šő ďń£ ŕř£ňżţ 3, 4, 5. Ğăňěšĺň, ůšő šőůłă łăęďőľ ĺğ ŕř£ňżţ 3, 4, 5, ŕřőěűĺřş¿źă£ś£ ć šőůłş ŕěřěśěůěŋĺ£ ś ŕřőěłűĺěľ ŕř£ňőľ 1, ŋăţőďĺšś£ ćżÿě ŕńőśłőśšĺ p, ŕřĺ ¡šőň łăęďă£ ĺğ ŕř£ňżţ 3, 4, 5 ŕěřěśěłăěš ďěć£šĺşčőńĳŋĺł ŋě ćżÿě ŕńőśłőśšĺ p (¡šő őůěćĺďŋő ďń£ ŕř£ňőľ 3, ĺ ďőłăğżćăěšś£ ŕő ĺŋďşłűĺĺ ďń£ őśšăńĳŋżţ ŕř£ňżţ). Ďń£ ŕř£ňżţ 9, 8, 7 ďőłăğăšěńĳśšćő ăŋăńőčĺůŋő. Őśšăěšś£ ğăňěšĺšĳ, ůšő ŕř£ňă£ 6 ŕřőţőďĺš ćżÿě ŕř£ňőľ 1 ĺ ŋĺęě ŕř£ňőľ 2, ĺ ŋěřěăńĺğşěňőśšĳ ŕńěšěŋłĺ ďőłăğăŋă.

Ďőłăęěň šěŕěřĳ řěăńĺğşěňőśšĳ ćśěţ ŕőďŕńěšěŋőł. Ğăňěšĺň, ůšő ŕőśńě ćżąřăśżćăŋĺ£ ŕř£ňőľ ln_{+1} ŕř£ňżě ln and ln_{+2} śšăŋőć£šś£ ňőŋőšőŋŋżňĺ. Ďăńěě, ŕőśńě ćżąřăśżćăŋĺ£ ln�k_{+2} ĺ ln_+k ňőŋőšőŋŋżňĺ śšăŋőć£šś£ ŕř£ňżě ln�k_{+1} ĺ ln_+k_{+1}. Őšś¿ďă śőčńăśŋő ğăďăůě 2, ŕńěšěŋłă, ŕőńşůă¿źă£ś£ ĺğ Ln ćżąřăśżćăŋĺěň ŕř£ňőľ ln_{+1}, řěăńĺğşěňă. �

7. a) Ŕşśšĳ P_1 ĺ P_2 | ďćě řăćŋżě ŕńěšěŋłĺ ŋă čőřĺğőŋšăńĳŋőľ ŕńőśłőśšĺ, f | ŕřěőąřăğőćăŋĺě ŕőďőąĺ£ ŕńőśłőśšĺ, ŕěřěćőď£źěě P_1 ć P_2. Šőčďă f őďŋőğŋăůŋő ŕřőďőńęăěšś£ ďő ŕřěőąřăğőćăŋĺ£ ŕőďőąĺ£ ŕřőśšřăŋśšćă F , łőšőřőě ŕěřěćőďĺš ćěřţŋěě ŕőńşŕřőśšřăŋśšćő ć ćěřţŋěě, ă ŋĺęŋěě | ć ŋĺęŋěě. Ŕşśšĳ P_1 řěăńĺğşěňă ĺ A_1 | ňŋőęěśšćő ŕř£ňżţ ć ŕřőśšřăŋśšćě, ďă¿źěě ŕřĺ ŕřőěłűĺĺ ŋă čőřĺğőŋšăńĳŋş¿ ŕńőśłőśšĳ ŕńěšěŋłş P_1. Šőčďă ňŋőęěśšćő ŕř£ňżţ A_2 = F (A_1) ďăěš ŕřĺ ŕřőěłűĺĺ ŋă čőřĺğőŋšăńĳŋş¿ ŕńőśłőśšĳ ŕńěšěŋłş P_2. Śńěďőćăšěńĳŋő P_2 šőęě řěăńĺğşěňă. � b) Ŕşśšĳ ŕńěšěŋłă P 0 ŕőńşůăěšś£ ĺğ ŕńěšěŋłĺ P ğăňěŋőľ ćśěţ ŕěřěśěůěŋĺľ ŋă ŕřőšĺćőŕőńőęŋżě. Ŕřěďŕőńőęĺň, ůšő P řěăńĺğşěňă. Řăśśňőšřĺň śěňěľśšćő ŕř£ňżţ, ďă¿źěě ŕřĺ ŕřőěłűĺĺ ŋă ŋěłőšőřş¿ ŕńőśłőśšĳ ŕńěšěŋłş P . Őšřăğĺň ěčő őšŋőśĺšěńĳŋő ¡šőľ ŕńőśłőśšĺ. Ŕőńşůĺň śěňěľśšćő ŕř£ňżţ, ďă¿źěě ŕřĺ ŕřőěłűĺĺ ŋă ¡šş ŕńőśłőśšĳ ŕńěšěŋłş P 0. �

c) Řěÿěŋĺě ăŋăńőčĺůŋő řěÿěŋĺ¿ ğăďăůĺ 7.a. � d) Ń¿ąőě ŕřőěłšĺćŋőě ŕřěőąřăğőćăŋĺě ŕřěďśšăćń£ěšś£ ć ćĺďě łőňŕőğĺűĺĺ ăťťĺŋŋőčő ŕřěőąřăğőćăŋĺ£ ĺ űěŋšřăńĳŋőľ ŕřőěłűĺĺ ć ŕřőśšřăŋśšćě ś őďŋőľ ŕńőśłőśšĺ ŋă ďřşčş¿ . Ŕő¡šőňş ďőśšăšőůŋő ďőłăğăšĳ ŋăÿě şšćěřęďěŋĺě ďń£ śńşůă£, łőčďă ŋăÿě ŕřőěłšĺćŋőě ŕřěőąřăğőćăŋĺě £ćń£ěšś£ űěŋšřăńĳŋőľ ŕřőěłűĺěľ ŕńőśłőśšĺ π ŋă ŕńőśłőśšĳ π0 ś űěŋšřőň ć šőůłě O ∉ (π ∪ π0). Šăł łăł ĺśţőďŋă£ ŕńěšěŋłă P řěăńĺğşěňă, šő śşźěśšćşěš śěňěľśšćő A ŕř£ňżţ ć ŕřőśšřăŋśšćě, łőšőřőě ŕřĺ ŕřőěłűĺĺ ŋă ŕńőśłőśšĳ π ďăěš ŕńěšěŋłş P . Ŕřĺ ¡šőň ňőęŋő śůĺšăšĳ, ůšő A ńěęĺš ć ňăńőľ őłřěśšŋőśšĺ ŕńőśłőśšĺ π. Ŕřőěłűĺ£ ś ŕńőśłőśšĺ π ŋă ŕńőśłőśšĳ π0 ś űěŋšřőň O ŕřőďőńęăěšś£ ďő ŕřőěłšĺćŋőčő ŕřěőąřăğőćăŋĺ£ f ŕřőśšřăŋśšćă. Őąőğŋăůĺň ůěřěğ l ŕř£ňş¿ ŕěřěśěůěŋĺ£ ŕńőśłőśšĺ π0 ś ŕńőśłőśšĳ¿, ŕřőţőď£źěľ ůěřěğ šőůłş O ŕăřăńńěńĳŋő ŕńőśłőśšĺ π. Šőčďă l £ćń£ěšś£ f-őąřăğőň őďŋőľ ĺğ ąěśłőŋěůŋő şďăńěŋŋżţ ŕř£ňżţ. Ěśńĺ ŕř£ňă£ n ∈ A ŕřőţőďĺš ćżÿě ŕř£ňőľ m ∈ A, šő ŕř£ňă£ f(n) ąşďěš ŕřőţőďĺšĳ ćżÿě ŕř£ňőľ f(m), ěśńĺ šőůłă ŕěřěśěůěŋĺ£ ĺţ ŕřőěłűĺľ ŋă ŕńőśłőśšĳ π0 ńěęĺš ŕő őďŋş śšőřőŋş őš ŕř£ňőľ l, ĺ ŋĺęě | ěśńĺ ŕő ďřşčş¿. Ŕő¡šőňş śěňěľśšćő f(A) ŕř£ňżţ ŕřőěűĺřşěšś£ ŋă ŕńőśłőśšĳ π0 ć ŕńěšěŋłş_P 0, š.ě._P 0 řěăńĺğşěňă. �

8. a),b) Ďőŕşśšĺň, ¡šă ŕńěšěŋłă řěăńĺğşěňă. Řăśśňőšřĺň ŕř£ňżě 1 | 6 ć ŕřőśšřăŋśšćě. Ŕőćěřŋěň ŕř£ňş¿ 2 ć ćěřšĺłăńĳŋőľ ŕńőśłőśšĺ őšŋőśĺšěńĳŋő šőůłĺ, łőšőřă£ ŕřőěłšĺřşěšś£ ć šőůłş ŕěřěśěůěŋĺ£ ŕřőěłűĺľ ŕř£- ňżţ 2 ĺ 6, šăł ůšőąż őŋă ŕěřěśěłńă ŕř£ňş¿ 5. Ăŋăńőčĺůŋő ŕőćěřŋěň ŕř£ňżě 4 ĺ 6, šăł ůšőąż őŋĺ ŕěřěśěłńĺ ŕř£ňżě 1 ĺ 3 śőőšćěšśšćěŋŋő. Ŕőćěřŋěň ŕř£ňş¿ 5 ć ćěřšĺłăńĳŋőľ ŕńőśłőśšĺ őšŋőśĺšěńĳŋő šőůłĺ ŕěřěśěůěŋĺ£ ś ŕř£ňőľ 2, šăł ůšőąż őŋă ŕěřěśěłńă ŕř£ňş¿ 6. Šěŕěřĳ ŕőćěřŋěň ŕř£ňş¿ 4 ć ćěřšĺłăńĳŋőľ ŕńőśłőśšĺ őšŋőśĺšěńĳŋő šőůłĺ ŕěřěśěůěŋĺ£ ś ŕř£ňőľ 1, šăł ůšőąż őŋă ŕěřěśěłńă ŕř£ňş¿ 5, ĺ ŕř£ňş¿ 3 őšŋőśĺšěńĳŋő šőůłĺ ŕěřěśěůěŋĺ£ ś ŕř£ňőľ 6, šăł ůšőąż őŋă ŕěřěśěłńă ŕř£ňş¿ 4. Ăŋăńőčĺůŋő, ŕőćěřŋşć ŕř£ňżě 1 ĺ 2, ďőąĳěňś£ šőčő, ůšőąż ŕř£ňă£ 2 ŕěřěśěłăńă ŕř£ňżě 1 ĺ 3. Ŕşśšĳ π_1 | ŕńőśłőśšĳ, śőďěřęăźă£ ŕř£ňżě 1 ĺ 2, π_2 | ŕńőśłőśšĳ, śőďěřęăźă£ ŕř£ňżě 3 ĺ 4, π_3 | ŕńőśłőśšĳ, śőďěřęăźă£ ŕř£ňżě 5 ĺ 6. Ŕşśšĳ A0, B0, C0, D0, F 0 | šőůłĺ ŕěřěśěůěŋĺ£ ŕř£ňżţ ŕőńşůĺćÿěľś£ łőŋśšřşłűĺĺ, ŕřőěűĺřş¿źĺěś£ ć šőůłĺ A, B, C, D, F śőőšćěšśšćěŋŋő. Ŕńőśłőśšĺ π_1 ĺ π_3 ŕěřěśěłă¿š ŕńőśłőśšĳ π_2 ŕő ŕř£ňżň C0F 0 ĺ A0D0 śőőšćěšśšćěŋŋő. Šőčďă ć šőůłě O0 ŕěřěśěůěŋĺ£ ŕř£ňżţ C0F 0 ĺ A0D0 ŕěřěśěłă¿šś£ ćśě šřĺ ŕńőśłőśšĺ π_1, π_2 ĺ π_3, ğŋăůĺš, ŕř£ňă£ B0O0 ŕěřěśěłăěš ŕř£ňżě 1 ĺ 6 ć ŋěłőšőřżţ šőůłăţ E0_1 ĺ E0_2. Ğăňěšĺň, ůšő šőůłă E0_2 ńěęĺš ŋă őšřěğłě D0E0 ĺ, śńěďőćăšěńĳŋő, ńěęĺš ŋĺęě ŕńőśłőśšĺ π_1. İšő ŕřőšĺćőřěůĺš šőňş, ůšő ŕř£ňă£ B0O0 ńěęĺš ć ŕńőśłőśšĺ π_1. � c) Ďőłăęěň śŋăůăńă, ůšő ŕńěšěŋłă, ĺğőąřăęěŋŋă£ ŋă řĺś. 3.d, řěăńĺğşěňă. Őůěćĺďŋő, őŋă ążńă ąż řěăńĺğşěňă, ěśńĺ ąż ŋě ążń ğăďăŋ šĺŕ ŕěřěłřěśšłă ć šőůłě E. Řăśśňőšřĺň śěňěľśšćő ŕř£ňżţ, ďă¿źěě ŕřĺ ŕřőěłűĺĺ ŋă čőřĺğőŋšăńĳŋş¿ ŕńőśłőśšĳ ¡šş łőŋśšřşłűĺ¿, ćőğňőęŋő, ś ďřşčĺň šĺŕőň ŕěřěłřěśšłă ć šőůłě E. Őŕřěďěńĺň šőůłĺ A0, B0, C0, D0, F 0, O0, E0_1, E0_2 ĺ ŕńőśłőśšĺ π_1, π_2 ĺ π_3 šăł ęě, łăł ć ŕřěďżďşźěň ŕşŋłšě. Ŕř£ňă£ B0_O0 ńěęĺš ć ŕńőśłőśšĺ_{π3}, ğŋăůĺš, šőůłă_E0_1 ńěęĺš ć ŕńőśłőśšĺ_{π3}. Šőčďă ć šőůłě_E ŕř£ňă£ 1 ŕřőţőďĺš ćżÿě ŕńőśłőśšĺ π_3, ă ğŋăůĺš, ĺ ćżÿě ŕř£ňőľ 6. Śńěďőćăšěńĳŋő, łőŋśšřşłűĺ£ ŋă řĺś. 3.d řěăńĺğşěňă. Šěŕěřĳ ŕřőďěńăěň ć őąřăšŋőň ŕőř£ďłě ćśě ŕřěőąřăğőćăŋĺ£ ŕřěďżďşźěčő ŕşŋłšă. Ŕőńşůĺň, ůšő ŕńěšěŋłă ŋă řĺś. 3.c šőęě řěăńĺğşěňă. �

9. Ŕřěďŕőńőęĺň, ¡šă ŕńěšěŋłă řěăńĺğşěňă. Řăśśňőšřĺň ňŋőęěśšćő ŕř£ňżţ A, ďă¿źěě ŕřĺ ŕřőěłűĺĺ ŋă čőřĺğőŋšăńĳŋş¿ ŕńőśłőśšĳ ¡šş ŕńěšěŋłş. Ŕşśšĳ m_1 ĺ m_2 | ŕř£ňżě ć A, ŕřőěłšĺřş¿źĺěś£ ć ŕř£ňżě l_1 ĺ l_2 śőőšćěšśšćěŋŋő, π | ŕńőśłőśšĳ, ŕăřăńńěńĳŋă£ ŕř£ňżň m_1 ĺ m_2. Ŋăŕřăćĺň őśĳ z "ćŋĺğ" ŕěřŕěŋďĺłşń£řŋő ŕńőśłőśšĺ π. Őřĺěŋšĺřşěň ćśě ŕř£ňżě ĺğ A, łřőňě m_1 ĺ m_2, šăł, ůšőąż ŕřĺ ŕřőţőďě ŕő łăęďőľ ĺğ ŋĺţ ćďőńĳ őřĺěŋšăűĺĺ łőőřďĺŋăšă z şćěńĺůĺćăńăśĳ (ěśńĺ łăłă£-ŋĺąşďĳ ŕř£ňă£ ĺğ A ŕăřăńńěńĳŋă ŕńőśłőśšĺ π, őřĺěŋšĺřşěň ěě ŕřőĺğćőńĳŋő). Ŕřĺ ŕřőţőďě ŕő ń¿ąőňş ğăňłŋşšőňş ňăřÿřşšş ć śőőšćěšśšćĺĺ ś şśńőćĺ£ňĺ ğăďăůĺ łőőřďĺŋăšă z şňěŋĳÿăěšś£, ůěčő ŋě ňőęěš ążšĳ, šăł łăł ć ĺšőčě ňż ćőğćřăźăěňś£ ć ĺśţőďŋş¿ šőůłş. Ŕřőšĺćőřěůĺě. �

10. Ŕřĺňěř śšřőĺšś£ śńěďş¿źĺň őąřăğőň (śň. řĺś. 10 ďń£ n = 5). Ďń£ k = 1, . . . , n ŕř£ňă£ k ŕřőţőďĺš ůěřěğ šőůłĺ ś łőőřďĺŋăšăňĺ (n − k, 0) ĺ (0, k − 1). Ŕřĺ ¡šőň 1 ŕřőţőďĺš "ćżÿě" 2 ĺ n ĺ "ŋĺęě" őśšăńĳŋżţ ŕř£ňżţ. Ďń£ k = 2, . . . , n − 1 ŕř£ňă£ k "ćżÿě" 1, . . . , k − 2, k + 1 ĺ "ŋĺęě" őśšăńĳŋżţ ŕř£ňżţ. Ŕř£ňă£ n ŕřőţőďĺš "ćżÿě" 2, 3, . . . , n − 2.

Ďőłăęěň, ůšő ćśě ŕőďŕńěšěŋłĺ řěăńĺğşěňż. Ć śăňőň ďěńě, ŕőśńě şďăńěŋĺ£ ŕř£ňőľ k ŕř£ňă£ k−1 śšăŋőćĺšś£ ňőŋőšőŋŋőľ, ă ŕř£ňă£ n śšăŋőćĺšś£ ňőŋőšőŋŋőľ ŕőśńě şďăńěŋĺ£ 1. Ŕő¡šőňş ŕőśńě ćżąřăśżćăŋĺ£ ń¿ąőľ ŕř£ňőľ ňż ňőęěň őďŋş ğă ďřşčőľ ćżąřőśĺšĳ ćśě őśšăńĳŋżě ŕř£ňżě, ŋě ňěŋ££ řěăńĺğşěňőśšĺ ŕńěšěŋłĺ, śńěďőćăšěńĳŋő, ŋăÿă ŕőďŕńěšěŋłă řěăńĺğşěňă.

Ďőłăęěň ŋěřěăńĺğşěňőśšĳ ŕőśšřőěŋŋőľ ŕńěšěŋłĺ. Őŕşśšĺň ŕř£ňş¿ 1 ďő ŕěřěśěůěŋĺ£ ś ŕř£ňżňĺ 2 ĺ n.

Ŕőćěřŋěň ŕř£ňş¿ 2 ďő ŕěřěśěůěŋĺ£ ś ŕř£ňőľ 3, ĺ š. ď., ŕř£ňş¿ n − 1 ďő ŕěřěśěůěŋĺ£ ś ŕř£ňőľ n, ŕř£ňş¿ n ďő ŕěřěśěůěŋĺ£ ś ŕř£ňőľ 1. Ŋăŕřăćĺň őśĳ z ćŋĺğ ŕěřŕěŋďĺłşń£řŋő ŕř£ňżň 1 ĺ n. Ć řěğşńĳšăšě ŕőńşůĺň, ůšő z-łőőřďĺŋăšă ćőğřăśšăěš ćďőńĳ łăęďőľ ĺğ ŕř£ňżţ 2, . . . , n − 1 ć ŋăŕřăćńěŋĺĺ őš ŕř£ňőľ 1 ł n. Ğŋăůĺš, z-łőőřďĺŋăšă ćőğřăśšăěš ć ŕőśńěďőćăšěńĳŋőśšĺ šőůěł ŕěřěśěůěŋĺ£ 1 ∩ 2, 2 ∩ 3, . . . , n − 1 ∩ n. Ŋő őŋă řăćŋă ŋşń¿ ďń£ šőůěł 1 ∩ 2 ĺ n − 1 ∩ n. Ŕőńşůěŋŋőě ŕřőšĺćőřěůĺě ďőłăğżćăěš şšćěřęďěŋĺě ğăďăůĺ.

13{15. [ViDr88].

PROJECTIONS OF SKEW LINES A. Gaifullin, A. Shapovalov, A. Skopenkov and M. Skopenkov

So also werde ich alles in Erinnerung behalten:

Nur ein kleines Album von Miniaturen. H. B-oll, Im Tal der donnernden Hufe.

Introductory problems.

0. A number of closed broken lines in space is projected on a plane so that each segment in space is projected into a separate segment on a plane. The intersections of their projections are drawn so as to show which of the two segments lies above the other. Can the ’projections’ in Figure 0 below be obtained this way? Figure 0.abcde approximately here 1. A number of pairwise skew lines in space are projected on a plane. The intersections of their projections are drawn so as to show which of the two lines lies above the other. Can the ’projections’ in Figure 1 below be obtained this way?

Figure 1.abcdefg approximately here

De˛nitions. Suppose that a number of lines is drawn in the plane so that no three lines intersect in a point, and the intersections are drawn so as to show which of the two lines is "above" the other. Such a (planar!) ˛gure is called a weave. Two weaves are equal, if one can be obtained from the other by a similitude transformation. A weave is called realizable, if it is a projection of a number of pairwise skew lines in space on a plane.

If the formulation of a problem from the list below consists of a statement, then the problem is to prove the statement.

2. Equal weaves are either both realizable or both not.

De˛nition. A line of a weave is called monotone, if it contains a point such that the line is "above" all the other lines on one side of the point, and "below" | on the other side (in particulary, a line that is above all or below all other lines is also monotone).

3. The realizability of a weave is not changed under deletion of a monotone line. 4. a) If a weave consists of 1, 2, or 3 lines, then each line is monotone. b) If a weave consists of 4 or 5 lines, none of which are monotone, then it is not realizable. c) There exist a realizable weave consisting of 6 lines none of which are monotone.

d) There exist an in˛nite sequence of realizable weaves without monotone lines, where each weave consists of di¸erent number of lines.

De˛nition. A subweave of a weave A is a weave obtained from A by deleting some lines. 5. a) A weave containing a nonrealizable subweave is nonrealizable. b) There exists nonrealizable weave all of whose subweaves are realizable.

c) There exists an in˛nite sequence of nonrealizable weaves (consisting of di¸erent number of lines) all of whose subweaves are realizable.

6.* This is a "phisycal" problem, it is formulated not quite precise mathematically, and strictly mathematical solution is not required. Just try to make an experiment, construct a couple of models and use it to get an answer (but not a rigorous solution) to Problem 1.

a) Suppose we have enough long and thin wooden rods (or strips). Slightly bending the rods, let us construct a model in 3-space of the given weave. Suppose that the construction obtained is rigid, i.e. we can hang it from some point so that it will not fall apart. Then the corresponding weave is not realizable.

b) A weave is realizable if and only if the construction from (a) does not contain any rigid subconstructions.

Problems added at the semi-˛nal.

After the semi-˛nal participants can submit solutions of problems 4.d, 5.c, 6.ab, 7.abc, 8, 8.abc, 9.ab, 10, 11, 12, 13, 14.abcd, 15.abcd.

We shall show an example to Problem 5.c, while the proof can be accepted from a student after the intermediate consideration.

7. The realizability of a weave is not changed under a) mirror symmetry (i.e. replacing all overcrossings by undercrossings and vice versa); b)* a‹ne transformations;

c)* projective transformation together with "one-sided mirror symmetry", i.e., replacing all overcrossings by undercrossings and vice versa on one side of the image of the in˛nite line.

De˛nition An isotopy of a weave is a continious motion of its lines (one can move a line in turn or few lines simultaniously) during which neither initially parallel lines ever become intersecting, nor initially intersecting lines ever becomes parallel nor do any three lines intersect. During the motion the lines remain straight lines. In Fig. 0 and 1 the weaves are given up to isotopy.

8. Consider a weave isotopic to Fig. 1.f and diagonals AD, BE and CF of hexagon ABCDEF . a) If the diagonals intersect at one point as shown in Fig. 3.a, then the weave is not realizable. b) If the diagonals intersect each other as shown in Fig. 3.b, then the weave is not realizable. c) If the diagonals intersect each other as shown in Fig. 3.c, then the weave is realizable. d)* There exist two isotopic weaves one of which is realizable and the other is not. (Hint: see e.g. Fig. 1.f) 9. a) Suppose that there are two lines l_1 and l_2 of a weave such that for any choice of orientations on the other lines we can move along these lines and arrive at the initial point. Here the motion is allowed on the lines along their orientation (on l_1 and l_2 | in any direction) and also from one line to another in their intersection point, if the ˛rst line is "above" the second. Then this weave is not realizable.

b)* A weave is acyclic, if it does not satisfy the condition of (a). Is it true that for any acyclic weave there exist a realizable weave isotopic to it?

10. For each integer n ≥ 4 there exists a nonrealizable weave, consisting of n lines, all whose subweaves are realizable.

11.* There exists an in˛nite sequence of realizable weaves where each weave is neither isotopic to another one nor to a subweave of another one.

12. Suppose that each line of a weave is parallel either to x-axis or to y-axis. Find a criterion for the realizabiliy of such weaves (cf. Problem 1.g).

De˛nition. Consider collections of oriented lines in the space up to changing the orientations of all lines. An isotopy of such a collection is a continious motion of the lines during which they remain pairwise skew.

13. If p = 4k + 3, k ∈ Z, then any collection of p pairwise skew lines in space is not isotopic to its mirror image (hint: see problems 14 and 15).

De˛nition. Suppose that we are given pair of oriented skew lines. Project the pair on a general position plane. If the obtained oriented weave is as shown in Fig. 4.a, then the linking coe‹cient of the pair equals -1, otherwise +1.

14. a) The linking coe‹cient is well de˛ned and is preserved under changing the orientions of both lines. b) The linking coe‹cient of a pair is preserved under isotopy.

c) Two pairs of oriented skew lines are isotopic if and only if their linking coe‹cients coincide. d)* Two triples of oriented pairwise skew lines are isotopic if and only if their pairwise linking coe‹cients coinside. De˛nition. The linking coe‹cient of an ordered triple of oriented pairwise skew lines is the product of the three pairwise linking coe‹cients.

15. a) The linking coe‹cient of a triple does not depend on the choice of the order and orientations of the lines. b) The mirror symmetry of space changes linking coe‹cient of a pair and that of a triple. c) Figure consisting of p lines contains p(p − 1)(p − 2)/6 triples of lines. d) The number p(p − 1)(p − 2)/6 is odd if and only if p is of the type 4k + 3, k ∈ Z.

Historical note. This collection of elementary problems appeared in algebraic knot theory. The main results

of this collection are Problems 5.c (A. Skopenkov, 1989) and 8 (G. Galperin and A. Skopenkov, 1988; this result was not published earlier). Intersting unsolved problems are 9.b, 11 and 12.

Acknowledgements. We would like to thank A. B. Sossinski for his help in English translation and A.

Talambutsa for useful discussions and A.Kulygin for preparing computer version of the ˛gures.

Solutions given at the semi-˛nal.

0. a), c) The answer is yes.

b), d) The answer is no. Assume that the plane ABC is horisontal. Then one can ˛nd out consequently if each endpoint or intersection point lies under or over the plane ABC. So one can obtain a contradiction.

1. a),b) The answer is yes, which follows from Problem 3.b. � c) [Tab88] The answer is no. Assume that there exists the required con˛guration (Fig. 1.c). Clearly, we can move line 1 in the vertical plane without touching line 3, until line 1 will cross lines 2 and 4 (Fig. 5). Then in the same way we can move line 3 until it will cross lines 1 and 4. Finally, in the vertical plane we can rotate line 2 with respect to the intersection point of lines 1 and 2 until it will cross line 3. After this motion all the four lines belong to the same plane. On the other hand, throughout these motions line 2 remains passing ’below’ line 4, which is a contradiction. �

d) The answer is no. This weave contains the weave of 1.c as a subweave. � e) The answer is no. Assume that there exist the required con˛guration. Turn line 3 in the vertical plane until it will cross one of lines 1 or 5. If line 3 will ˛rst cross line 1, then in the vertical plane turn line 3 with respect to the intersection point of lines 1 and 3 until line 3 will cross line 4. If line 3 will ˛rst cross line 5, then in the vertical plane turn line 5 with respect to the intersection point of lines 3 and 5 until line 5 will cross line 1. The obtained con˛guration of lines 1, 2, 4 and 5 (in the ˛rst case) and lines 1, 2, 3 and 5 (in the second case) coinsides up to numeration with the con˛guration obtained in the solution of Problem 1.c after motion of line 1 until it will cross lines 2 and 4. Consequently, the con˛guration is impossible.

f) The answer is yes. Clearly, after deleting the line 2 the weave becomes realizable. Consider 5 lines m_1, m_3, m_4, m_5, m_6 in the space, whose projections into the horizontal plane form Fig. 1.f with the line 2 deleted. Let m_2 be the line which crosses the lines m_3 and m_5 and is projected onto the line 2. Move line 2 in the direction of the intersection point of lines 3 and 5 so that it remains parallel to itself. Move line m_2 so that it remains crossing lines m_3 and m_5 and being projected onto the line 2. After some time the line m_2 will be "above" the line m_6 and "below" the lines m_1 and m_4. Turn line m_2 in the vertical plane so that it will pass "below" line m_3 and "above" line m_5. Thus we obtain the required collection of lines m_1, . . . , m_6 whose projection into the horizontal plane is the weave isotopic to the given weave. �

g) [Tab88] The answer is no. Assume that the weave is realizable. Moving the lines in the vertical planes as in the solution of Problem 1.c, we can obtain the con˛guration where each of the lines a, b, c crosses each of the lines l_1, l_2, and l_3 crosses a and b (Fig. 6.a). Let A_1, A_2, . . . , C_2 be the intersection points of the lines a and l_1, a and l_2, . . . , c and l_2; the projections of the points into the weave plane are denoted by the same letters. Project the whole con˛guration into the vertical plane λ, containing the line l_3, along the line c (Fig. 6.b). Denote by C the point which is an image of the line c. Let us prove that C ∈ l_3; then the lines c and l_3 intersect, which contradicts our assumption. The vertical planes containing the lines a, b and c are parallel (because the projections of the lines a, b and c on the weave plane are parallel), therefore the projections of a and b along c on the plane λ are parallel. In addition, in the weave we have A_1A_2 : A_2A_3 = B_1B_2 : B_2B_3, consequently, this is true for the con˛guration itself, and hence | for Fig. 6.b (if XY is parallel to X0Y 0, then the value XY : X0Y 0 is preserved under a parallel projection). This yields that in Fig. 6.b the line A_3B_3 contains the point C, thus the claim is proved. � 2. Let P_1 and P_2 be a pair of equal weave s in a horizontal plane, f a similitude transformation of the plane, carrying P_1 to P_2. Then f extends to a similitude transformation F of space. Let P_1 be a realizable weave and A_1 a number of lines in space giving the weave P_1 in the projection on the horizontal plane. Then the lines A_2 = F (A_1) form the weave P_2 under the projection on the horizontal plane. Consequently, P_2 is also realizable. � 3. Let P be a weave with a monotone line and P 0 the weave obtained from P by deleting this line. Clearly, if P is realizable, then P 0 is realizable. Let us prove the converse statement. Assume that P 0 is realizable. Consider the corresponding con˛guration of lines in space. Mark a point in the monotone line such that on one side from the point the line is "above" the others and on the other side | "below" the others. Draw a vertical line through this point and bend the line a bit in the vertical plane containing the monotone line. Thus we obtain the required con˛guration of lines giving the weave P in the projection into the horizontal plane. �

4. a) It is obvious because each of the lines of the weave crosses only two other lines of the weave. � b) Any weave consisting of 4 lines which are not monotone is isotopic either to the weave in Fig. 1.c or to a weave symmetric to it with respect to some axis, and hence is not realizable. Any general position collection of 5 lines in the plane is mapped to a "˛ve ray star" by a projective transformation. Any such weave consisting of 5 nonmonotone lines either contains a subweave of 4 nonmonotone lines or consides up to isotopy and mirror symmetry with the weave in Fig. 1.e. In any case our rag is not realizable. �

c) For example, the weave in Fig. 1.f. � 5. a) It is clear. � b) For example, the weave in Fig. 1.c. �

Solutions of the problems suggested after the semi-˛nal.

4. d) Let us prove by induction over n that for n > 1 there exists a realizable weave consisting of 3n lines which are nonmonotone. For n = 2 this follows from Problem 1.f. Let n > 2 and let P be a weave consisting of 3n − 3 nonmonotone lines. Draw a line l in the plane of the weave P such that l is not parallel to any line of the weave and does not contain any intersection point of the lines of the weave. Let A and B be two of the intersection points of l and the lines belonging to P , such that the other intersection points are between A and B. Add three close to l lines to the weave such that the three lines intersect in three points close to the extension of the arc AB after the point B. Draw the undercrossings and overcrosings as follows: in the intersection points of the three lines | as in Fig. 1.a, in the intersection points of the three lines and the line of P , crossing l in the point A, they are "below", and in the other intersection points | "above". The obtained weave of 3n lines does not contain monotone lines, but is clearly realizable. �

5. c) Let us construct the sequence of weaves Ln with the required property. The weave Ln consists of 2n + 1 lines. In Figures 1.e, 7 and 8 the weaves L_2, L_3 and L_4 are shown. Notice that the intersection of each line of Ln with the other lines is of the following type: ˛rst the line goes (n − 1) times "below", then one time "above", next again "below" and ˛nally (n − 1) times "above" (Figure 9).

Let us prove nonrealizability of the weave L_4. In the general case the proof is analogous. Turn line 1 in the vertical plane around the point, which is projected into the intersection point of lines 1 and 2, until it crosses line 2. Turn line 2 until it crosses line 3, and so on, turn line 9 until it crosses line 1. Let us prove that the obtained con˛guration is not realizable. Let the z-axis look downward and let it be ortogonal to the lines 1 and 2. Denote by p the plane containing lines 1 and 2. Let us prove that the z-coordinate increases along lines 3,4 ..., 9 in the clockwise direction around the central 9-gon. Thus we obtain a contradiction. First we prove this for the lines 3, 4, 5. It su‹ces to note that the intersection point of each of the lines 3, 4, 5 and the line 1 is above plane p, and each of lines 3, 4, 5 crosses the 9-gon not above plane p (for line 3 it is clear, for the other lines follow by induction). The proof for lines 9, 8, 7 is analogous. Now it su‹ces to note that line 6 is above the line 1 and below the line 2, and the weave is not realizable.

Note that after deleting ln_{+1} the lines ln and ln_{+2} become monotone. Similarly, then after deleting ln�k_{+2}, ln_+k the lines ln�k_{+1}, ln_+k_{+1} become monotone. By Problem 3.b it follows that the weave obtained from Ln by deleting the line ln_{+1} is realizable. � Figures 7-9 approximately here 7. a) It is obvious, because one can make the mirror symmetry of the con˛guration realizing a given weave with respect to the plane of the weave. �

b) The solution is analogous to the solution of Problem 2. � c) Any projective transformation is the composition of an a‹ne transformation and a central projection of a plane onto another plane in space. Thus we may assume that our transformation is a projection of the plane π onto the plane π0 with the center at the point O ∉ (π ∪ π0). Let A be a number of lines in space giving the weave P in the projection into the plane π. We may assume that A belongs to a small neighbourhood of the plane π. The projection of π into π0 with the center O extends to a projective transformation f of space. Denote by l the intersection line of the plane π0 and the plane parallel to π and containing the point O. then l is the f-image of one of the in˛nite lines. Suppose that a line n ∈ A is "above" a line m ∈ A. Then the line f(n) is above f(m), if the intersection point of their projections into the plane π0 is on one side with respect to l, and is "below" | if it is on the other side. Thus the weave which is the result of the transformation is also realizable. �

8. a),b) Assume that there exists the required con˛guration. Turn line 2 in the vertical plane with respect to the point, projecting onto the intersection point of projections of lines 2 and 6, until line 2 crosses line 5. Similarly turn lines 4 and 6 until they cross lines 1 and 3, respectively. Turn line 5 in the vertical plane with respect to the intersection point of lines 5 and 2 until line 5 crosses line 6. Analogously turn 4 w. r. t. 4 ∩ 1 until 4 crosses 5, turn 3 w. r. t. 3 ∩ 6 until 3 crosses 4. Similarly turn lines 2 and 1 until they cross lines 3 and 1, respectively.

Let A0, B0, C0, D0 and F 0 be the intersection points of the lines, projected onto points A, B, C, D and F , respectively. Let O0 be the intersection point of segments A0D0 and C0F 0. Let π_1, π_2 and π_3 be the planes containing lines 1 and 2, lines 3 and 4, lines 5 and 6, respectively. Then C0F 0 = π_1 ∩ π_2 and A0D0 = π_2 ∩ π_3. So O0 =_{π1 ∩ π2 ∩ π3}. Therefore line_B0_O0 intersects lines 1 and 6. Let_E0_1 and_E0_6 be the intersection points of line B0_O0 with lines 1 and 6, respectively. Note that point_E0_6 belongs to segment_D0_E0 and to plane_{π1}. On the other hand segment D0E0 does not intersect plane π_1, which is a contradiction. �

c) First let us prove that the con˛guration shown in Fig. 3.d is realizable. Evidently it would be realizable if the type of intersection in point E would not be prescribed. Consider the corresponding con˛guration of lines in space. De˛ne points A0, B0, C0, D0, F 0, O0, E0_1, E0_2 and planes π_1, π_2 and π_3 as in the solution of the previous problem. We have E0_1 ∈ π_3. Therefore at point E line 1 passes above plane π_3. Hence line 1 passes above line 6 at point E. So the con˛guration shown in Fig. 3.d is realizable. Make for this con˛guration all the rotations from the solution of the previous problem in the inverse order. Thus we obtain a con˛guration which is a realization of the given weave. �

9. Assume that this weave is realizable. Consider a number of lines A realizing the weave. Let m_1 and m_2 be the lines of A being projected onto the lines l_1 and l_2 respectively, let π be a plane parallel to the lines m_1 and m_2. Let the z-axis ’look downward’ and be ortogonal to the plane π. Orientate of line of A except m_1 and m_2 by the following rule: if one moves in the direction given by the orientation, the z coordinate increases (if a line of A is parallel to π, then choose any of the two orientations). Then after the motion permitted by the problem the z coordinate increases, that is impossible, because we arrive at the initial point. This contradiction proves the claim. �

10. The example is constructed as follows (see Fig. 10 for n = 5). For k = 1, . . . , n take line k passing through the points (n − k, 0) and (0, k − 1) of the Cartesian coordinate system. Let line 1 be "above" lines 2, n and "below" the other lines. For k = 2, . . . , n − 1 let line k be "above" lines 1, . . . , k − 2, k + 1 and "below" the other lines, let line n be "above" lines 2, 3, . . . , n − 2.

Let us prove that all subweaves are realizable. Indeed, after deleting line k line k − 1 becomes monotone, and line n becomes monotone after deleting line 1. So after deleting any of the lines we can delete monotone lines of the remaining weave one after another, hence the subweave is realizable.

Let us prove that the constructed weave is not realizable. Take a collection of lines in 3-space projecting onto our weave. Move line 1 down until it crosses lines 2 and n. Turn line 2 until it crosses line 3, and so on, line n − 1 until it crosses line n, line n until it crosses line 1. Take z-axis looking downward and let it be orthogonal to lines 1 and n. Then z-coordinate increases along each of the lines 2, . . . , n − 1 in the direction from line 1 to line n. Therefore, z-coordinate increases in the sequence of the intersection points of lines 1 and 2, 2 and 3, . . . , n − 1 and n. But this coordinate equals 0 for the intersection points of the pairs of lines 1 and 2, n − 1 and n. This contradiction proves the claim.

Figure 10 approximately here 13{15. See the paper by Viro and Drobotukhina, Kvant, 1988, 3, 12{19.