How to derive a number?

Suggested by V.Ufnarovski, presented by A.Shapovalov and A.Chebotarev

Second part changed August 6.

New 15d, 15e. Modi˛ed 13a, 13b, 15a, 15b. Corrected 15b, 15c, 16a.

We extend our derivative to rational numbers as follows: Definition. (−x)^0 = −x^0, ım n ȷ_0 = nm^0 − mn^0 n^2 . Problem 12. Solve the equation x^0 = 0 in rationals.

Problem 13. a) Find all rationals α, such that the equation x^0 = αx has a rational solution x ≠ 0;

b) Prove that if the equation x^0 = αx has a nonzero solution then it has in˛nitely many rational solutions.

c) Describe all rational solutions of the equation x^0 = αx.

Problem 14. A sequence of rational numbers {x_n} tends to zero. {x^0_n} stands for the sequence of derivatives. Is it true that {x^0_n} also tends to zero?

Problem 15. ă) Let A be the set of rationals a such that the equation x^0 = a has a solution. Describe A ∩ N as completely as possible. b)^� Does A coinside with the set of all rationals? c) Do rationals a = 2 or a =^1_8 belong to A?

d)^� Does the equation x^0 = 1 has any positive rational solutions except for the primes?

e)^� Can an equation x^0 = a has in˛tely many rational solutions for any a except for 0, 1, −1.

Problem 16. a) A sequence {x^{(k)}} = x^0, x^{00}, x^{000}, . . . , x^{(k)}, . . . converges. Prove that all but a ˛nite number of their terms are equal.

b)^� Can a sequence of consequent derivatives {x^{(k)}} be periodical with a period at least 3?

Problem 17. a)^� Is it true that for every N there exists an integer m > N with a derivative of some order m^{(k)} = 0?

b)^� Does there exist an in˛nite increasing sequence of positive integers {n_i}, such that n^0_{i+1} = n_i for each i?

* Here an asterisk marks open problems.