THE COMPLEXITY OF SUMMATION Yu. Kudryashov, A. Skopenkov with participation of I. Nikokoshev.

Dedicated to the centenary of A. N. Kolmogorov

Introductory problems.

Problem 1. Let x_1, . . . , x_{99} be real numbers. It is allowed to calculate the sum of any two of numbers obtained and to memorize this result. Find the minimal number of summations sufficient to calculate

(a) the sum x_1 + · · · + x_{99};

(b) the sums x_1 + . . . + x_{66} and x_{34} + . . . + x_{99}.

Denote Z_2 = {0, 1}. Let us introduce the sum (modulo 2) operation on this set as follows:

0 + 0 = 1 + 1 = 0, 1 + 0 = 0 + 1 = 1.

From now on we shall consider variables from Z_2 (except for Problem 3).

Suppose that we have a set of variables x_1, . . . , x_n from Z_2. It is allowed to calculate the sum of any two of expressions obtained and to memorize this result.

Problem 2. Find the minimal number of summations sufficient to calculate (a) the sum x_1 + · · · + x_{99};

(b) the sums x_1 + . . . + x_{66} and x_{34} + . . . + x_{99}.

Problem 3. Suggest a set of sums such that the minimal number of summations sufficient to calculate all sums from this set for real variables is not equal to the minimal number of summations sufficient to calculate all sums from this set for Z_2-variables.

Problem 4. (a) Prove that any pair of sums x_{i1} + · · · + x_{ip} and x_{j1} + · · · + x_{jq} made of from variables x_1, . . . , x_n can be calculated using at most n − 1 summations.

(b) Prove that any triple of sums x_{i1} +· · ·+x_{ip} , x_{j1} +· · ·+x_{jq} and x_{k1} +· · ·+x_{kr} made of variables x_1, . . . , x_n can be calculated using at most n + 1 summations.

Problem 5. Prove that any set of sums of the form x_{i1} + · · · + x_{ip} made of variables x_1, . . . , x_n can be calculated using at most 2^n − (n + 1) summations.

Problem 6. Suppose that any set of m sums made of n variables can be calculated using at most l summations. Prove that

(a) any set of km sums made of n variables can be calculated using at most kl summations; (b) any set of m sums made of kn variables can be calculated using at most k(l +m) summations.

Problem 7. (a) Prove that for big enough m and n any set of m sums made of n variables can be calculated using at most mn 100 summations.

(b) Prove that any set of m sums made of n variables can be calculated using at most 2m ⌈ n ⌊log_2 m⌋ ⌉ summations. Here ⌊x⌋ is the integer part of x, i.e. the greatest integer not exceeding x, and ⌈x⌉ is the ‘upper integer part’ of x, i.e. the minimal integer which is greater than or equal to x.

A sequence of calculating sums can be represented as follows. We have a number of ‘summation elements’, each having two inputs and one output, that is equal to the sum (modulo 2) of the inputs. Using such elements we construct a scheme S realizing the given set of sums.

The number of summations is equal to the number of elements in S. This number is called the complexity of S. The minimal complexity of a scheme realizing the given set M of sums is called the complexity of M and is denoted by L(M). (In Problem 2 you have been asked to calculate L({x_1 + · · · + x_{99}}) and L({x_1 + . . . + x_{66}, x_{34} + . . . + x_{99}}).)

The minimal number l such that any set of m sums made of variables x_1, . . . , x_n can be calculated using at most l summations is called the complexity of the pair (m, n) and is denoted by L(m, n).

In this notation Problem 4 asserts that L(2, n) 6 n − 1 and L(3, n) 6 n + 1, while Problem 7(c) asserts that L(m, n) 6 2m ⌈ n ⌊log_2 m⌋ ⌉ . A set of m sums can be denoted by a m × n-matrix (i.e. a table) M, in which M_{ij} (the element situated at the intersection of the i-th row and the j-th column) equals 1, if the j-the variable is contained in the i-th sum, and 0 otherwise. Then the i-th sum can be written as follows:

s_i = n∑ j=1 M_{ij}x_j.

In this notation the sets of sums from Problem 2 appear as follows: ( 1 . . . 1 ) , ( 1 . . . 1 1 . . . 1 0 . . . 0 0 . . . 0 1 . . . 1 1 . . . 1 ) , Consider the set of m sums made of variables x_0, . . . , x_2m�_1, in which all variables are contained in a distinct way. Let B_m be the corresponding matix. The columns of this matrix are formed by binary expansions of all integers from 0 to 2^m − 1. Formally, denote by j = b_m�_{1,j} 2^m�^1 + · · · + b_{0,j}2^0 binary expansion of number j < 2^m. Then B_m = (b_{i,j}). E.g.

B_1 = ( 0 1 ) , B_2 = ( 0 0 1 1 0 1 0 1 ) , B_3 =

0 0 0 0 1 1 1 1 0 0 1 1 0 0 1 1 0 1 0 1 0 1 0 1

Problem 8. Prove that L(B_m) < 2^{m+1}. Problem 9. Prove that L(m, n) < n + 2^{m+1}. Problem 10. Prove that for sufficiently large n L(n, n) < n^2 0, 9 log_2 n .

THE COMPLEXITY OF SUMMATION (Yu. Kudryashov, A. Skopenkov) Problems suggested after the semifinal.

Problem 11. (a) Prove that there exists at most (n + k)^{m+2k} distinct schemes of k summation elements having n inputs and m outputs.

(b) If k = L(m, n) then mn 6 (m + 2k) log_2(n + k). (c) Prove that for sufficiently large n L(n, n) > n^2 5 log_2 n . Hint. If k = L(n, n) <^{n2}_{5 log2 n} then n^2 6 (n +^{2n2}_{5 log2 n} ) log_2(n +^{n2}_{5 log2 n} ), which is not true for sufficiently large n.

(d) Prove that for all ε > 0 and for sufficiently large n we have L(n, n) > n^2 (4 + ε) log_2 n

For next statements we shall introduce some defintions.

We say that the sequence a_n > 0 increases asymptotically no faster than a sequence b_n > 0 if for all ε > 0 there exists at most finite set of numbers k such that a_k > (1 + ε)b_k. Notation a_n . b_n.

In this notaion the statement of the problem 11(d) is L(n, n) &^{n2}_{4 log2 n} .

If a_n/b_n → 1 as n → ∞, then we say that sequences a_n > 0 and b_n > 0 are equivalent and write a_n ∼ b_n.

Problem 12. (a) Suppose that a_n . b_n and b_n . c_n. Prove that a_n . c_n. (b) Prove that a_n ∼ b_n if and only if a_n . b_n and b_n . a_n.

If a_n/b_n → 0 as n → ∞, then we say that the sequence a_n > 0 is sufficiently smaller than the sequence b_n > 0 and write a_n ≪ b_n.

Problem 13. Suppose that log_2 n ≪ f(n) ≪ 2^n. Then nf(n) 2 log_2(nf(n)) . L(f(n), n). Problem 14. (a) Prove that for log_2 n ≪ f(n) ≪ 2^n we have

∀α ∈ (0, 1) : L(f(n), n) . nf(n) α log_2 f(n) . (b) Prove that log_2 n ≪ f(n) ≪ 2^n we have L(f(n), n) . nf(n) log_2 f(n) . Problem 15. (a) Suppose that log_2 n ≪ f(n) ≪ 2^n. Then for all α ∈ (0, 1) L(f(n), n) . nf(n) α log_2 n .

Suppose that log_2 n ≪ f(n) ≪ 2^n. Then L(f(n), n) . nf(n) log_2 n . Problems 13, 14 and 15 assert that for log_2 n ≪ f(n) ≪ 2^n nf(n) 2 log_2(nf(n)) . L(f(n), n) . nf(n) max(log_2 n,^1_2 log_2 f(n)) . Problem 16. (a) Consider a matrix A of the size m × n, in which all columns are distinct and all lines are distinct. Is it true that L(A) + m = L(A^t) + n, where A^t is obtained from A by symmetry with respect to the main diagonal?

(b) Is it true that L(m, n) + m = L(n, m) + n?

Problem 17. Consider the set of variables x_{α1,...,αn} numbered by vertices (α_1, . . . , α_n) of ndimensional cube Z^n_2 . It is required to find sums of variables in all those faces of this cube that contain the vertex (0, . . . , 0) (in particular, the sum of all variables is to be found). In other words, for each (α_1, . . . , α_n) ∈ Z^n_2 it is required to find ∑ 8i:βi6αi x_{β1...βn} . What is the minimal number of summations required?

THE COMPLEXITY OF SUMMATION Yu. Kudryashov, A. Skopenkov (with participation of I. Nikokoshev). Solutions (the first part).

Problem 1. (a) The answer is 98. Clearly, the sum x_1 + · · · + x_{99} can be found using at least 98 summations. Suppose that there is a scheme of a summations, realizing our sum. Consider a graph having 99 vertices P_1, . . . , P_{99} and for each summations having the sum x_{i1} + · · · + x_{ip} on the first entry and the sum x_{j1} + · · ·+ x_{jq} on the second entry join the vertex P_{i1} to the vertex P_{j1} by an edge. Clearly, the obtained graph is connected. It follows that this graph has at least 98 edges, i.e. a > 98.

(b) The answer is 98. The proof is analogous to (a). Problem 2. The solution is the same as that of 1. Problem 3. One can take, e.g. the set

{ x_1 + x_2, x_1 + x_2 + x_3, x_1 + x_2 + x_3 + x_4, x_2 + x_3 + x_4 }.

Indeed, for the Z_2 case we can calculate these sums in the given order (without calculation of any additional sums), while in the R case we need to calculate at least one additional sum.

Problem 4. (a) Denote by S(A) the sum of variables indexed by elements of the set A. Let S(A_1) and S(A_2) be the required sums. If all sets B_1 := A_1 \ A_2, B_2 := A_1 ∩ A_2 and B_3 = A_2 \ A_1 are non-empty, then we can calculate the sum for each of these sets using at most

|B_1| − 1 + |B_2| − 1 + |B_3| − 1 = |A_1 ∪ A_2| − 3 6 n − 3

summations. It remains to find S(A_1) = S(B_1) + S(B_2) and S_2 = S(B_2) + S(B_3) using two summations. It is easy to see that the same estimation holds even if one of B_i is empty.

(b) The proof is analogous to (a).

Problem 5. It is easy to see that 2^n − (n + 1) is the number of all sums of n variables, excluding empty sum and these variables themselves. We can consecutively calculate these sums: first sums of two variables, then sums with three variables, so on, and at last the sum of all n variables. As a result of this process we calculate all sets of sums of variables x_1, . . . , x_n.

Problem 6. (a) The set of km sums can be represented as the collection of k sets of m sums. Realizing each element of this collection separately we obtain the required estimation.

(b) Using vertical cuts we can split the matrix corresponding to our set of m sums of kn variables to k matrixes m × n. First using kl summations we can realize all the obtained matrixes m × n. Then each of the required sums is a sum of at most k − 1 already calculated sums. It follows that the required set can be constructed using at most kl + m(k − 1) < k(l + m).

Problem 8. Observe that all but one sums contain variables x_i and x_{i+2}m�1 ’in the same way’. Hence we can first calculate y_i = x_i +x_{i+2}m�1 using 2^m�^1 summations, then find all but one sums using 2^m�^1 +L(B_m�_1) summations, and at last calculate the last sum using 2^m�^1 −1 summations. Therefore L(B_m) < 2^m + L(B_m�_1). Inductive application of this inequality gives the required assertion.