úÁÄÁÞÁ ÐÒÅÄÌÏÖÅÎÁ í. óËÏÐÅÎËÏŒÙÍ, ï. óËÒÑÂÉÎÙÍ É á. ûÁÐÏŒÁÌÏŒÙÍ (ÐÒÉ ÕÞÁÓÔÉÉ é. äÙÎÎÉËÏŒÁ É á. óËÏÐÅÎËÏŒÁ)

ðÅÒŒÁÑ ÞÁÓÔØ ÜÔÏÊ ÚÁÄÁÞÉ ÐÏÓŒÑÝÅÎÁ ÄÏËÁÚÁÔÅÌØÓÔŒÕ ÓÌÅÄÕÀÝÅÊ ÔÅÏÒÅÍÙ:

ôÅÏÒÅÍÁ 1. (ôÅÏÒÅÍÁ ëÏÎŒÅÑ{çÏÒÄÏÎÁ{úÁËÓÁ, 1981) ðÕÓÔØ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ ÄÁÎÙ 6 ÔÏÞÅË, ÎÉ- ËÁËÉÅ 4 ÉÚ ËÏÔÏÒÙÈ ÎÅ ÌÅÖÁÔ Œ ÏÄÎÏÊ ÐÌÏÓËÏÓÔÉ. ôÏÇÄÁ ÎÁÊÄÕÔÓÑ ÄŒÁ ÚÁÃÅÐÌÅÎÎÙÈ ÔÒÅÕÇÏÌØ- ÎÉËÁ Ó ŒÅÒÛÉÎÁÍÉ Œ ÜÔÉÈ ÔÏÞËÁÈ.

œÔÏÒÁÑ ÞÁÓÔØ ÐÏÓŒÑÝÅÎÁ ÅÅ ÏÂÏÂÝÅÎÉÀ ÎÁ ÐÒÏÉÚŒÏÌØÎÙÅ ÚÁÃÅÐÌÅÎÉÑ (ÏÐÒÅÄÅÌÅÎÉÑ É ÐÒÉÍÅÒÙ ÄÁÎÙ ÎÉÖÅ). äŒÅ ÞÁÓÔÉ ÚÁÄÁÞÉ ÐÏÞÔÉ ÎÅ ÉÓÐÏÌØÚÕÀÔ ÄÒÕÇ ÄÒÕÇÁ, ÐÏÜÔÏÍÕ ÅÅ ÍÏÖÎÏ ÎÁÞÉÎÁÔØ ÒÅÛÁÔØ ËÁË Ó ÐÕÎËÔÁ 1.1, ÔÁË É Ó ÐÕÎËÔÁ 2.1. 1. úÁÃÅÐÌÅÎÎÙÅ ÔÒÅÕÇÏÌØÎÉËÉ 1.1 œ ÌÀÂÏÊ ËÏÍÐÁÎÉÉ ÉÚ 6-ÔÉ ÞÅÌÏŒÅË ÎÁÊÄÕÔÓÑ ÌÉÂÏ ÔÒÏÅ ÐÏÐÁÒÎÏ ÚÎÁËÏÍÙÈ, ÌÉÂÏ ÔÒÏÅ ÐÏÐÁÒÎÏ ÎÅÚÎÁËÏÍÙÈ.

1.2 îÁ ÐÌÏÓËÏÓÔÉ ÄÁÎÙ 5 ÔÏÞÅË, ÎÉËÁËÉÅ ÔÒÉ ÉÚ ËÏÔÏÒÙÈ ÎÅ ÌÅÖÁÔ ÎÁ ÏÄÎÏÊ ÐÒÑÍÏÊ. äÏËÁÖÉÔÅ, ÞÔÏ ËÁËÉÅ-ÔÏ ÄŒÁ ÏÔÒÅÚËÁ Ó ËÏÎÃÁÍÉ Œ ÜÔÉÈ ÔÏÞËÁÈ ÐÅÒÅÓÅËÁÀÔÓÑ ŒÏ ŒÎÕÔÒÅÎÎÅÊ ÔÏÞËÅ.

ïÐÒÅÄÅÌÅÎÉÅ ÏÂÝÅÇÏ ÐÏÌÏÖÅÎÉÑ. âÕÄÅÍ ÇÏŒÏÒÉÔØ, ÞÔÏ ÎÁÂÏÒ ÔÏÞÅË Œ ÐÒÏÓÔÒÁÎÓÔŒÅ ÎÁÈÏ- ÄÉÔÓÑ Œ ÏÂÝÅÍ ÐÏÌÏÖÅÎÉÉ, ÅÓÌÉ ÎÉËÁËÉÅ 4 ÉÚ ÎÉÈ ÎÅ ÌÅÖÁÔ Œ ÏÄÎÏÊ ÐÌÏÓËÏÓÔÉ.

ðÒÉÍÅÒ 1. (òÉÓ. 1) òÁÓÓÍÏÔÒÉÍ Œ ÇÏÒÉÚÏÎÔÁÌØÎÏÊ ÐÌÏÓËÏÓÔÉ ÐÒÁŒÉÌØÎÙÊ ÛÅÓÔÉÕÇÏÌØÎÉË. îÁÂÏÒ ÔÏÞÅË A_1, A_2, A_3, A_4, A_5, A_6, ÒÁÓÐÏÌÏÖÅÎÎÙÈ Œ ÔÏÞÎÏÓÔÉ ÎÁÄ ÅÇÏ ŒÅÒÛÉÎÁÍÉ ÎÁ ŒÙÓÏÔÁÈ 1, 2, 3, 4, 5, 6 ÓÏÏÔŒÅÓÔŒÅÎÎÏ, ÎÁÈÏÄÉÔÓÑ Œ ÏÂÝÅÍ ÐÏÌÏÖÅÎÉÉ.

òÉÓ. 1.

ðÒÉÍÅÒ 2. ôÏÞËÉ (t; t^2; t^3) Œ ÄÅËÁÒÔÏŒÏÊ ÓÉÓÔÅÍÅ ËÏÏÒÄÉÎÁÔ, ÇÄÅ t ∈ {1; 2; 3; 4; 5; 6}, ÎÁÈÏÄÑÔÓÑ Œ ÏÂÝÅÍ ÐÏÌÏÖÅÎÉÉ (ÐÒÅÄÌÁÇÁÅÍ ÐÒÏŒÅÒÉÔØ ÜÔÏ ÓÁÍÏÓÔÏÑÔÅÌØÎÏ).

ïÐÒÅÄÅÌÅÎÉÅ ËÏÜÆÆÉÃÉÅÎÔÁ ÚÁÃÅÐÌÅÎÉÑ ÔÒÅÕÇÏÌØÎÉËÏŒ. ðÕÓÔØ ´; ´^′ | ÄŒÁ ÔÒÅÕÇÏÌØ- ÎÉËÁ, ÎÁÂÏÒ 6 ŒÅÒÛÉÎ ËÏÔÏÒÙÈ ÎÁÈÏÄÉÔÓÑ Œ ÏÂÝÅÍ ÐÏÌÏÖÅÎÉÉ. âÕÄÅÍ ÇÏŒÏÒÉÔØ, ÞÔÏ ÜÔÉ ÔÒÅ- ÕÇÏÌØÎÉËÉ ÚÁÃÅÐÌÅÎÙ, ÅÓÌÉ ËÏÎÔÕÒ ÔÒÅÕÇÏÌØÎÉËÁ ´ ÐÅÒÅÓÅËÁÅÔ ŒÎÕÔÒÅÎÎÏÓÔØ ÔÒÅÕÇÏÌØÎÉËÁ ´^′ Œ ÅÄÉÎÓÔŒÅÎÎÏÊ ÔÏÞËÅ. ëÏÜÆÆÉÃÉÅÎÔÏÍ ÚÁÃÅÐÌÅÎÉÑ ÜÔÉÈ ÔÒÅÕÇÏÌØÎÉËÏŒ ÎÁÚÏŒÅÍ ÞÉÓÌÏ

lk(´; ´^′) = { 1; ÅÓÌÉ ´ É ´^′ ÚÁÃÅÐÌÅÎÙ, 0; ÉÎÁÞÅ:

ðÒÉÍÅÒ 3. ôÒÅÕÇÏÌØÎÉËÉ A_1A_3A_5 É A_2A_4A_6 ÉÚ ÐÒÉÍÅÒÁ 1 ÚÁÃÅÐÌÅÎÙ. 1.3 åÓÌÉ ËÏÎÔÕÒ ÏÄÎÏÇÏ ÉÚ ÔÒÅÕÇÏÌØÎÉËÏŒ ´ É ´^′ ÎÅ ÐÅÒÅÓÅËÁÅÔÓÑ Ó ÐÌÏÓËÏÓÔØÀ, Œ ËÏÔÏÒÏÊ ÌÅÖÉÔ ÄÒÕÇÏÊ ÔÒÅÕÇÏÌØÎÉË, ÔÏ lk(´; ´^′) = 0.

ïÐÒÅÄÅÌÅÎÉÅ ÚÁÃÅÐÌÅÎÎÙÈ ÐÁÒ ÔÏÞÅË. ðÕÓÔØ ÎÁ ÇÏÒÉÚÏÎÔÁÌØÎÏÊ ÐÒÑÍÏÊ ÏÔÍÅÞÅÎÏ 2 ËÒÁÓ- ÎÙÈ É 2 ÓÉÎÉÈ ÔÏÞËÉ (ÔÏÞËÉ ÐÏÐÁÒÎÏ ÒÁÚÌÉÞÎÙ). âÕÄÅÍ ÇÏŒÏÒÉÔØ, ÞÔÏ ÜÔÉ ÐÁÒÙ ÚÁÃÅÐÌÅÎÙ, ÅÓÌÉ ÏÎÉ ÒÁÓÐÏÌÏÖÅÎÙ ÎÁ ÐÒÑÍÏÊ Œ ÐÏÒÑÄËÅ (ËÒÁÓÎÁÑ, ÓÉÎÑÑ, ËÒÁÓÎÁÑ, ÓÉÎÑÑ) ÉÌÉ (ÓÉÎÑÑ, ËÒÁÓÎÁÑ, ÓÉÎÑÑ, ËÒÁÓÎÁÑ), ÓÞÉÔÁÑ ÓÐÒÁŒÁ.

1.4 ôÒÅÕÇÏÌØÎÉËÉ ´ É ´^′ ÚÁÃÅÐÌÅÎÙ ⇔ ŒÙÐÏÌÎÅÎÙ ÓÌÅÄÕÀÝÉÅ 3 ÕÓÌÏŒÉÑ: 1

1) ÐÌÏÓËÏÓÔÉ ÔÒÅÕÇÏÌØÎÉËÏŒ ´ É ´^′ ÐÅÒÅÓÅËÁÀÔÓÑ ÐÏ ÎÅËÏÔÏÒÏÊ ÐÒÑÍÏÊ l; 2) ËÁÖÄÏÅ ÉÚ ÍÎÏÖÅÓÔŒ ´ ∩ l É ´^′ ∩ l ÓÏÓÔÏÉÔ ÉÚ ÄŒÕÈ ÔÏÞÅË (ÚÄÅÓØ É ÄÁÌÅÅ ´ É ´^′ ÏÂÏÚÎÁÞÁÀÔ ËÏÎÔÕÒÙ ÔÒÅÕÇÏÌØÎÉËÏŒ);

3) ÐÁÒÙ ÔÏÞÅË ´ ∩ l É ´^′ ∩ l ÚÁÃÅÐÌÅÎÙ ÎÁ ÐÒÑÍÏÊ l. 1.5 lk(´; ´^′) = lk(´^′; ´).

1.6 lk(´; ´^′) = const, ÅÓÌÉ ´ ÄŒÉÖÅÔÓÑ ÔÁË, ÞÔÏ ÎÁÂÏÒ 6 ŒÅÒÛÉÎ ÔÒÅÕÇÏÌØÎÉËÏŒ ´ É ´^′ ÏÓÔÁÅÔÓÑ Œ ÏÂÝÅÍ ÐÏÌÏÖÅÎÉÉ.

1.7 ðÕÓÔØ ÔÏÞËÁ A_1 ÉÚ ÐÒÉÍÅÒÁ 1 ÄŒÉÖÅÔÓÑ ŒŒÅÒÈ Ó ÐÏÓÔÏÑÎÎÏÊ ÓËÏÒÏÓÔØÀ. ðÏÓÔÒÏÊÔÅ ÇÒÁÆÉË ÚÁŒÉÓÉÍÏÓÔÉ lk(A_1A_3A_5; A_2A_4A_6) ÏÔ ŒÒÅÍÅÎÉ.

ïÐÒÅÄÅÌÅÎÉÅ ÚÁÃÅÐÌÅÎÎÏÓÔÉ ÛÅÓÔÅÒËÉ ÔÏÞÅË. ðÕÓÔØ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ ÄÁÎÙ 6 ÔÏÞÅË ÏÂ- ÝÅÇÏ ÐÏÌÏÖÅÎÉÑ. îÁÚÏŒÅÍ ÒÁÚÄÅÌÅÎÎÏÊ ÐÁÒÏÊ ÄŒÁ ÔÒÅÕÇÏÌØÎÉËÁ Ó ŒÅÒÛÉÎÁÍÉ Œ ÜÔÉÈ ÔÏÞËÁÈ, ÎÅ ÉÍÅÀÝÉÅ ÏÂÝÉÈ ŒÅÒÛÉÎ. úÁÃÅÐÌÅÎÎÏÓÔØÀ ÄÁÎÎÏÊ ÛÅÓÔÅÒËÉ ÔÏÞÅË ÎÁÚÏŒÅÍ ËÏÌÉÞÅÓÔŒÏ ÚÁÃÅÐÌÅÎ- ÎÙÈ ÒÁÚÄÅÌÅÎÎÙÈ ÐÁÒ.

úÁÍÅÞÁÎÉÅ. úÁÃÅÐÌÅÎÎÏÓÔØ ÛÅÓÔÅÒËÉ ÔÏÞÅË ÒÁŒÎÁ ∑ lk(´; ´^′);

ÇÄÅ ÓÕÍÍÁ ÂÅÒÅÔÓÑ ÐÏ ŒÓÅÍ ÒÁÚÄÅÌÅÎÎÙÍ ÐÁÒÁÍ (´; ´^′).

1.8 äÏËÁÖÉÔÅ, ÞÔÏ ÞÅÔÎÏÓÔØ ÚÁÃÅÐÌÅÎÎÏÓÔÉ ÎÅ ÚÁŒÉÓÉÔ ÏÔ ŒÙÂÏÒÁ ÛÅÓÔÅÒËÉ ÔÏÞÅË. 1.9 ðÒÉŒÅÄÉÔÅ ÐÒÉÍÅÒ ÛÅÓÔÅÒËÉ ÔÏÞÅË, ÚÁÃÅÐÌÅÎÎÏÓÔØ ËÏÔÏÒÏÊ ÒÁŒÎÁ 1. 1.10 äÏËÁÖÉÔÅ ÔÅÏÒÅÍÕ 1. 2. œÐÉÓÁÎÎÙÅ ÕÚÌÙ É ÚÁÃÅÐÌÅÎÉÑ ïÓÎÏŒÎÙÅ ÐÏÎÑÔÉÑ. õÚÅÌ ÍÏÖÎÏ ÐÒÅÄÓÔÁŒÌÑÔØ ÓÅÂÅ ËÁË ŒÅÒÅŒËÕ, ËÏÎÃÙ ËÏÔÏÒÏÊ ÓÏÅÄÉÎÅÎÙ.

œÅÒÅŒËÕ ÂÕÄÅÍ ÓÞÉÔÁÔØ ÜÌÁÓÔÉÞÎÏÊ, É ÕÚÌÙ, ÐÏÌÕÞÁÀÝÉÅÓÑ ÄÒÕÇ ÉÚ ÄÒÕÇÁ ÄÅÆÏÒÍÁÃÉÅÊ ŒÅÒÅŒËÉ, ÒÁÚÌÉÞÁÔØ ÎÅ ÂÕÄÅÍ.

ðÒÉÍÅÒÙ ÒÁÚÌÉÞÎÙÈ ÕÚÌÏŒ: ÔÒÉŒÉÁÌØÎÙÊ K, ÐÒÁŒÙÊ É ÌÅŒÙÊ ÔÒÉÌÉÓÔÎÉËÉ T , ŒÏÓØÍÅÒËÁ E (ÒÉÓ. 2).

K T Ð T Ì E òÉÓ. 2.

åÓÌÉ ŒÚÑÔØ ÎÅ ÏÄÎÕ ŒÅÒÅŒËÕ, Á ÎÅÓËÏÌØËÏ, É Õ ËÁÖÄÏÊ ÉÚ ÎÉÈ ÓÏÅÄÉÎÉÔØ ËÏÎÃÙ, ÔÏ ÐÏÌÕÞÉÍ ÚÁÃÅÐÌÅÎÉÅ.

ðÒÉÍÅÒÙ ÒÁÚÌÉÞÎÙÈ ÚÁÃÅÐÌÅÎÉÊ: ÚÁÃÅÐÌÅÎÉÅ èÏÐÆÁ H (ÉÌÉ ÐÒÏÓÔÏÅ ÚÁÃÅÐÌÅÎÉÅ), ÄŒÏÊÎÏÅ ÚÁ- ÃÅÐÌÅÎÉÅ D, ÚÁÃÅÐÌÅÎÉÅ õÁÊÔÈÅÄÁ W , ËÏÌØÃÁ âÏÒÒÏÍÅÏ B (ÒÉÓ. 3).

H D W B òÉÓ. 3.

2.1 œ ËÁËÉÅ ÉÚ ÕÚÌÏŒ É ÚÁÃÅÐÌÅÎÉÊ, ÉÚÏÂÒÁÖÅÎÎÙÈ ÎÁ ÒÉÓ. 2 É 3, ÍÏÖÎÏ ÐÒÏÄÅÆÏÒÍÉÒÏŒÁÔØ ÕÚÌÙ É ÚÁÃÅÐÌÅÎÉÑ ÎÁ ÒÉÓ. 4?

Á Â Œ Ç Ä Å òÉÓ. 4.

ïÐÒÅÄÅÌÅÎÉÅ ŒÐÉÓÁÎÎÏÇÏ ÕÚÌÁ É ÚÁÃÅÐÌÅÎÉÑ. ðÕÓÔØ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ ÄÁÎÏ ÎÅËÏÔÏÒÏÅ ÍÎÏ- ÖÅÓÔŒÏ ÔÏÞÅË É ÕÚÅÌ. åÓÌÉ ŒÅÒÅŒËÕ ÐÒÏÄÅÆÏÒÍÉÒÏŒÁÔØ Œ ÌÏÍÁÎÕÀ, ŒÓÅ ŒÅÒÛÉÎÙ ËÏÔÏÒÏÊ ÐÒÉÎÁÄ- ÌÅÖÁÔ ÄÁÎÎÏÍÕ ÍÎÏÖÅÓÔŒÕ ÔÏ ÐÏÌÕÞÉÍ ÕÚÅÌ, ŒÐÉÓÁÎÎÙÊ Œ ÄÁÎÎÏÅ ÍÎÏÖÅÓÔŒÏ ÔÏÞÅË. (ðÒÉ ÜÔÏÍ ÞÁÓÔØ ÔÏÞÅË ÍÎÏÖÅÓÔŒÁ ÍÏÖÅÔ ÏÓÔÁÔØÓÑ ÎÅÚÁÄÅÊÓÔŒÏŒÁÎÎÏÊ). âÕÄÅÍ ÇÏŒÏÒÉÔØ ÔÁËÖÅ, ÞÔÏ ÐÏÌÕ- ÞÅÎÎÁÑ ÌÏÍÁÎÁÑ ÐÒÅÄÓÔÁŒÌÑÅÔ ÄÁÎÎÙÊ ÕÚÅÌ. áÎÁÌÏÇÉÞÎÏ ÏÐÒÅÄÅÌÑÅÔÓÑ ŒÐÉÓÁÎÎÏÅ ÚÁÃÅÐÌÅÎÉÅ.

úÁÍÅÞÁÎÉÅ. åÓÌÉ ËÁÖÄÕÀ ÔÏÞËÕ ÍÎÏÖÅÓÔŒÁ ÓÏÅÄÉÎÉÔØ ÐÒÑÍÏÌÉÎÅÊÎÙÍ ÏÔÒÅÚËÏÍ Ó ËÁÖÄÏÊ ÉÚ ÏÓÔÁÌØÎÙÈ ÔÏÞÅË, ÔÏ ŒÐÉÓÁÎÎÙÊ ÕÚÅÌ ÑŒÌÑÅÔÓÑ ÐÏÄÍÎÏÖÅÓÔŒÏÍ ÐÏÌÕÞÅÎÎÏÊ ÆÉÇÕÒÙ.

ôÅÏÒÅÍÁ 2. (ôÅÏÒÅÍÁ îÅÇÁÍÉ, 1991) äÌÑ ÌÀÂÏÇÏ ÕÚÌÁ ÎÁÊÄÅÔÓÑ ÞÉÓÌÏ N ÔÁËÏÅ, ÞÔÏ Œ ÌÀÂÏÅ ÍÎÏÖÅÓÔŒÏ N ÔÏÞÅË Œ ÐÒÏÓÔÒÁÎÓÔŒÅ, ÎÉËÁËÉÅ 4 ÉÚ ËÏÔÏÒÙÈ ÎÅ ÌÅÖÁÔ Œ ÏÄÎÏÊ ÐÌÏÓËÏÓÔÉ, ÍÏÖÎÏ ŒÐÉÓÁÔØ ÄÁÎÎÙÊ ÕÚÅÌ.

(ðÏÐÒÏÂÕÊÔÅ ÄÏËÁÚÁÔØ ÜÔÕ ÔÅÏÒÅÍÕ ÄÌÑ ÔÒÉÌÉÓÔÎÉËÁ. õËÁÚÁÎÉÑ, Á ÔÁËÖÅ ÓŒÑÚÁÎÎÙÅ Ó ÜÔÏÊ ÔÅÏÒÅÍÏÊ ÏÔËÒÙÔÙÅ ŒÏÐÒÏÓÙ ÂÕÄÕÔ ÄÁÎÙ Œ ÚÁÄÁÞÁÈ ÐÏÓÌÅ ÐÒÏÍÅÖÕÔÏÞÎÏÇÏ ÆÉÎÉÛÁ.)

2.2 äÏËÁÖÉÔÅ, ÞÔÏ ŒÓÑËÉÊ ÕÚÅÌ, ŒÐÉÓÁÎÎÙÊ Œ ÎÁÂÏÒ ÉÚ ≤ 5 ÔÏÞÅË, ÔÒÉŒÉÁÌÅÎ. 2.3 œ ËÁËÏÊ ÎÁÉÍÅÎØÛÉÊ ÎÁÂÏÒ ÔÏÞÅË ÍÏÖÎÏ ŒÐÉÓÁÔØ Á) ÐÒÏÓÔÏÅ ÚÁÃÅÐÌÅÎÉÅ; Â) ËÏÌØÃÁ âÏÒÒÏ- ÍÅÏ; Œ) ÔÒÉÌÉÓÔÎÉË; Ç) ÄŒÏÊÎÏÅ ÚÁÃÅÐÌÅÎÉÅ; Ä) ŒÏÓØÍÅÒËÕ; Å) ÚÁÃÅÐÌÅÎÉÅ õÁÊÔÈÅÄÁ?

(äÏËÁÚÁÔÅÌØÓÔŒÁ ÍÉÎÉÍÁÌØÎÏÓÔÉ ÍÙ ÎÅ ÔÒÅÂÕÅÍ). 2.4 îÁÊÄÉÔÅ ËÏÜÆÆÉÃÉÅÎÔÙ ÚÁÃÅÐÌÅÎÉÑ (ÓÍ. ÏÐÒÅÄÅÌÅÎÉÅ ŒÙÛÅ): Á) ÄŒÕÈ ÔÒÅÕÇÏÌØÎÉËÏŒ, ÐÒÅÄÓÔÁŒÌÑÀÝÉÈ ÐÒÏÓÔÏÅ ÚÁÃÅÐÌÅÎÉÅ; Â) ÄŒÕÈ ÉÚ ÔÒÅÈ ÔÒÅÕÇÏÌØÎÉËÏŒ, ÐÒÅÄÓÔÁŒÌÑÀÝÉÈ ËÏÌØÃÁ âÏÒÒÏÍÅÏ.

2.5 ðÕÓÔØ ÄÁÎÙ ÄŒÁ ÔÒÅÕÇÏÌØÎÉËÁ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ. ðÒÅÄÐÏÌÏÖÉÍ, ÞÔÏ ÐÒÏÅËÃÉÉ ÎÉËÁËÉÈ 3 ÉÚ ÉÈ 6 ŒÅÒÛÉÎ ÎÁ ÇÏÒÉÚÏÎÔÁÌØÎÕÀ ÐÌÏÓËÏÓÔØ ÎÅ ÌÅÖÁÔ ÎÁ ÏÄÎÏÊ ÐÒÑÍÏÊ. éÚÏÂÒÁÚÉÍ ÎÁ ÒÉÓÕÎËÅ ÐÒÏÅËÃÉÉ ÔÒÅÕÇÏÌØÎÉËÏŒ É Œ ËÁÖÄÏÊ ÔÏÞËÅ ÐÅÒÅÓÅÞÅÎÉÑ ÐÒÏÅËÃÉÊ (ÐÅÒÅËÒÅÓÔËÅ) ÕËÁÖÅÍ, ÓÔÏÒÏÎÁ ËÁËÏÇÏ ÔÒÅÕÇÏÌØÎÉËÁ ÐÒÏÈÏÄÉÔ ŒÙÛÅ (ÒÉÓ. 1). äÏËÁÖÉÔÅ, ÞÔÏ ËÏÜÆÆÉÃÉÅÎÔ ÚÁÃÅÐÌÅÎÉÑ ÒÁŒÅÎ ÞÅÔÎÏÓÔÉ ÞÉÓÌÁ ÐÅÒÅËÒÅÓÔËÏŒ, Œ ËÏÔÏÒÙÈ ÓÔÏÒÏÎÁ ÐÅÒŒÏÇÏ ÔÒÅÕÇÏÌØÎÉËÁ ÐÒÏÈÏÄÉÔ ŒÙÛÅ ÓÔÏÒÏÎÙ ŒÔÏÒÏÇÏ.

œÐÉÓÁÎÎÙÅ ÚÁÃÅÐÌÅÎÉÑ: ÄÏÐÏÌÎÉÔÅÌØÎÙÅ ÚÁÄÁÞÉ 1. úÁÃÅÐÌÅÎÎÙÅ ÞÅÔÙÒÅÈÚŒÅÎÎÙÅ ÌÏÍÁÎÙÅ

ôÅÏÒÅÍÁ 1’. (ôÅÏÒÅÍÁ úÁËÓÁ, 1981) ðÕÓÔØ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ ÄÁÎÙ 4 ËÒÁÓÎÙÅ É 4 ÓÉÎÉÅ ÔÏÞËÉ, ÐÒÉÞÅÍ ÎÉËÁËÉÅ ÄŒÁ ÏÔÒÅÚËÁ Ó ÒÁÚÎÏÃŒÅÔÎÙÍÉ ËÏÎÃÁÍÉ ÎÅ ÉÍÅÀÔ ÏÂÝÉÈ ŒÎÕÔÒÅÎÎÉÈ ÔÏÞÅË. ôÏ- ÇÄÁ ÎÁÊÄÕÔÓÑ ÄŒÅ ÚÁÃÅÐÌÅÎÎÙÅ ÚÁÍËÎÕÔÙÅ ÞÅÔÙÒÅÈÚŒÅÎÎÙÅ ÌÏÍÁÎÙÅ Ó ŒÅÒÛÉÎÁÍÉ Œ ÜÔÉÈ ÔÏÞËÁÈ, ÚŒÅÎØÑ ËÏÔÏÒÙÈ ÓÏÅÄÉÎÑÀÔ ÔÏÞËÉ ÒÁÚÎÙÈ ÃŒÅÔÏŒ.

1’.1 îÁ ÐÌÏÓËÏÓÔÉ ÄÁÎÙ ÔÒÉ ÓÉÎÉÅ É ÔÒÉ ËÒÁÓÎÙÅ ÔÏÞËÉ, ÐÒÉÞÅÍ ÎÉËÁËÉÅ ÔÒÉ ÔÏÞËÉ ÎÅ ÌÅÖÁÔ ÎÁ ÏÄÎÏÊ ÐÒÑÍÏÊ. äÏËÁÖÉÔÅ, ÞÔÏ ÎÁÊÄÕÔÓÑ ÄŒÁ ÏÔÒÅÚËÁ Ó ÒÁÚÎÏÃŒÅÔÎÙÍÉ ËÏÎÃÁÍÉ, ÐÅÒÅÓÅËÁÀÝÉÅÓÑ ŒÏ ŒÎÕÔÒÅÎÎÅÊ ÔÏÞËÅ.

ïÐÒÅÄÅÌÅÎÉÅ ËÏÜÆÆÉÃÉÅÎÔÁ ÚÁÃÅÐÌÅÎÉÑ ÞÅÔÙÒÅÈÚŒÅÎÎÙÈ ÌÏÍÁÎÙÈ. ðÕÓÔØ □ É □^′ | ÄŒÅ ÚÁÍËÎÕÔÙÅ ÞÅÔÙÒÅÈÚŒÅÎÎÙÅ ÌÏÍÁÎÙÅ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ, Ó ŒÅÒÛÉÎÁÍÉ A; B; C; D É A^′; B^′; C^′; D^′ ÓÏÏÔŒÅÔÓÔŒÅÎÎÏ, ÎÁÈÏÄÑÝÉÍÉÓÑ Œ ÏÂÝÅÍ ÐÏÌÏÖÅÎÉÉ. éÈ ËÏÜÆÆÉÃÉÅÎÔÏÍ ÚÁÃÅÐÌÅÎÉÑ ÎÁÚÏŒÅÍ

ÏÓÔÁÔÏË ÐÒÉ ÄÅÌÅÎÉÉ ÎÁ 2 ËÏÌÉÞÅÓÔŒÁ ÔÏÞÅË ÐÅÒÅÓÅÞÅÎÉÑ ËÏÎÔÕÒÁ ABCD Ó ÏÂSSÅÄÉÎÅÎÉÅÍ ÔÒÅ- ÕÇÏÌØÎÉËÏŒ A^′B^′C^′ É A^′D^′C^′.

1’.2 äÏËÁÖÉÔÅ, ÞÔÏ lk(ABCD; A^′B^′C^′D^′) = lk(ABCD; B^′C^′D^′A^′).

1’.3 äÏËÁÖÉÔÅ ÓŒÏÊÓÔŒÁ ËÏÜÆÆÉÃÉÅÎÔÁ ÚÁÃÅÐÌÅÎÉÑ ÚÁÍËÎÕÔÙÈ ÞÅÔÙÒÅÈÚŒÅÎÎÙÈ ÌÏÍÁÎÙÈ, ÁÎÁ- ÌÏÇÉÞÎÙÅ 1.5, 1.6.

1’.4 äÁÊÔÅ ÏÐÒÅÄÅÌÅÎÉÅ ËÏÜÆÆÉÃÉÅÎÔÁ ÚÁÃÅÐÌÅÎÉÑ ÞÅÔÙÒÅÈÚŒÅÎÎÙÈ ÌÏÍÁÎÙÈ Œ ÓÌÕÞÁÅ, ËÏÇÄÁ ÔÒÅÂÏŒÁÎÉÅ ÏÂÝÅÇÏ ÐÏÌÏÖÅÎÉÑ ÚÁÍÅÎÅÎÏ ÂÏÌÅÅ ÓÌÁÂÙÍ ÔÒÅÂÏŒÁÎÉÅÍ □ ∩ □^′ = ∅ ÔÁË, ÞÔÏÂÙ ÓÏÈÒÁ- ÎÉÌÉÓØ ÐÒÅÄÙÄÕÝÉÅ ÓŒÏÊÓÔŒÁ.

ïÐÒÅÄÅÌÅÎÉÅ ÏÂÝÅÇÏ ÐÏÌÏÖÅÎÉÑ Œ ÓÌÕÞÁÅ ÄŒÕÈ ÃŒÅÔÏŒ. îÁÂÏÒ ÔÏÞÅË Œ ÐÒÏÓÔÒÁÎÓÔŒÅ, ÏËÒÁÛÅÎÎÙÈ Œ ÄŒÁ ÃŒÅÔÁ, ÎÁÚÙŒÁÅÔÓÑ ÎÁÂÏÒÏÍ ÏÂÝÅÇÏ ÐÏÌÏÖÅÎÉÑ, ÅÓÌÉ ÎÉËÁËÉÅ ÄŒÁ ÏÔÒÅÚËÁ Ó ÒÁÚÎÏÃŒÅÔÎÙÍÉ ËÏÎÃÁÍÉ ÎÅ ÉÍÅÀÔ ÏÂÝÉÈ ŒÎÕÔÒÅÎÎÉÈ ÔÏÞÅË.

ïÐÒÅÄÅÌÅÎÉÅ ÒÁÚÄÅÌÅÎÎÏÊ ÐÁÒÙ ÞÅÔÙÒÅÈÚŒÅÎÎÙÈ ÌÏÍÁÎÙÈ. ðÕÓÔØ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ ÄÁÎ ÎÁÂÏÒ 4-È ËÒÁÓÎÙÈ É 4-È ÓÉÎÉÈ ÔÏÞÅË ÏÂÝÅÇÏ ÐÏÌÏÖÅÎÉÑ. îÁÚÏŒÅÍ ÒÁÚÄÅÌÅÎÎÏÊ ÐÁÒÏÊ ÄŒÅ ÚÁ- ÍËÎÕÔÙÅ ÞÅÔÙÒÅÈÚŒÅÎÎÙÅ ÌÏÍÁÎÙÅ ÓÏ ÓÌÅÄÕÀÝÉÍÉ ÓŒÏÊÓÔŒÁÍÉ: (1) ÉÈ ŒÅÒÛÉÎÙ ÒÁÓÐÏÌÏÖÅÎÙ Œ ÄÁÎÎÙÈ ÔÏÞËÁÈ; (2) ÏÎÉ ÎÅ ÉÍÅÀÔ ÏÂÝÉÈ ŒÅÒÛÉÎ; (3) ÉÈ ÚŒÅÎØÑ ÓÏÅÄÉÎÑÀÔ ÔÏÞËÉ ÒÁÚÎÙÈ ÃŒÅÔÏŒ.

1’.5 ðÕÓÔØ 4 ËÒÁÓÎÙÅ ÔÏÞËÉ ÌÅÖÁÔ ÎÁ ÏÄÎÏÊ ÐÒÑÍÏÊ, Á 4 ÓÉÎÉÅ | ÎÁ ÄÒÕÇÏÊ ÐÒÑÍÏÊ, ÓËÒÅ- ÝÉŒÁÀÝÅÊÓÑ Ó ÎÅÊ. îÁÊÄÉÔÅ Œ ÜÔÏÍ ÓÌÕÞÁÅ ŒÓÅ ÒÁÚÄÅÌÅÎÎÙÅ ÐÁÒÙ (□; □^′), ÄÌÑ ËÏÔÏÒÙÈ □ É □^′ ÚÁÃÅÐÌÅÎÙ.

1’.6 äÁÊÔÅ ÏÐÒÅÄÅÌÅÎÉÅ ÚÁÃÅÐÌÅÎÎÏÓÔÉ ÄÌÑ ÞÅÔŒÅÒËÉ ÓÉÎÉÈ É ÞÅÔŒÅÒËÉ ËÒÁÓÎÙÈ ÔÏÞÅË É ÄÏËÁ- ÖÉÔÅ, ÞÔÏ ÏÎÁ ÞÅÔÎÁ.

1’.7 äÏËÁÖÉÔÅ ÔÅÏÒÅÍÕ 1’.

1’.8 äÏËÁÖÉÔÅ, ÞÔÏ Œ ÐÒÅÄÐÏÌÏÖÅÎÉÑÈ ÔÅÏÒÅÍÙ 1’ ÎÁÊÄÕÔÓÑ ÈÏÔÑ ÂÙ ÄŒÅ ÐÁÒÙ ÚÁÃÅÐÌÅÎÎÙÈ ÚÁÍËÎÕÔÙÈ ÞÅÔÙÒÅÈÚŒÅÎÎÙÈ ÌÏÍÁÎÙÈ.

úÁÄÁÞÉ, ÐÒÅÄÌÏÖÅÎÎÙÅ ÐÏÓÌÅ ÐÒÏÍÅÖÕÔÏÞÎÏÇÏ ÆÉÎÉÛÁ (òÅÛÅÎÉÑ ÎÅ ÉÓÐÏÌØÚÕÀÔ ÒÅÚÕÌØÔÁÔÏŒ ÐÒÅÄÙÄÕÝÉÈ ÐÕÎËÔÏŒ)

2. œÐÉÓÁÎÎÙÅ ÕÚÌÙ É ÚÁÃÅÐÌÅÎÉÑ

ïÐÒÅÄÅÌÅÎÉÅ ÕÚÌÁ (ÚÁÃÅÐÌÅÎÉÑ), ŒÐÉÓÁÎÎÏÇÏ Œ ÒÁÓËÒÁÛÅÎÎÏÅ ÍÎÏÖÅÓÔŒÏ. ðÕÓÔØ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ ÄÁÎÏ ÍÎÏÖÅÓÔŒÏ ÔÏÞÅË, ÏËÒÁÛÅÎÎÙÈ Œ ÄŒÁ ÃŒÅÔÁ. ôÏÇÄÁ ÐÏÄ ŒÐÉÓÁÎÎÙÍ ÕÚÌÏÍ ÂÕ- ÄÅÍ ÐÏÎÉÍÁÔØ ÌÏÍÁÎÕÀ, ÐÒÅÄÓÔÁŒÌÑÀÝÕÀ ÄÁÎÎÙÊ ÕÚÅÌ, ÚŒÅÎØÑ ËÏÔÏÒÏÊ ÓÏÅÄÉÎÑÀÔ ÔÏÞËÉ ÒÁÚÎÙÈ ÃŒÅÔÏŒ. œÐÉÓÁÎÎÏÅ ÚÁÃÅÐÌÅÎÉÅ ÏÐÒÅÄÅÌÑÅÔÓÑ ÁÎÁÌÏÇÉÞÎÏ (ÓÍ., ÎÁÐÒÉÍÅÒ, ÔÅÏÒÅÍÕ 1’).

ôÅÏÒÅÍÁ 2’. (ôÅÏÒÅÍÁ íÉ-ÅÞÉ, 1994) äÌÑ ÌÀÂÏÇÏ ÕÚÌÁ (ÚÁÃÅÐÌÅÎÉÑ) ÎÁÊÄÅÔÓÑ ÞÉÓÌÏ N ÔÁËÏÅ, ÞÔÏ Œ ÌÀÂÏÅ ÍÎÏÖÅÓÔŒÏ N ÓÉÎÉÈ É N ËÒÁÓÎÙÈ ÔÏÞÅË Œ ÐÒÏÓÔÒÁÎÓÔŒÅ, ÎÉËÁËÉÅ 4 ÉÚ ËÏÔÏÒÙÈ ÎÅ ÌÅÖÁÔ Œ ÏÄÎÏÊ ÐÌÏÓËÏÓÔÉ, ÍÏÖÎÏ ŒÐÉÓÁÔØ ÄÁÎÎÙÊ ÕÚÅÌ (ÚÁÃÅÐÌÅÎÉÅ).

(ïÞÅŒÉÄÎÏ, ÔÅÏÒÅÍÁ îÅÇÁÍÉ ÓÌÅÄÕÅÔ ÉÚ ÔÅÏÒÅÍÙ íÉ-ÅÞÉ).

ïÐÒÅÄÅÌÅÎÉÅ ÐÏÌÏÖÉÔÅÌØÎÏÇÏ ÎÁÂÏÒÁ. ðÕÓÔØ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ ÄÁÎ ÎÁÂÏÒ N ÓÉÎÉÈ É N ËÒÁÓÎÙÈ ÔÏÞÅË, ÎÁÈÏÄÑÝÉÊÓÑ Œ ÏÂÝÅÍ ÐÏÌÏÖÅÎÉÉ (ÓÍÏÔÒÉ ÏÐÒÅÄÅÌÅÎÉÅ ŒÙÛÅ). ðÒÏŒÅÄÅÍ ŒÓÅ ÏÔÒÅÚËÉ, ÓÏÅÄÉÎÑÀÝÉÅ ÔÏÞËÉ ÒÁÚÎÏÇÏ ÃŒÅÔÁ. îÁÒÉÓÕÅÍ ÎÁ ÇÏÒÉÚÏÎÔÁÌØÎÏÊ ÐÌÏÓËÏÓÔÉ ÐÒÏÅËÃÉÀ ÐÏÌÕÞÅÎÎÏÊ ÆÉÇÕÒÙ. œ ÄÁÌØÎÅÊÛÅÍ ÎÁÓ ÂÕÄÅÔ ÉÎÔÅÒÅÓÏŒÁÔØ ÔÏÌØËÏ ÜÔÁ ÐÌÏÓËÁÑ ËÁÒÔÉÎËÁ, É ÍÙ ÂÕÄÅÍ ÇÏŒÏÒÉÔØ ’ÔÏÞËÁ ÎÁÂÏÒÁ’ É ’ÏÔÒÅÚÏË’, ÐÏÄÒÁÚÕÍÅŒÁÑ ÓÏÏÔŒÅÔÓÔŒÅÎÎÏ ’ÐÒÏÅËÃÉÑ ÔÏÞËÉ ÎÁÂÏÒÁ’ É ’ÐÒÏÅËÃÉÑ ÐÒÏŒÅÄÅÎÎÏÇÏ ÎÁÍÉ ÏÔÒÅÚËÁ’.

ðÕÓÔØ ÔÏÞËÉ ÎÁÂÏÒÁ ÎÅ ÐÏÐÁÄÁÀÔ ŒÎÕÔÒØ ÏÔÒÅÚËÏŒ. œ ËÁÖÄÏÊ ÔÏÞËÅ ÐÅÒÅÓÅÞÅÎÉÑ ÏÔÒÅÚËÏŒ (ÐÅÒÅËÒÅÓÔËÅ) ÕËÁÖÅÍ, ËÁËÏÊ ÉÚ ÏÔÒÅÚËÏŒ ÐÒÏÈÏÄÉÔ ŒÙÛÅ (ËÁË Œ ÚÁÄÁÞÅ 2.5). îÁÚÏŒÅÍ ÐÅÒÅËÒÅ- ÓÔÏË ÐÏÌÏÖÉÔÅÌØÎÙÍ (ÒÉÓ. 1’ ÓÌÅŒÁ), ÅÓÌÉ ÐÒÉ ÄŒÉÖÅÎÉÉ ÐÏ ÏÔÒÅÚËÕ, ËÏÔÏÒÙÊ ÐÒÏÈÏÄÉÔ ŒÙÛÅ, ÏÔ ÓÉÎÅÇÏ ËÏÎÃÁ Ë ËÒÁÓÎÏÍÕ ÓÉÎÉÊ ËÏÎÅÃ ÄÒÕÇÏÇÏ ÏÔÒÅÚËÁ ÏÓÔÁÅÔÓÑ ÓÌÅŒÁ. éÎÁÞÅ ÐÅÒÅËÒÅÓÔÏË ÎÁÚÏŒÅÍ ÏÔÒÉÃÁÔÅÌØÎÙÍ (ÒÉÓ. 1’ ÓÐÒÁŒÁ).

òÉÓ. 1’.

éÓÈÏÄÎÙÊ ÎÁÂÏÒ ÔÏÞÅË ÎÁÚÏŒÅÍ ÐÏÌÏÖÉÔÅÌØÎÙÍ, ÅÓÌÉ ÄÌÑ ÌÀÂÙÈ ÄŒÕÈ ÓÉÎÉÈ ÔÏÞÅË B_1; B_2 É ÌÀÂÙÈ ÄŒÕÈ ËÒÁÓÎÙÈ ÔÏÞÅË R_1; R_2 ÏÄÎÁ ÉÚ ÐÁÒ ÏÔÒÅÚËÏŒ B_1R_1; B_2R_2 É B_1R_2; B_2R_1 ÐÅÒÅÓÅËÁÅÔÓÑ ŒÏ ŒÎÕÔÒÅÎÎÅÊ ÔÏÞËÅ, ÐÒÉÞÅÍ ÐÏÌÕÞÅÎÎÙÊ ÐÅÒÅËÒÅÓÔÏË ÐÏÌÏÖÉÔÅÌÅÎ. áÎÁÌÏÇÉÞÎÏ ÏÐÒÅÄÅÌÑÅÔÓÑ ÏÔÒÉÃÁÔÅÌØÎÙÊ ÎÁÂÏÒ.

ðÒÉÍÅÒ 1’. ðÒÉÍÅÒ ÐÏÌÏÖÉÔÅÌØÎÏÇÏ ÎÁÂÏÒÁ ÉÚÏÂÒÁÖÅÎ ÎÁ ÒÉÓ. 2’ (ÓÒÁŒÎÉ Ó ÚÁÄÁÞÅÊ 1’.5).

òÉÓ. 2’.

2’.1 òÁÓËÒÁÓØÔÅ ÔÏÞËÉ ÉÚ ÐÒÉÍÅÒÁ 1 Œ ÄŒÁ ÃŒÅÔÁ ÔÁË, ÞÔÏÂÙ ÐÏÌÕÞÉÌÓÑ ÏÔÒÉÃÁÔÅÌØÎÙÊ ÎÁÂÏÒ. œ ÚÁÄÁÞÁÈ 2’.2{2’.5 ÐÒÅÄÐÏÌÁÇÁÅÔÓÑ, ÞÔÏ ÄÁÎ ÎÅËÏÔÏÒÙÊ ÐÏÌÏÖÉÔÅÌØÎÙÊ ÎÁÂÏÒ, ÐÒÉÞÅÍ N ≥ 2. 2’.2 œÓÅ ÓÉÎÉÅ ÔÏÞËÉ ÌÅÖÁÔ ÐÏ ÏÄÎÕ ÓÔÏÒÏÎÕ ÏÔ ÌÀÂÏÊ ÐÒÑÍÏÊ, ÓÏÅÄÉÎÑÀÝÅÊ ÄŒÅ ËÒÁÓÎÙÅ ÔÏÞËÉ.

ïÐÒÅÄÅÌÅÎÉÅ ÐÏÒÑÄËÁ ’>’. ðÕÓÔØ ÄÁÎ ÐÏÌÏÖÉÔÅÌØÎÙÊ ÎÁÂÏÒ. ðÕÓÔØ R_1 É R_2 | ÄŒÅ ËÒÁÓÎÙÅ ÔÏÞËÉ. óËÁÖÅÍ, ÞÔÏ R_1 > R_2, ÅÓÌÉ ÐÒÉ ÄŒÉÖÅÎÉÉ ÐÏ ÐÒÑÍÏÊ R_1R_2 ÏÔ R_1 Ë R_2 ŒÓÅ ÓÉÎÉÅ ÔÏÞËÉ ÏÓÔÁÀÔÓÑ ÓÐÒÁŒÁ.

2’.3 åÓÌÉ R_1 > R_2 É R_2 > R_3, ÔÏ R_1 > R_3.

2’.4 åÓÌÉ ÏÔÒÅÚÏË R_1B_1 ÐÒÏÈÏÄÉÔ ŒÙÛÅ R_2B_2, ÔÏ R_1 > R_2.

2’.5 ëÒÁÓÎÙÅ É ÓÉÎÉÅ ÔÏÞËÉ ÍÏÖÎÏ ÚÁÎÕÍÅÒÏŒÁÔØ ÔÁË, ÞÔÏ ÐÒÉ ÌÀÂÙÈ i < j É k ≠ l ÏÔÒÅÚÏË R_iB_k ÐÒÏÈÏÄÉÔ ŒÙÛÅ R_j B_l.

2’.6 œÐÉÛÉÔÅ ÔÒÉÌÉÓÔÎÉË Œ ÎÁÂÏÒ ÔÏÞÅË ÉÚ ÐÒÉÍÅÒÁ 1’.

2’.7 œ ÌÀÂÏÊ ÐÏÌÏÖÉÔÅÌØÎÙÊ ÎÁÂÏÒ 5 ÓÉÎÉÈ É 5 ËÒÁÓÎÙÈ ÔÏÞÅË ÍÏÖÎÏ ŒÐÉÓÁÔØ ÔÒÉÌÉÓÔÎÉË. 2’.8 (ôÅÏÒÅÍÙ òÁÍÓÅÑ) Á) äÏËÁÖÉÔÅ, ÞÔÏ ÄÌÑ ÌÀÂÙÈ m É n ÎÁÊÄÅÔÓÑ ÔÁËÏÅ R(m; n), ÞÔÏ ÐÒÉ ÌÀÂÏÊ ÒÁÓËÒÁÓËÅ ÒÅÂÅÒ ÐÏÌÎÏÇÏ ÇÒÁÆÁ Ó R(m; n) ŒÅÒÛÉÎÁÍÉ Œ ÄŒÁ ÃŒÅÔÁ ÎÁÊÄÅÔÓÑ ÌÉÂÏ ÐÏÌÎÙÊ ÐÏÄÇÒÁÆ ÐÅÒŒÏÇÏ ÃŒÅÔÁ Ó m ŒÅÒÛÉÎÁÍÉ, ÌÉÂÏ ÐÏÌÎÙÊ ÐÏÄÇÒÁÆ ŒÔÏÒÏÇÏ ÃŒÅÔÁ Ó n ŒÅÒÛÉÎÁÍÉ.

Â) óÆÏÒÍÕÌÉÒÕÊÔÅ É ÄÏËÁÖÉÔÅ ÏÂÏÂÝÅÎÉÅ ÐÕÎËÔÁ Á) ÎÁ ÓÌÕÞÁÊ ÔÒÅÈ ÃŒÅÔÏŒ. Œ) óÆÏÒÍÕÌÉÒÕÊÔÅ É ÄÏËÁÖÉÔÅ ÏÂÏÂÝÅÎÉÅ ÐÕÎËÔÏŒ Á) É Â) ÎÁ ÐÏÌÎÙÅ ÄŒÕÄÏÌØÎÙÅ ÇÒÁÆÙ. Ç) îÁÚÏŒÅÍ ÎÁÂÏÒ ÔÏÞÅË ÏÂÝÅÇÏ ÐÏÌÏÖÅÎÉÑ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ, ÏËÒÁÛÅÎÎÙÈ Œ ÄŒÁ ÃŒÅÔÁ, ÎÅÊ- ÔÒÁÌØÎÙÍ, ÅÓÌÉ ÐÒÏÅËÃÉÉ ÎÁ ÐÌÏÓËÏÓÔØ ÌÀÂÙÈ ÄŒÕÈ ÏÔÒÅÚËÏŒ Ó ÒÁÚÎÏÃŒÅÔÎÙÍÉ ËÏÎÃÁÍÉ ÎÅ ÐÅ- ÒÅÓÅËÁÀÔÓÑ (ŒÏ ŒÎÕÔÒÅÎÎÉÈ ÔÏÞËÁÈ). äÏËÁÖÉÔÅ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ n ÎÁÊÄÅÔÓÑ ÔÁËÏÅ R(n), ÞÔÏ ÌÀÂÏÊ ÎÁÂÏÒ R(n) ÓÉÎÉÈ É R(n) ËÒÁÓÎÙÈ ÔÏÞÅË ÏÂÝÅÇÏ ÐÏÌÏÖÅÎÉÑ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ ÓÏÄÅÒÖÉÔ ÌÉÂÏ ÐÏÌÏÖÉÔÅÌØÎÙÊ, ÌÉÂÏ ÏÔÒÉÃÁÔÅÌØÎÙÊ, ÌÉÂÏ ÎÅÊÔÒÁÌØÎÙÊ ÎÁÂÏÒ n ÓÉÎÉÈ É n ËÒÁÓÎÙÈ ÔÏÞÅË.

Ä) äÏËÁÖÉÔÅ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ n ÎÁÊÄÅÔÓÑ ÔÁËÏÅ R(n), ÞÔÏ ÌÀÂÏÊ ÎÁÂÏÒ R(n) ÓÉÎÉÈ É R(n) ËÒÁÓÎÙÈ ÔÏÞÅË ÏÂÝÅÇÏ ÐÏÌÏÖÅÎÉÑ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ ÓÏÄÅÒÖÉÔ ÌÉÂÏ ÐÏÌÏÖÉÔÅÌØÎÙÊ, ÌÉÂÏ ÏÔÒÉÃÁ- ÔÅÌØÎÙÊ ÎÁÂÏÒ n ÓÉÎÉÈ É n ËÒÁÓÎÙÈ ÔÏÞÅË.

2’.9 äÏËÁÖÉÔÅ ÔÅÏÒÅÍÙ íÉ-ÅÞÉ É îÅÇÁÍÉ ÄÌÑ ÔÒÉÌÉÓÔÎÉËÁ.

2’.10 œÐÉÛÉÔÅ ÕÚÌÙ É ÚÁÃÅÐÌÅÎÉÑ ÎÁ ÒÉÓ. 2, 3 Œ ËÁËÉÅ-ÎÉÂÕÄØ ÐÏÌÏÖÉÔÅÌØÎÙÅ ÎÁÂÏÒÙ ÔÏÞÅË É ÄÏËÁÖÉÔÅ ÄÌÑ ÎÉÈ ÔÅÏÒÅÍÙ íÉ-ÅÞÉ É îÅÇÁÍÉ.

œÐÉÓÁÎÎÙÅ ÚÁÃÅÐÌÅÎÉÑ: ÄÏÍÁÛÎÅÅ ÚÁÄÁÎÉÅ 2. œÐÉÓÁÎÎÙÅ ÕÚÌÙ É ÚÁÃÅÐÌÅÎÉÑ

ìÅÍÍÁ Ï ÄŒÕÈ ÓÐÉÃÁÈ. ðÕÓÔØ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ ÄÁÎÙ ÄŒÅ ÓËÒÅÝÉŒÁÀÝÉÅÓÑ ÐÒÑÍÙÅ. äÌÑ ÌÀ- ÂÏÇÏ ÕÚÌÁ ÎÁÊÄÅÔÓÑ ÔÁËÏÅ N, ÞÔÏ ÄÁÎÎÙÊ ÕÚÅÌ ÍÏÖÎÏ ŒÐÉÓÁÔØ Œ ÍÎÏÖÅÓÔŒÏ, ÓÏÓÔÏÑÝÅÅ ÉÚ N ËÒÁÓÎÙÈ ÔÏÞÅË ÎÁ ÐÅÒŒÏÊ ÐÒÑÍÏÊ É N ÓÉÎÉÈ ÔÏÞÅË ÎÁ ŒÔÏÒÏÊ ÐÒÑÍÏÊ.

(éÎÙÍÉ ÓÌÏŒÁÍÉ, ÌÀÂÏÊ ÕÚÅÌ ÍÏÖÎÏ ÎÁÔÑÎÕÔØ ÎÁ ÄŒÅ ÓÐÉÃÙ.)

ïÐÒÅÄÅÌÅÎÉÅ ÐÒÑÍÏÕÇÏÌØÎÏÇÏ ÐÒÅÄÓÔÁŒÌÅÎÉÑ ÕÚÌÁ. (òÉÓ. 3’ ÓÌÅŒÁ, ÒÉÓ. 2Ä) âÕÄÅÍ ÇÏŒÏ- ÒÉÔØ, ÞÔÏ ÚÁÄÁÎÏ ÐÒÑÍÏÕÇÏÌØÎÏÅ ÐÒÅÄÓÔÁŒÌÅÎÉÅ ÕÚÌÁ, ÅÓÌÉ ÐÒÏÅËÃÉÑ ŒÅÒÅŒËÉ ÎÁ ÐÌÏÓËÏÓÔØ ÏÂÌÁ- ÄÁÅÔ ÓÌÅÄÕÀÝÉÍÉ ÓŒÏÊÓÔŒÁÍÉ:

⊏) ÐÒÏÅËÃÉÑ ÓÏÓÔÏÉÔ ÉÚ ÎÅËÏÔÏÒÏÇÏ ÞÉÓÌÁ ŒÅÒÔÉËÁÌØÎÙÈ É ÇÏÒÉÚÏÎÔÁÌØÎÙÈ ÏÔÒÅÚËÏŒ; −) ÎÉËÁËÉÅ ÄŒÁ ŒÅÒÔÉËÁÌØÎÙÈ ÏÔÒÅÚËÁ ÎÅ ÌÅÖÁÔ ÎÁ ÏÄÎÏÊ ŒÅÒÔÉËÁÌØÎÏÊ ÐÒÑÍÏÊ É ÎÉËÁËÉÅ ÄŒÁ ÇÏÒÉÚÏÎÔÁÌØÎÙÈ ÏÔÒÅÚËÁ ÎÅ ÌÅÖÁÔ ÎÁ ÏÄÎÏÊ ÇÏÒÉÚÏÎÔÁÌØÎÏÊ ÐÒÑÍÏÊ;

÷) ÅÓÌÉ ŒÅÒÔÉËÁÌØÎÙÊ É ÇÏÒÉÚÏÎÔÁÌØÎÙÊ ÏÔÒÅÚÏË ÐÅÒÅÓÅËÁÀÔÓÑ, ÔÏ "ÇÏÒÉÚÏÎÔÁÌØÎÁÑ" ÞÁÓÔØ ŒÅÒÅŒËÉ ÐÒÏÈÏÄÉÔ ŒÙÛÅ "ŒÅÒÔÉËÁÌØÎÏÊ".

ïÐÒÅÄÅÌÅÎÉÅ ÐÒÑÍÏÕÇÏÌØÎÏÇÏ ÐÒÅÄÓÔÁŒÌÅÎÉÑ ÚÁÃÅÐÌÅÎÉÑ ÁÎÁÌÏÇÉÞÎÏ.

òÉÓ. 3’.

2’.11 ðÏÓÔÒÏÊÔÅ ÐÒÑÍÏÕÇÏÌØÎÙÅ ÐÒÅÄÓÔÁŒÌÅÎÉÑ ÕÚÌÏŒ É ÚÁÃÅÐÌÅÎÉÊ Ó ÒÉÓ. 2 É 3. ïÐÒÅÄÅÌÅÎÉÅ ÄŒÏÊÓÔŒÅÎÎÏÇÏ ÕÚÌÁ. (òÉÓ. 3’) ðÕÓÔØ ÄÁÎÏ ÐÒÑÍÏÕÇÏÌØÎÏÅ ÐÒÅÄÓÔÁŒÌÅÎÉÅ ÎÅËÏÔÏÒÏÇÏ ÕÚÌÁ. ðÕÓÔØ X_1; X_2; : : : ; X_N | "ËÏÏÒÄÉÎÁÔÙ" ŒÅÒÔÉËÁÌØÎÙÈ, Á Y_1; Y_2; : : : ; Y_M | "ËÏ- ÏÒÄÉÎÁÔÙ" ÇÏÒÉÚÏÎÔÁÌØÎÙÈ ÏÔÒÅÚËÏŒ ÅÇÏ ÐÒÏÅËÃÉÉ (ÒÉÓ. 3’). òÁÓÓÍÏÔÒÉÍ ÄŒÅ ÐÒÑÍÙÅ, ÐÁÒÁÌ- ÌÅÌØÎÙÅ ÐÌÏÓËÏÓÔÉ ÒÉÓÕÎËÁ, ÏÄÎÁ ÉÚ ËÏÔÏÒÙÈ ÒÁÓÐÏÌÏÖÅÎÁ ÐÏÄ ÜÔÏÊ ÐÌÏÓËÏÓÔØÀ É ÐÒÏÈÏÄÉÔ ÇÏ- ÒÉÚÏÎÔÁÌØÎÏ, Á ŒÔÏÒÁÑ ÒÁÓÐÏÌÏÖÅÎÁ ÎÁÄ ÜÔÏÊ ÐÌÏÓËÏÓÔØÀ É ÐÒÏÈÏÄÉÔ ŒÅÒÔÉËÁÌØÎÏ. ïÔÍÅÔÉÍ ÎÁ ÇÏÒÉÚÏÎÔÁÌØÎÏÊ ÐÒÑÍÏÊ ÔÏÞËÉ Ó ËÏÏÒÄÉÎÁÔÁÍÉ X_1; X_2; : : : ; X_N , Á ÎÁ ŒÅÒÔÉËÁÌØÎÏÊ | ÔÏÞËÉ Ó ËÏÏÒÄÉÎÁÔÁÍÉ Y_1; Y_2; : : : ; Y_M . ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ R_i ÔÏÞËÕ ÎÁ ÐÅÒŒÏÊ ÐÒÑÍÏÊ Ó ËÏÏÒÄÉÎÁÔÏÊ X_i, Á ÞÅÒÅÚ B_j | ÔÏÞËÕ ÎÁ ŒÔÏÒÏÊ ÐÒÑÍÏÊ Ó ËÏÏÒÄÉÎÁÔÏÊ Y_j . óÏÅÄÉÎÉÍ ÏÔÒÅÚËÁÍÉ ŒÓÅ ÐÁÒÙ ÏÔÍÅÞÅÎ- ÎÙÈ ÔÏÞÅË R_i; B_j, ÄÌÑ ËÏÔÏÒÙÈ ÔÏÞËÁ (X_i; Y_j ) ÎÁ ÐÌÏÓËÏÓÔÉ ÒÉÓÕÎËÁ ÑŒÌÑÅÔÓÑ ËÏÎÃÏÍ ÎÅËÏÔÏÒÏÇÏ ÏÔÒÅÚËÁ ÐÒÏÅËÃÉÉ ÕÚÌÁ. œ ÒÅÚÕÌØÔÁÔÅ ÐÏÌÕÞÉÍ ÎÅËÏÔÏÒÕÀ ÚÁÍËÎÕÔÕÀ ÌÏÍÁÎÕÀ. õÚÅÌ, ËÏÔÏÒÙÊ ÐÒÅÄÓÔÁŒÄÑÅÔÓÑ ÜÔÏÊ ÌÏÍÁÎÏÊ, ÎÁÚÏŒÅÍ ÕÚÌÏÍ, ÄŒÏÊÓÔŒÅÎÎÙÍ Ë ÉÓÈÏÄÎÏÍÕ. ïÐÒÅÄÅÌÅÎÉÅ ÄŒÏÊ- ÓÔŒÅÎÎÏÇÏ ÚÁÃÅÐÌÅÎÉÑ ÁÎÁÌÏÇÉÞÎÏ.

ðÒÉÍÅÒ 2’. îÁ ÒÉÓ. 3’ ÉÚÏÂÒÁÖÅÎÙ ÔÒÉÌÉÓÔÎÉË É ÄŒÏÊÓÔŒÅÎÎÙÊ Ë ÎÅÍÕ ÕÚÅÌ (ÔÒÉÌÉÓÔÎÉË). 2’.12 îÁÒÉÓÕÊÔÅ ÄŒÏÊÓÔŒÅÎÎÙÅ ÕÚÌÙ É ÚÁÃÅÐÌÅÎÉÑ ÄÌÑ ÐÏÓÔÒÏÅÎÎÙÈ œÁÍÉ Œ ÚÁÄÁÞÅ 2’.11 ÐÒÑ- ÍÏÕÇÏÌØÎÙÈ ÕÚÌÏŒ É ÚÁÃÅÐÌÅÎÉÊ. þÔÏ ÜÔÏ ÚÁ ÕÚÌÙ?

2’.13 Á) äÏËÁÖÉÔÅ, ÞÔÏ ÄÌÑ ÌÀÂÏÇÏ ÕÚÌÁ ÓÕÝÅÓÔŒÕÅÔ ÐÒÑÍÏÕÇÏÌØÎÏÅ ÐÒÅÄÓÔÁŒÌÅÎÉÅ. Â) äÏËÁÖÉÔÅ, ÞÔÏ ÌÀÂÏÊ ÕÚÅÌ ÍÏÖÎÏ ÐÒÏÄÅÆÏÒÍÉÒÏŒÁÔØ Œ ÄŒÏÊÓÔŒÅÎÎÙÊ Ë ÎÅÍÕ; 2’.14 äÏËÁÖÉÔÅ ÌÅÍÍÕ Ï ÄŒÕÈ ÓÐÉÃÁÈ.

2’.15 œÙŒÅÄÉÔÅ ÉÚ ÌÅÍÍÙ Ï ÄŒÕÈ ÓÐÉÃÁÈ ÔÅÏÒÅÍÙ íÉ-ÅÞÉ É îÅÇÁÍÉ.

2’.16 (ÔÒÕÄÎÁÑ) ïÐÉÓÁÔØ ŒÓÅ ÇÒÁÆÙ, ÐÒÉ ÌÀÂÏÍ ÒÁÓÐÏÌÏÖÅÎÉÉ ËÏÔÏÒÙÈ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ ÎÁÊ- ÄÅÔÓÑ ÐÁÒÁ ÚÁÃÅÐÌÅÎÎÙÈ ÃÉËÌÏŒ.

2’.17 (ÉÚŒÅÓÔÎÁÑ ÏÔËÒÙÔÁÑ ÐÒÏÂÌÅÍÁ) ïÐÉÓÁÔØ ŒÓÅ ÇÒÁÆÙ, ÐÒÉ ÌÀÂÏÍ ÒÁÓÐÏÌÏÖÅÎÉÉ ËÏÔÏÒÙÈ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ ÎÅËÏÔÏÒÙÊ ÃÉËÌ ÏËÁÚÙŒÁÅÔÓÑ ÚÁÕÚÌÅÎÎÙÍ.

[1] J. Conway, C. Gordon, Knots and links in spatial graphs, Journal of Graph Theory 7 (1983), 445{453.

[2] S. Negami, Ramsey-type theorem for spatial graphs, Graphs and Combinatorics 14 (1998), 75{80. [3] M. Skopenkov, Embedding products of graphs into Euclidean spaces, Fundamenta Mathematicae, to appear.

òÅÛÅÎÉÑ ÚÁÄÁÞ, ÐÒÅÄÌÏÖÅÎÎÙÈ ÄÏ ÐÒÏÍÅÖÕÔÏÞÎÏÇÏ ÆÉÎÉÛÁ 1.1 òÁÓÓÍÏÔÒÉÍ ÇÒÁÆ, ÓÏÓÔÏÑÝÉÊ ÉÚ ÛÅÓÔÉ ŒÅÒÛÉÎ É ŒÓÅÈ ÒÅÂÅÒ, ÓÏÅÄÉÎÑÀÝÉÈ ÉÈ. ëÁÖÄÏÍÕ ÞÅÌÏŒÅËÕ ÓÏÐÏÓÔÁŒÉÍ ŒÅÒÛÉÎÕ ÜÔÏÇÏ ÇÒÁÆÁ. åÓÌÉ ÄŒÏÅ ÌÀÄÅÊ ÚÎÁËÏÍÙ, ÔÏ ÒÅÂÒÏ, ÓÏÅÄÉÎÑÀÝÅÅ ÓÏÏÔŒÅÔÓÔŒÕÀÝÉÅ ÉÍ ŒÅÒÛÉÎÙ, ÐÏËÒÁÓÉÍ Œ ËÒÁÓÎÙÊ ÃŒÅÔ, ÉÎÁÞÅ | Œ ÓÉÎÉÊ ÃŒÅÔ. òÁÓÓÍÏÔÒÉÍ ÎÅËÏÔÏÒÕÀ ŒÅÒÛÉÎÕ A. ðÏ ÐÒÉÎÃÉÐÕ äÉÒÉÈÌÅ ÎÁÊÄÕÔÓÑ ÔÒÉ ŒÅÒÛÉÎÙ X_1, X_2 É X_3 ÔÁËÉÅ, ÞÔÏ ÒÅÂÒÁ AX_1, AX_2, AX_3 ÏÄÎÏÇÏ ÃŒÅÔÁ. äÌÑ ÏÐÒÅÄÅÌÅÎÎÏÓÔÉ ÓÞÉÔÁÅÍ, ÞÔÏ ÜÔÏ | ËÒÁÓÎÙÊ ÃŒÅÔ. åÓÌÉ ËÁËÏÅ-ÔÏ ÉÚ ÒÅÂÅÒ X_iX_j (i, j ∈ {1; 2; 3}) ËÒÁÓÎÏÇÏ ÃŒÅÔÁ, ÔÏ ŒÓÅ ÓÔÏÒÏÎÙ ÔÒÅÕÇÏÌØÎÉËÁ AX_iX_j ÉÍÅÀÔ ËÒÁÓÎÙÊ ÃŒÅÔ, É ÔÅÍ ÓÁÍÙÍ ÚÁÄÁÞÁ ÒÅÛÅÎÁ. œ ÐÒÏÔÉŒÎÏÍ ÓÌÕÞÁÅ ŒÓÅ ÓÔÏÒÏÎÙ ÔÒÅÕÇÏÌØÎÉËÁ X_1X_2X_3 ÉÍÅÀÔ ÓÉÎÉÊ ÃŒÅÔ. é Œ ÜÔÏÍ ÓÌÕÞÁÅ ÚÁÄÁÞÁ ÔÏÖÅ ÒÅÛÅÎÁ.

1.2 ðÅÒŒÏÅ ÒÅÛÅÎÉÅ. åÓÌÉ ŒÙÐÕËÌÁÑ ÏÂÏÌÏÞËÁ ÒÁÓÓÍÁÔÒÉŒÁÅÍÙÈ ÔÏÞÅË ÞÅÔÙÒÅÈ- ÉÌÉ ÐÑÔÉ- ÕÇÏÌØÎÉË, ÔÏ ÕÔŒÅÒÖÄÅÎÉÅ ÚÁÄÁÞÉ ÏÞÅŒÉÄÎÏ: ÐÅÒÅÓÅËÕÔÓÑ ÄŒÅ ÄÉÁÇÏÎÁÌÉ. òÁÓÓÍÏÔÒÉÍ ÓÌÕÞÁÊ, ËÏÇÄÁ ŒÙÐÕËÌÏÊ ÏÂÏÌÏÞËÏÊ ÑŒÌÑÅÔÓÑ ÔÒÅÕÇÏÌØÎÉË ABC. äŒÅ ÏÓÔÁŒÛÉÅÓÑ ÔÏÞËÉ D É E ÉÚ ÄÁÎÎÙÈ ÐÑÔÉ ÌÅÖÁÔ ŒÎÕÔÒÉ ÔÒÅÕÇÏÌØÎÉËÁ ABC. E ÌÅÖÉÔ ŒÎÕÔÒÉ ÏÄÎÏÇÏ ÉÚ ÔÒÅÕÇÏÌØÎÉËÏŒ DAB, DAC ÉÌÉ DBC | ÄÏÐÕÓÔÉÍ, Œ DAC. ôÏÇÄÁ EB ÐÅÒÅÓÅËÁÅÔÓÑ Ó ÏÄÎÉÍ ÉÚ ÏÔÒÅÚËÏŒ DA ÉÌÉ DC.

œÔÏÒÏÅ ÒÅÛÅÎÉÅ. õÔŒÅÒÖÄÅÎÉÅ ÜÔÏÊ ÚÁÄÁÞÉ ÑŒÌÑÅÔÓÑ ÄŒÕÍÅÒÎÙÍ ÁÎÁÌÏÇÏÍ ÔÅÏÒÅÍÙ 1 É ÍÏÖÅÔ ÂÙÔØ ÄÏËÁÚÁÎÏ ÁÎÁÌÏÇÉÞÎÙÍ ÏÂÒÁÚÏÍ. îÁÂÏÒ ÔÏÞÅË ÎÁ ÐÌÏÓËÏÓÔÉ ÎÁÚÏŒÅÍ ÎÁÂÏÒÏÍ ÏÂÝÅÇÏ ÐÏÌÏ- ÖÅÎÉÑ, ÅÓÌÉ ÎÉËÁËÉÅ ÔÒÉ ÉÚ ÎÉÈ ÎÅ ÌÅÖÁÔ ÎÁ ÏÄÎÏÊ ÐÒÑÍÏÊ. îÁÚÏŒÅÍ ÚÁÃÅÐÌÅÎÎÏÓÔØÀ ÐÑÔÅÒËÉ ÔÏÞÅË ÏÂÝÅÇÏ ÐÏÌÏÖÅÎÉÑ ÞÉÓÌÏ ÐÁÒ ÏÔÒÅÚËÏŒ Ó ËÏÎÃÁÍÉ Œ ÜÔÉÈ ÔÏÞËÁÈ, ÐÅÒÅÓÅËÁÀÝÉÈÓÑ ŒÏ ŒÎÕ- ÔÒÅÎÎÅÊ ÔÏÞËÅ. ìÅÇËÏ ÐÒÉŒÅÓÔÉ ÐÒÉÍÅÒ ÐÑÔÅÒËÉ, ÚÁÃÅÐÌÅÎÎÏÓÔØ ËÏÔÏÒÏÊ ÒÁŒÎÁ 1. ðÏÓÌÅ ÜÔÏÇÏ ÄÌÑ ÄÏËÁÚÁÔÅÌØÓÔŒÁ ÕÔŒÅÒÖÄÅÎÉÑ ÚÁÄÁÞÉ ÄÏÓÔÁÔÏÞÎÏ ÐÏËÁÚÁÔØ, ÞÔÏ ÞÅÔÎÏÓÔØ ÚÁÃÅÐÌÅÎÎÏÓÔÉ ÎÅ ÚÁŒÉÓÉÔ ÏÔ ŒÙÂÏÒÁ 5 ÔÏÞÅË. ðÕÓÔØ ÄÁÎÙ ÄŒÅ ÐÑÔÅÒËÉ. ïÄÎÕ ÉÚ ÎÉÈ ÍÏÖÎÏ ÐÅÒÅŒÅÓÔÉ Œ ÄÒÕÇÕÀ, ÐÏ ÏÞÅÒÅÄÉ ÄŒÉÇÁÑ ÔÏÞËÉ (ÐÒÉÞÅÍ ÄŒÉÖÅÎÉÅ ÍÏÖÎÏ ÓÞÉÔÁÔØ ÒÁŒÎÏÍÅÒÎÙÍ). ðÏËÁ ÔÏÞËÉ ÄŒÉÖÕÔÓÑ ÔÁË, ÞÔÏ ÐÑÔÅÒËÁ ÏÓÔÁÅÔÓÑ Œ ÏÂÝÅÍ ÐÏÌÏÖÅÎÉÉ, ÚÁÃÅÐÌÅÎÎÏÓÔØ, ÏÞÅŒÉÄÎÏ, ÎÅ ÍÅÎÑÅÔÓÑ. ëÁË ÔÏÌØËÏ ÏÄÎÁ ÉÚ ÔÏÞÅË (ÓËÁÖÅÍ, A) ÐÏÐÁÄÁÅÔ ÎÁ ÏÔÒÅÚÏË Ó ËÏÎÃÁÍÉ Œ ÄŒÕÈ ÄÒÕÇÉÈ ÔÏÞËÁÈ (ÓËÁÖÅÍ, B É C), ÚÁÃÅÐÌÅÎÎÏÓÔØ ÌÉÂÏ ÎÅ ÍÅÎÑÅÔÓÑ, ÌÉÂÏ ÍÅÎÑÅÔÓÑ ÎÁ ±2. äÅÊÓÔŒÉÔÅÌØÎÏ, Œ ÔÁËÏÊ ÍÏÍÅÎÔ ÍÅÎÑÅÔÓÑ "ÓÏÓÔÏÑÎÉÅ " (Ô. Å. ÐÅÒÅÓÅËÁÀÝÉÅÓÑ ÏÔÒÅÚËÉ ÓÔÁÎÏŒÑÔÓÑ ÎÅÐÅÒÅÓÅËÁÀÝÉÍÉÓÑ, É ÎÁÏÂÏÒÏÔ) ÒÏŒÎÏ ÄŒÕÈ ÐÁÒ ÏÔÒÅÚËÏŒ: AD; BC É AE; BC (ÇÄÅ D É E ÄŒÅ ÏÓÔÁŒÛÉÅÓÑ ÔÏÞËÉ ÐÑÔÅÒËÉ).

1.3 äÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ ÅÓÌÉ lk(´; ´^′) = 1 ÉÌÉ lk(´^′; ´) = 1, ÔÏ ËÏÎÔÕÒ ÔÒÅÕÇÏÌØÎÉËÁ ´ ÐÅÒÅÓÅËÁÅÔ ÐÌÏÓËÏÓÔØ ÔÒÅÕÇÏÌØÎÉËÁ ´^′. ðÅÒŒÙÊ ÓÌÕÞÁÊ ÏÞÅŒÉÄÅÎ. œÏ ŒÔÏÒÏÍ ÓÌÕÞÁÅ ËÏÎÔÕÒ ÔÒÅÕÇÏÌØÎÉËÁ ´^′ ÐÅÒÅÓÅËÁÅÔ ŒÎÕÔÒÅÎÎÏÓÔØ ÔÒÅÕÇÏÌØÎÉËÁ ´. ðÏÜÔÏÍÕ ŒÎÕÔÒÅÎÎÏÓÔØ ÔÒÅÕÇÏÌØ- ÎÉËÁ ´ ÐÅÒÅÓÅËÁÅÔ ÐÌÏÓËÏÓÔØ ÔÒÅÕÇÏÌØÎÉËÁ ´^′. ïÄÎÁËÏ Œ ÔÁËÏÍ ÓÌÕÞÁÅ É ËÏÎÔÕÒ ÔÒÅÕÇÏÌØÎÉËÁ ´ ÐÅÒÓÅËÁÅÔ ÐÌÏÓËÏÓÔØ ÔÒÅÕÇÏÌØÎÉËÁ ´^′.

1.4 ðÕÓÔØ ÔÒÅÕÇÏÌØÎÉË ´ ÚÁÃÅÐÌÅÎ Ó ÔÒÅÕÇÏÌØÎÉËÏÍ ´^′. ôÏÇÄÁ ŒÙÐÏÌÎÅÎÉÅ ÕÓÌÏŒÉÑ 1) ÏÞÅŒÉÄÎÏ. œÙÐÏÌÎÅÎÉÅ ÕÓÌÏŒÉÑ 2) ÓÌÅÄÕÅÔ ÉÚ ÚÁÄÁÞÉ 1.3. äÅÊÓÔŒÉÔÅÌØÎÏ, ÔÁË ËÁË ÔÒÅÕÇÏÌØÎÉË ´ ÐÅÒÅÓÅËÁÅÔ ÐÌÏÓËÏÓÔØ ÔÒÅÕÇÏÌØÎÉËÁ ´^′, ÔÏ ÍÎÏÖÅÓÔŒÏ ´ ∩ l ÎÅÐÕÓÔÏ. éÚ ÓÏÏÂÒÁÖÅÎÉÊ ÏÂÝÅÇÏ ÐÏÌÏÖÅÎÉÑ ÓÌÅÄÕÅÔ, ÞÔÏ ÏÎÏ ÎÅ ÍÏÖÅÔ ÓÏÓÔÏÑÔØ ÉÚ ÏÄÎÏÊ ÔÏÞËÉ. äÏËÁÖÅÍ ÔÅÐÅÒØ ŒÙÐÏÌÎÅÎÉÅ ÕÓÌÏŒÉÑ 3). ðÕÓÔØ ÍÎÏÖÅÓÔŒÏ ´ ∩ l ÓÏÓÔÏÉÔ ÉÚ ÄŒÕÈ ÔÏÞÅË A É B, Á ÍÎÏÖÅÓÔŒÏ ´^′ ∩ l ÓÏÓÔÏÉÔ ÉÚ ÄŒÕÈ ÔÏÞÅË A^′ É B^′. œÓÅ ÏÂÝÉÅ ÔÏÞËÉ ËÏÎÔÕÒÁ ÔÒÅÕÇÏÌØÎÉËÁ ´ É ŒÎÕÔÒÅÎÎÏÓÔÉ ÔÒÅÕÇÏÌØÎÉËÁ ´^′ ÌÅÖÁÔ ÎÁ ÏÔÒÅÚËÅ A^′B^′. úÎÁÞÉÔ, ÒÏŒÎÏ ÏÄÎÁ ÉÚ ÔÏÞÅË A É B ÐÒÉÎÁÄÌÅÖÉÔ ÏÔÒÅÚËÕ A^′B^′. á ÜÔÏ ÏÚÎÁÞÁÅÔ, ÞÔÏ ÐÁÒÙ A; B É A^′; B^′ ÚÁÃÅÐÌÅÎÙ ÎÁ l.

ïÂÒÁÔÎÏ, ÐÕÓÔØ ÐÁÒÙ A; B É A^′; B^′ ÚÁÃÅÐÌÅÎÙ ÎÁ l. ôÏÇÄÁ ÓÏÇÌÁÓÎÏ ÓËÁÚÁÎÎÏÍÕ ŒÙÛÅ ËÏÎÔÕÒ ÔÒÅÕÇÏÌØÎÉËÁ ´ ÐÅÒÅÓÅËÁÅÔ ŒÎÕÔÒÅÎÎÏÓÔØ ÔÒÅÕÇÏÌØÎÉËÁ ´^′ Œ ÅÄÉÎÓÔŒÅÎÎÏÊ ÔÏÞËÅ, ÔÏ ÅÓÔØ´ ÚÁÃÅÐÌÅÎ Ó ´^′.

1.5 ëÁÖÄÏÅ ÉÚ ÕÓÌÏŒÉÊ lk(´; ´^′) = 1 É lk(´^′; ´) = 1 Œ ÓÏÏÔŒÅÔÓÔŒÉÉ Ó ÕÔŒÅÒÖÄÅÎÉÅÍ ÚÁÄÁÞÉ 1.4 ÒÁŒÎÏÓÉÌØÎÏ ÏÄÎÏÍÕ É ÔÏÍÕ ÖÅ ÕÓÌÏŒÉÀ.

1.6 éÚ ÚÁÄÁÞÉ 1.4 ÓÌÅÄÕÅÔ, ÞÔÏ lk(´; ´^′) = 1 ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ŒÙÐÏÌÎÑÀÔÓÑ ÕÓÌÏŒÉÑ 1)-3). îÉËÁËÏÅ ÉÚ ÜÔÉÈ ÓŒÏÊÓÔŒ ÎÅ ÍÏÖÅÔ ÉÚÍÅÎÉÔØÓÑ ÐÒÉ ÄÏÐÕÓÔÉÍÏÍ ÄŒÉÖÅÎÉÉ. œ ÐÒÏŒÅÒËÅ ÎÕÖÄÁÅÔÓÑ ÔÏÌØËÏ ÓÏÈÒÁÎÅÎÉÑ ÓŒÏÊÓÔŒÁ 1), ËÏÔÏÒÏÅ ÍÏÖÅÔ ÎÁÒÕÛÉÔØÓÑ, ÔÏÌØËÏ ËÏÇÄÁ ÐÌÏÓËÏÓÔÉ ÔÒÅÕÇÏÌØÎÉËÏŒ ´ É ´^′ ÓÔÁÎÏŒÑÔÓÑ ÐÁÒÁÌÌÅÌØÎÙ. îÏ ÔÏÇÄÁ ÉÚ ÚÁÄÁÞÉ 1.3 ÓÌÅÄÕÅÔ, ÞÔÏ Œ ÜÔÏÔ ÍÏÍÅÎÔ, Á ÔÁËÖÅ ÎÅÐÏÓÒÅÄÓÔŒÅÎÎÏ ÄÏ É ÐÏÓÌÅ ÎÅÇÏ lk(´; ´^′) = 0.

1.7 ðÒÉ ÐÏÓÔÒÏÅÎÉÉ ÇÒÁÆÉËÁ ÍÏÖÅÔ ÏËÁÚÁÔØÓÑ ÐÏÌÅÚÎÏÊ ÓÌÅÄÕÀÝÁÑ ÌÅÍÍÁ: ìÅÍÍÁ ðÕÓÔØ ŒÅÒÛÉÎÁ A ÔÒÅÕÇÏÌØÎÉËÁ ´ ÄŒÉÖÅÔÓÑ ÒÁŒÎÏÍÅÒÎÏ ÐÏ ÏÔÒÅÚËÕ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ, Á ÏÓÔÁÌØÎÙÅ ÄŒÅ ŒÅÒÛÉÎÙ É ÔÒÅÕÇÏÌØÎÉË ´^′ ÎÅÐÏÄŒÉÖÎÙ. ïÂÏÚÎÁÞÉÍ ÞÅÒÅÚ ´_t ÐÏÌÏÖÅÎÉÅ ÔÒÅ- ÕÇÏÌØÎÉËÁ Œ ÍÏÍÅÎÔ ŒÒÅÍÅÎÉ t, ÇÄÅ 0 ≤ t ≤ 2. ðÒÅÄÐÏÌÏÖÉÍ, ÞÔÏ ÎÁÂÏÒ 6 ŒÅÒÛÉÎ ÔÒÅÕÇÏÌØÎÉËÏŒ ´_t É ´^′ ÎÁÈÏÄÉÔÓÑ Œ ÏÂÝÅÍ ÐÏÌÏÖÅÎÉÉ ÐÒÉ ŒÓÅÈ t, ËÒÏÍÅ t = 1.

Á) åÓÌÉ ´_1 ∩ ´^′ = ∅, ÔÏ lk(´_0; ´^′) = lk(´_2; ´^′).

Â) åÓÌÉ ´_1 É ´^′ ÐÅÒÅÓÅËÁÀÔÓÑ Œ ÅÄÉÎÓÔŒÅÎÎÏÊ ÔÏÞËÅ, ÎÅ ÓÏŒÐÁÄÁÀÝÅÊ ÎÉ Ó ÏÄÎÏÊ ÉÚ ÉÈ ŒÅÒÛÉÎ, ÔÏ ÞÉÓÌÁ lk(´_0; ´^′) É lk(´_2; ´^′) ÏÔÌÉÞÁÀÔÓÑ ÎÁ 1.

äÏËÁÚÁÔÅÌØÓÔŒÏ ÜÔÏÊ ÌÅÍÍÙ, ÐÏÓÔÒÏÅÎÉÅ ÇÒÁÆÉËÁ É ÚÁÄÁÞÉ 1.8-1.10 ÏÓÔÁÀÔÓÑ Œ ËÁÞÅÓÔŒÅ ÚÁÄÁÞ ÐÏÓÌÅ ÐÒÏÍÅÖÕÔÏÞÎÏÇÏ ÆÉÎÉÛÁ.

2.1 óÁÍÙÊ ÐÒÁŒÉÌØÎÙÊ ÓÐÏÓÏÂ ÒÅÛÉÔØ ÜÔÕ ÚÁÄÁÞÕ | ÜÔÏ ŒÚÑÔØ ŒÅÒÅŒËÕ, ÚÁŒÑÚÁÔØ ÎÁ ÎÅÊ ÕÚÅÌ Ó ÒÉÓ. 4 É ÐÏÐÙÔÁÔØÓÑ ÐÒÏÄÅÆÏÒÍÉÒÏŒÁÔØ ÅÇÏ Œ ÏÄÉÎ ÉÚ ÕÚÌÏŒ ÎÁ ÒÉÓ. 2, 3. ôÏ ÖÅ ÏÔÎÏÓÉÔÓÑ Ë ÚÁÃÅÐÌÅÎÉÑÍ. äÅÆÏÒÍÁÃÉÀ ŒÅÒÅŒËÉ ÕÄÏÂÎÏ ÉÚÏÂÒÁÖÁÔØ ÎÁ ÂÕÍÁÇÅ Œ ŒÉÄÅ ÓÅÒÉÉ ËÁÒÔÉÎÏË, Œ ËÏÔÏÒÏÊ ÓÏÓÅÄÎÉÅ ËÁÒÔÉÎËÉ ÐÏÌÕÞÁÀÔÓÑ ÄÒÕÇ ÉÚ ÄÒÕÇÁ ÎÅÂÏÌØÛÏÊ ÄÅÆÏÒÍÁÃÉÅÊ É ÏÔÌÉÞÁÀÔÓÑ ÍÁÌÏ.

2.2 äÏÓÔÁÔÏÞÎÏ ÐÏËÁÚÁÔØ, ÞÔÏ ÚÁÍËÎÕÔÁÑ ÌÏÍÁÎÁÑ Ó ≤ 5 ÚŒÅÎØÑÍÉ ÎÅÚÁÕÚÌÅÎÁ (ÔÏ ÅÓÔØ ÐÒÅÄ- ÓÔÁŒÌÑÅÔ ÔÒÉŒÉÁÌØÎÙÊ ÕÚÅÌ). ñÓÎÏ, ÞÔÏ ÔÒÅÕÇÏÌØÎÉË ÎÅÚÁÕÚÌÅÎ. ñÓÎÏ, ÞÔÏ ÅÓÌÉ Œ n-ÕÇÏÌØÎÉËÅ (ÔÏ ÅÓÔØ n-ÚŒÅÎÎÏÊ ÚÁÍËÎÕÔÏÊ ÌÏÍÁÎÏÊ) ÎÁÔÑÎÕÔÙÊ ÎÁ ÐÁÒÕ ÓÏÓÅÄÎÉÈ ÚŒÅÎØÅŒ ÔÒÅÕÇÏÌØÎÉË ÎÅ ÐÅÒÅÓÅÞÅÎ ÎÉËÁËÉÍ ÄÒÕÇÉÍ ÚŒÅÎÏÍ, ÔÏ ÜÔÕ ÐÁÒÕ ÚŒÅÎØÅŒ ÍÏÖÎÏ ÓÔÑÎÕÔØ ÐÏ ÄÉÁÇÏÎÁÌÉ, ÔÏ ÅÓÔØ ÐÏÌÕÞÉÔØ ÐÒÅÄÓÔÁŒÌÅÎÉÅ ÔÏÇÏ ÖÅ ÕÚÌÁ (n − 1)-ÕÇÏÌØÎÉËÏÍ. ðÏÓËÏÌØËÕ Œ 4-ÕÇÏÌØÎÉËÅ ÐÒÅÐÑÔÓÔŒÉÊ ÄÌÑ ÓÔÑÇÉŒÁÎÉÑ ÎÅÔ, ÔÏ ÏÎ ÓÔÑÇÉŒÁÅÔÓÑ Œ ÔÒÅÕÇÏÌØÎÉË, É, ÚÎÁÞÉÔ, ÎÅÚÁÕÚÌÅÎ. ðÕÓÔØ Œ 5-ÕÇÏÌØÎÉËÅ ABCDE ÅÓÔØ ÐÒÅÐÑÔÓÔŒÉÅ ÄÌÑ ÓÔÑÇÉŒÁÎÉÑ ÐÁÒÙ ÚŒÅÎØÅŒ AB É BC. ôÏÇÄÁ ÚŒÅÎÏ DE ÐÅÒÅÓÅËÁÅÔ ÔÒÅÕÇÏÌØÎÉË ABC. îÏ ÔÏÇÄÁ ÚŒÅÎÏ AE ÎÅ ÐÅÒÅÓÅËÁÅÔ ÔÒÅÕÇÏÌØÎÉË BCD, ÔÁË ËÁË ÏÎÉ ÌÅÖÁÔ ÐÏ ÒÁÚÎÙÅ ÓÔÏÒÏÎÙ ÏÔ ÐÌÏÓËÏÓÔÉ ABC.

2.3 ïÔŒÅÔÙ: Á) 6; Â) 9; Œ) 6; Ç) 7; Å) 8.

ðÒÉÍÅÒ Ë ÐÕÎËÔÕ Á) ÉÚÏÂÒÁÖÅÎ ÎÁ ÒÉÓÕÎËÅ 1. äÒÕÇÏÊ ÐÒÉÍÅÒ: ÐÒÁŒÉÌØÎÙÊ ÔÒÅÕÇÏÌØÎÉË ABC Œ ÇÏÒÉÚÏÎÔÁÌØÎÏÊ ÐÌÏÓËÏÓÔÉ, ŒÔÏÒÏÊ ÔÒÅÕÇÏÌØÎÉË DEF Ó ŒÅÒÛÉÎÏÊ F , ÌÅÖÁÝÅÊ ŒÎÅ ÔÒÅÕÇÏÌØÎÉËÁ ABC Œ ÅÇÏ ÐÌÏÓËÏÓÔÉ, É ŒÅÒÛÉÎÁÍÉ D É E, ÒÁÓÐÏÌÏÖÅÎÎÙÍÉ ÓÏÏÔŒÅÔÓÔŒÅÎÎÏ Œ ÔÏÞÎÏÓÔÉ ÎÁÄ É ÐÏÄ ÃÅÎÔÒÏÍ ÔÒÅÕÇÏÌØÎÉËÁ ABC.

íÉÎÉÍÁÌØÎÏÓÔØ. œ ÐÕÎËÔÁÈ Á) É Â) | ÏÞÅŒÉÄÎÁ. œ ÐÕÎËÔÅ Œ) ÓÌÅÄÕÅÔ ÉÚ ÚÁÄÁÞÉ 2.2. äÏ- ËÁÖÅÍ ÍÉÎÉÍÁÌØÎÏÓÔØ ÎÁÂÏÒÁ Œ ÐÕÎËÔÅ Ç). äÌÑ ÜÔÏÇÏ ÄÏÓÔÁÔÏÞÎÏ ÐÏËÁÚÁÔØ, ÞÔÏ ÌÀÂÁÑ ÐÁÒÁ ÔÒÅÕÇÏÌØÎÉËÏŒ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ ÌÉÂÏ ÐÒÅÄÓÔÁŒÌÑÅÔ ÐÒÏÓÔÏÅ ÚÁÃÅÐÌÅÎÉÅ, ÌÉÂÏ ÉÈ ÍÏÖÎÏ ÒÁÓÃÅÐÉÔØ. åÓÌÉ ËÏÎÔÕÒ ÏÄÎÏÇÏ ÉÚ ÔÒÅÕÇÏÌØÎÉËÏŒ ÎÅ ÐÅÒÅÓÅËÁÅÔ ŒÎÕÔÒÅÎÎÏÓÔØ ÄÒÕÇÏÇÏ, ÔÏ ÐÒÅÐÑÔÓÔŒÉÊ ÄÌÑ ÒÁÓÃÅÐÌÅÎÉÑ ÎÅÔ. éÎÁÞÅ ËÁÖÄÙÊ ÉÚ ËÏÎÔÕÒÏŒ ÔÒÅÕÇÏÌØÎÉËÏŒ ÄÏÌÖÅÎ ÐÅÒÅÓÅËÁÔØ ŒÎÕÔÒÅÎÎÏÓÔØ ÄÒÕÇÏÇÏ Œ ÅÄÉÎÓÔŒÅÎÎÏÊ ÔÏÞËÅ. òÁÓÓÍÏÔÒÉÍ ÐÌÏÓËÏÓÔØ ÏÄÎÏÇÏ ÉÚ ÔÒÅÕÇÏÌØÎÉËÏŒ (ÓËÁÖÅÍ, ABC). âÕÄÅÍ ÓÞÉÔÁÔØ ÅÅ ÇÏÒÉÚÏÎÔÁÌØÎÏÊ. ðÕÓÔØ ÓÔÏÒÏÎÁ DE ÔÒÅÕÇÏÌØÎÉËÁ ÐÅÒÅÓÅËÁÅÔ ÔÒÅÕÇÏÌØÎÉË ABC, Á F | ÅÔÏ ÔÒÅÔØÑ ŒÅÒÛÉÎÁ. äŒÉÇÁÑ F ŒÅÒÔÉËÁÌØÎÏ (É ŒÍÅÓÔÅ Ó ÎÅÊ | ÓÔÏÒÏÎÙ F D É F E), ÍÙ ÍÏÖÅÍ ÐÏÍÅÓÔÉÔØ ÅÅ ÎÁ ÇÏÒÉÚÏÎÔÁÌØÎÕÀ ÐÌÏÓËÏÓÔØ. ðÏÓÌÅ ÜÔÏÇÏ ÍÙ ÍÏÖÅÍ ÐÏÄŒÉÎÕÔØ ŒÅÒÛÉÎÙ D É E (ŒÍÅÓÔÅ Ó ÓÏÏÔŒÅÔÓÔŒÕÀÝÉÍÉ ÓÔÏÒÏÎÁÍÉ) É ÐÏÌÕÞÉÔØ ÏÐÉÓÁÎÎÙÊ ŒÙÛÅ ÐÒÉÍÅÒ Ë ÐÕÎËÔÕ Á).

ðÒÉÍÅÒÙ Ë ÐÕÎËÔÁÍ Â){Å), ÍÉÎÉÍÁÌØÎÏÓÔØ Œ ÐÕÎËÔÅ Å) É ÐÕÎËÔ Ä) ÃÅÌÉËÏÍ ÏÓÔÁÀÔÓÑ Œ ËÁÞÅÓÔŒÅ ÚÁÄÁÞ ÐÏÓÌÅ ÐÒÏÍÅÖÕÔÏÞÎÏÇÏ ÆÉÎÉÛÁ.

2.4 Á) ïÔŒÅÔ: 1; ÓÌÅÄÕÅÔ ÉÚ ÐÒÉÍÅÒÁ 3. Â) ïÔŒÅÔ: 0, ÒÅÛÅÎÉÅ ÏÓÔÁÅÔÓÑ Œ ËÁÞÅÓÔŒÅ ÚÁÄÁÞÉ.

2.5 äÏËÁÚÁÔÅÌØÓÔŒÏ ÜÔÏÇÏ ÕÔŒÅÒÖÄÅÎÉÑ ÔÁËÖÅ ÏÓÔÁÅÔÓÑ Œ ËÁÞÅÓÔŒÅ ÚÁÄÁÞÉ ÐÏÓÌÅ ÐÒÏÍÅÖÕÔÏÞ- ÎÏÇÏ ÆÉÎÉÛÁ. üÔÏ ÕÔŒÅÒÖÄÅÎÉÅ ÍÏÖÅÔ ÏËÁÚÁÔØÓÑ ÐÏÌÅÚÎÙÍ ÐÒÉ ÒÅÛÅÎÉÉ ÚÁÄÁÞ ÉÚ ÐÅÒŒÏÊ ÞÁÓÔÉ.

òÅÛÅÎÉÑ ÚÁÄÁÞ, ÐÒÅÄÌÏÖÅÎÎÙÈ ÄÏ ÐÒÏÍÅÖÕÔÏÞÎÏÇÏ ÆÉÎÉÛÁ (ÐÒÏÄÏÌÖÅÎÉÅ) 1.7 úÁŒÉÓÉÍÏÓÔØ ËÏÜÆÆÉÃÉÅÎÔÁ ÚÁÃÅÐÌÅÎÉÑ ÏÔ ŒÒÅÍÅÎÉ ŒÙÇÌÑÄÉÔ ÓÌÅÄÕÀÝÉÍ ÏÂÒÁÚÏÍ:

lk(t) = { 1; t ∈ (−∞; 2) ∪ (3; 5; 4; 5) ∪ (6; +∞) 0; t ∈ (2; 3; 5) ∪ (4; 5; 6):

œÉÄ ÜÔÏÊ ÚÁŒÉÓÉÍÏÓÔÉ ÓÌÅÄÕÅÔ ÉÚ ÐÒÉÍÅÒÁ 3 É ÌÅÍÍÙ, ÐÒÉŒÅÄÅÎÎÏÊ Œ ÕËÁÚÁÎÉÉ Ë ÜÔÏÊ ÚÁÄÁÞÅ (ŒÙÄÁÎÎÏÍ ÐÏÓÌÅ ÐÒÏÍÅÖÕÔÏÞÎÏÇÏ ÆÉÎÉÛÁ). óÁÍÁ ÌÅÍÍÁ ÌÅÇËÏ ÓÌÅÄÕÅÔ, ÎÁÐÒÉÍÅÒ, ÉÚ ÚÁÄÁÞÉ 1.4.

1.8 ðÕÓÔØ ÎÁÂÏÒÙ ÔÏÞÅË N, X_1, X_2, X_3, X_4, É X_5, Á ÔÁËÖÅ N^′, X_1, X_2, X_3, X_4, É X_5 ÎÁÈÏÄÑÔÓÑ Œ ÏÂÝÅÍ ÐÏÌÏÖÅÎÉÉ. óÏÅÄÉÎÉÍ ÔÏÞËÉ N É N^′ ÌÏÍÁÎÏÊ, ÎÅ ÐÒÏÈÏÄÑÝÅÊ ÞÅÒÅÚ ÏÔÒÅÚËÉ X_iX_j. âÕÄÅÍ ÒÁŒÎÏÍÅÒÎÏ ÄŒÉÇÁÔØ ÔÏÞËÕ N ŒÄÏÌØ ÜÔÏÊ ÌÏÍÁÎÏÊ, ÞÅÒÅÚ N_t ÏÂÏÚÎÁÞÉÍ ÅÅ ÐÏÌÖÅÎÉÅ Œ ÍÏÍÅÎÔ ŒÒÅÍÅÎÉ t. œ ÓÏÏÔŒÅÔÓÔŒÉÉ Ó ÌÅÍÍÏÊ ÉÚ ÕËÁÚÁÎÉÑ Ë ÚÁÄÁÞÉ 1.7 (ŒÙÄÁÎÎÏÇÏ ÐÏÓÌÅ ÐÒÏÍÅÖÕÔÏÞ- ÎÏÇÏ ÆÉÎÉÛÁ) ÚÁÃÅÐÌÅÎÎÏÓÔØ ÛÅÓÔÅÒËÉ ÔÏÞÅË N, X_1, X_2, X_3, X_4, X_5 ÍÏÖÅÔ ÉÚÍÅÎÉÔÓÑ ÌÉÛØ Œ ÔÅ ÍÏÍÅÎÔÙ ŒÒÅÍÅÎÉ, ËÏÇÄÁ N_t ∈ X_iX_j X_k ÄÌÑ ÎÅËÏÔÏÒÙÈ 1 ≤ i < j < k ≤ 5. ðÏÜÔÏÍÕ ÄÏÓÔÁÔÏÞÎÏ ÄÏËÁÚÁÔØ, ÞÔÏ ÐÒÉ ÐÒÏÈÏÖÄÅÎÉÉ ÔÏÞËÉ N ÞÅÒÅÚ ÐÌÏÓËÏÓÔØ X_iX_j X_k, ÞÅÔÎÏÓÔØ ÚÁÃÅÐÌÅÎÎÏÓÔÉ ÎÁ- ÛÅÊ ÛÅÓÔÅÒËÉ ÎÅ ÍÅÎÑÅÔÓÑ (ÓÞÉÔÁÅÍ, ÞÔÏ i = 1, j = 2, k = 3). óÒÅÄÉ ŒÓÅÈ ŒÏÚÍÏÖÎÙÈ ÏÔÒÅÚËÏŒ Ó ËÏÎÃÁÍÉ Œ ÔÏÞËÁÈ N, X_i, X_j, X_k ÉÌÉ ŒÏÏÂÝÅ ÎÅÔ ÄŒÕÈ ÐÅÒÅÓÅËÁÀÝÉÈÓÑ ÏÔÒÅÚËÏŒ, ÉÌÉ ÉÍÅÅÔÓÑ ÔÏÌØËÏ ÏÄÎÁ ÐÁÒÁ ÐÅÒÅÓÅËÁÀÝÉÈÓÑ ÏÔÒÅÚËÏŒ. œ ÐÅÒŒÏÍ ÓÌÕÞÁÅ ËÏÎÔÕÒÙ ÌÀÂÙÈ ÄŒÕÈ ÐÁÒ ÔÒÅÕÇÏÌØ- ÎÉËÏŒ Ó ËÏÎÃÁÍÉ Œ ÔÏÞËÁÈ N, X_1, X_2, X_3, X_4, É X_5 ÎÅ ÐÅÒÅÓÅËÁÀÔÓÑ; Œ ÓÏÏÔŒÅÔÓÔŒÉÉ Ó ÕËÁÚÁÎÎÏÊ ÌÅÍÍÏÊ ÚÁÃÅÐÌÅÎÎÏÓÔØ ÛÅÓÔÅÒËÉ ÔÏÞÅË ÉÚÍÅÎÉÔØÓÑ ÎÅ ÍÏÖÅÔ. òÁÓÓÍÏÔÒÉÍ ŒÔÏÒÏÊ ÓÌÕÞÁÊ. ðÕÓÔØ A_1, A_2, A_3, A_4 | ÔÁËÁÑ ÐÅÒÅÓÔÁÎÏŒËÁ ÔÏÞÅË N, X_1, X_2, X_3, ÞÔÏ ÏÔÒÅÚÏË A_1A_2 ÐÅÒÅÓÅËÁÅÔÓÑ Ó ÏÔÒÅÚËÏÍ A_3A_4. óÕÝÅÓÔŒÕÀÔ ÄŒÅ ÐÁÒÙ ÔÒÅÕÇÏÌØÎÉËÏŒ Ó ËÏÎÃÁÍÉ Œ ÔÏÞËÁÈ N, X_1, X_2, X_3, X_4, É X_5, ËÏÎÔÕÒÙ ËÏÔÏÒÙÈ ÐÅÒÅÓÅËÁÀÔÓÑ: X_4A_1A_2 É X_5A_3A_4, X_5A_1A_2 É X_4A_3A_4. éÚ ÎÁÛÅÊ ÌÅÍÍÙ ÓÌÅÄÕÅÔ, ÞÔÏ ËÏÜÆÆÉÃÉÅÎÔ ÚÁÃÅÐÌÅÎÉÑ ËÁÖÄÏÊ ÉÚ ÜÔÉÈ ÐÁÒ ÔÒÅÕÇÏÌØÎÉËÏŒ ÐÏÍÅÎÑÅÔÓÑ, Á ËÏÜÆ- ÆÉÃÉÅÎÔ ÚÁÃÅÐÌÅÎÉÑ ÏÓÔÁÌØÎÙÈ ÐÁÒ ÔÒÅÕÇÏÌØÎÉËÏŒ ÏÓÔÁÎÅÔÓÑ ÎÅÉÚÍÅÎÎÙÍ. õÔŒÅÒÖÄÅÎÉÅ ÚÁÄÁÞÉ ÄÏËÁÚÁÎÏ.

1.9 ðÏÄÈÏÄÉÔ ÎÁÂÏÒ ÔÏÞÅË ÉÚ ÐÒÉÍÅÒÁ 1. äÒÕÇÏÊ ÐÒÉÍÅÒ ÍÏÖÎÏ ÐÏÌÕÞÉÔØ, ÞÕÔØ ÐÏÛÅŒÅÌÉŒ ÎÁÂÏÒ ÔÏÞÅË ÉÚ ÒÅÛÅÎÉÑ ÚÁÄÁÞÉ 2.3.Á (ŒÙÄÁÎÎÏÇÏ ÐÏÓÌÅ ÐÒÏÍÅÖÕÔÏÞÎÏÇÏ ÆÉÎÉÛÁ).

1.10 õÔŒÅÒÖÄÅÎÉÅ ÚÁÄÁÞÉ ÓÌÅÄÕÅÔ ÉÚ ÄŒÕÈ ÐÒÅÄÙÄÕÝÉÈ ÚÁÄÁÞ.

2.1 äÁÎÎÙÅ ÚÁÄÁÞÉ ÍÏÖÎÏ ÌÅÇËÏ ÒÅÛÉÔØ Ó ÉÓÐÏÌØÚÏŒÁÎÉÅÍ ŒÅÒÅŒËÉ. ïÔŒÅÔ: Á), Â) ÐÒÁŒÙÊ ÔÒÉÌÉÓÔÎÉË; Œ) ŒÏÓØÍÅÒËÁ; Ç) ÔÒÉŒÉÁÌØÎÙÊ ÕÚÅÌ; Ä) ŒÏÓØÍÅÒËÁ; Å)ÚÁÃÅÐÌÅÎÉÅ õÁÊÔÈÅÄÁ.

2.3 ïÔŒÅÔ: Á) 3; Â) 9; Œ) 6; Ç) 7; Ä) 7; Å) 8. îÁ ÒÉÓÕÎËÁÈ ÐÒÉŒÅÄÅÎÙ ÐÒÏÅËÃÉÉ ÕÚÌÏŒ É ÚÁÃÅÐÌÅÎÉÊ, ŒÐÉÓÁÎÎÙÈ Œ ÎÁÉÍÅÎØÛÉÊ ÎÁÂÏÒ ÔÏÞÅË. äÌÑ ËÁÖÄÏÊ ÐÒÏÅËÃÉÉ ÎÕÖÎÏ ÅÝÅ ÐÒÏŒÅÒÉÔØ, ÞÔÏ ÏÎÁ ÒÅ- ÁÌÉÚÕÅÍÁ, Ô. Å. ÄÅÊÓÔŒÉÔÅÌØÎÏ ÓÕÝÅÓÔŒÕÅÔ ËÏÎÆÉÇÕÒÁÃÉÑ Œ ÐÒÏÓÔÒÁÎÓÔŒÅ, ËÏÔÏÒÁÑ ÐÒÏÅÃÉÒÕÅÔÓÑ Œ ÄÁÎÎÕÀ ËÁÒÔÉÎËÕ.

œ ÐÕÎËÔÅ Ä) ÁŒÔÏÒÙ ÚÁÄÁÞÉ ÎÅ ÕÍÅÀÔ ÄÏËÁÚÙŒÁÔØ ÍÉÎÉÍÁÌØÎÏÓÔØ.

Á Â Œ Ç Ä Å òÉÓ. 4’.

2.5 òÅÛÅÎÉÅ ä.ëÏÒÏÂÉÃÙÎÁ. ðÕÓÔØ ÔÒÅÕÇÏÌØÎÉËÉ ABC É A_1B_1C_1 ÌÅÖÁÔ ŒÙÛÅ ÇÏÒÉÚÏÎÔÁÌØÎÏÊ ÐÌÏÓËÏÓÔÉ. ðÕÓÔØ A^′B^′C^′ | ÐÒÏÅËÃÉÑ ÔÒÅÕÇÏÌØÎÉËÁ ABC ÎÁ ÐÌÏÓËÏÓÔØ. òÁÓÓÍÏÔÒÉÍ ÐÒÏÓÔÏÊ ÍÎÏÇÏÇÒÁÎÎÉË fi, ÏÇÒÁÎÉÞÅÎÎÙÊ ÍÎÏÇÏÕÇÏÌØÎÉËÁÍÉ ABC, A^′B^′C^′, ABA^′B^′, BCB^′C^′ É CAC^′A^′.

ëÏÜÆÆÉÃÉÅÎÔ ÚÁÃÅÐÌÅÎÉÑ ÔÒÅÕÇÏÌØÎÉËÏŒ ABC É A_1B_1C_1 ÒÁŒÅÎ ÞÉÓÌÕ L (ÚÄÅÓØ É Œ ÄÁÌØÎÅÊÛÅÍ ŒÓÅ ÒÁŒÅÎÓÔŒÁ ÐÏÎÉÍÁÀÔÓÑ ÐÏ ÍÏÄÕÌÀ 2) ÔÏÞÅË ÐÅÒÅÓÅÞÅÎÉÑ ËÏÎÔÕÒÁ ÔÒÅÕÇÏÌØÎÉËÁ ABC Ó ŒÎÕ- ÔÒÅÎÎÏÓÔØÀ ÔÒÅÕÇÏÌØÎÉËÁ A_1B_1C_1. ðÕÓÔØ U | ÞÉÓÌÏ ÔÏÞÅË ÐÅÒÅÓÅÞÅÎÉÑ ËÏÎÔÕÒÁ ÔÒÅÕÇÏÌØÎÉËÁ ABC Ó ÂÏËÏŒÙÍÉ ÇÒÁÎÑÍÉ ÍÎÏÇÏÇÒÁÎÎÉËÁ fi. þÉÓÌÏ ÔÏÞÅË ÐÅÒÅÓÅÞÅÎÉÑ ËÏÎÔÕÒÁ Ó ÍÎÏÇÏÇÒÁÎÎÉËÏÍ ÞÅÔÎÏ. ðÏÜÔÏÍÕ L + U = 0 ⇒ L = U ⇒ L = ÞÉÓÌÕ ÔÏÞÅË ÐÅÒÅÓÅÞÅÎÉÑ ËÏÎÔÕÒÏŒ ÐÒÏÅËÃÉÊ ÔÒÅ- ÕÇÏÌØÎÉËÏŒ ABC É A_1B_1C_1, Œ ËÏÔÏÒÙÈ ÓÔÏÒÏÎÁ ÔÒÅÕÇÏÌØÎÉËÁ A_1B_1C_1 ÐÒÏÈÏÄÉÔ ÎÉÖÅ ÓÔÏÒÏÎÙ ÔÒÅÕÇÏÌØÎÉËÁ ABC.

òÅÛÅÎÉÑ ÚÁÄÁÞ, ÐÒÅÄÌÏÖÅÎÎÙÈ ÐÏÓÌÅ ÐÒÏÍÅÖÕÔÏÞÎÏÇÏ ÆÉÎÉÛÁ 1’.1 ðÅÒŒÏÅ ÒÅÛÅÎÉÅ. äÏÐÕÓÔÉÍ, ÕÔŒÅÒÖÄÅÎÉÅ ÚÁÄÁÞÉ ÎÅŒÅÒÎÏ. óÉÎÉÅ ÔÏÞËÉ ÏÂÏÚÎÁÞÉÍ C_1, C_2 É C_3, Á ËÒÁÓÎÙÅ | K_1, K_2 É K_3. ôÏÇÄÁ ÓÔÏÒÏÎÙ ÞÅÔÙÒÅÈÕÇÏÌØÎÉËÁ C_1K_1C_2K_2 ÎÅ ÐÅÒÅÓÅËÁÀÔÓÀ ŒÏ ŒÎÕÔÒÅÎÎÉÈ ÔÏÞËÁÈ. ïÔÒÅÚÏË C_3K_3 ÎÅ ÐÅÒÅÓÅËÁÅÔÓÑ Ó ËÏÎÔÕÒÏÍ ÞÅÔÙÒÅÈÕÇÏÌØÎÉËÁ C_1K_1C_2K_2. ðÏÜÔÏÍÕ ÔÏÞËÉ C_3 É K_3 ÉÌÉ ÏÂÅ ÌÅÖÁÔ ŒÎÕÔÒÉ ÞÅÔÙÒÅÈÕÇÏÌØÎÉËÁ C_1K_1C_2K_2 ŒÎÅ ÅÇÏ.

œ ÐÅÒŒÏÍ ÓÌÕÞÁÅ ÔÏÞËÁ C_3 ÌÅÖÉÔ ŒÎÕÔÒÉ ÏÄÎÏÇÏ ÉÚ ÞÅÔÙÒÅÈÕÇÏÌØÎÉËÏŒ C_1K_1C_2K_3 ÉÌÉ C_1K_2C_2K_3. åÓÌÉ, ÎÁÐÒÉÍÅÒ, ÔÏÞËÁ C_3 ÌÅÖÉÔ ŒÎÕÔÒÉ ÞÅÔÙÒÅÈÕÇÏÌØÎÉËÁ C_1K_1C_2K_3, ÔÏ ÏÔÒÅÚÏË C_3K_2 ÐÅÒÅ- ÓÅËÁÅÔ ËÏÎÔÕÒ ÞÅÔÙÒÅÈÕÇÏÌØÎÉËÁ C_1K_2C_2K_3, ÞÔÏ ÐÒÉŒÏÄÉÔ ÎÁÓ Ë ÐÒÏÔÉŒÏÒÅÞÉÀ. œÏ ŒÔÏÒÏÍ ÐÏÄÓÌÕÞÁÅ ÐÒÏÔÉŒÏÒÅÞÉÅ ÐÏÌÕÞÁÅÍ ÁÎÁÌÏÇÉÞÎÙÍ ÓÐÏÓÏÂÏÍ.

œÔÏÒÏÊ ÓÌÕÞÁÊ. ïÔÒÅÚËÉ K_3C_1 É K_3C_2 ÎÅ ÐÅÒÅÓÅËÁÀÔÓÑ Ó ËÏÎÔÕÒÏÍ ÞÅÔÙÒÅÈÕÇÏÌØÎÉËÁ C_1K_1C_2K_2. ðÏÜÔÏÍÕ ÉÌÉ ÔÏÞËÁ K_2 ÌÅÖÉÔ ŒÎÕÔÒÉ ÞÅÔÙÒÅÈÕÇÏÌØÎÉËÁ K_1C_1K_3C_2, ÉÌÉ ÔÏÞËÁ K_1 ÌÅÖÉÔ ŒÎÕÔÒÉ ÞÅÔÙÒÅÈÕÇÏÌØÎÉËÁ K_2C_1K_3C_2. úÁÄÁÞÁ ÓŒÅÌÁÓØ Ë ÐÅÒŒÏÍÕ ÓÌÕÞÁÀ.

äÒÕÇÏÅ ÒÅÛÅÎÉÅ ÜÔÏÊ ÚÁÄÁÞÉ ÐÏÞÔÉ ÄÏÓÌÏŒÎÏ ÐÏŒÔÏÒÑÅÔ ÒÁÓÓÕÖÄÅÎÉÅ ÉÚ ŒÔÏÒÏÇÏ ÒÅÛÅÎÉÑ ÚÁ- ÄÁÞÉ 1.2 (ŒÙÄÁÎÎÏÇÏ ÐÏÓÌÅ ÐÒÏÖÕÔÏÞÎÏÇÏ ÆÉÎÉÛÁ).

1’.2 ðÕÓÔØ fi | ÞÉÓÌÏ ÔÏÞÅË ÐÅÒÅÓÅÞÅÎÉÑ ËÏÎÔÕÒÁ ABCD Ó ÇÒÁÎÑÍÉ ÔÅÔÒÁÜÄÒÁ A^′B^′C^′D^′. ôÅ- ÔÒÁÜÄÒ A^′B^′C^′D^′ ÄÅÌÉÔ ÐÒÏÓÔÒÁÎÓÔŒÏ ÎÁ ÄŒÅ ÏÂÌÁÓÔÉ: ŒÎÕÔÒÅÎÎÀÀ É ŒÎÅÛÎÀÀ. ôÁË ËÁË ÔÏÞËÉ A, B, C, D, A^′, B^′, C^′, D^′ ÎÁÈÏÄÑÔÓÑ Œ ÏÂÝÅÍ ÐÏÌÏÖÅÎÉÉ, ÔÏ ÞÉÓÌÏ fi ÞÅÔÎÏ. ôÁË ËÁË

fi ≡ lk(ABCD; A^′B^′C^′D^′) + lk(ABCD; B^′C^′D^′A^′) (mod 2); ÔÏ lk(ABCD; A^′B^′C^′D^′) = lk(ABCD; B^′C^′D^′A^′):

1’.3 úÁÍÅÔÉÍ, ÞÔÏ lk(ABCD; A^′B^′C^′D^′) ≡ lk(ABC; A^′B^′C^′)+lk(ABC; A^′D^′C^′)+lk(ADC; A^′B^′C^′)+ lk(ADC; A^′D^′C^′) (mod 2). éÚ ÜÔÏÇÏ, Á ÔÁËÖÅ ÓŒÏÊÓÔŒ 1.5{1.6 ÓÌÅÄÕÀÔ ÔÁËÉÅ ÕÔŒÅÒÖÄÅÎÉÑ:

1. lk(ABCD; A^′B^′C^′D^′) = lk(A^′B^′C^′D^′; ABCD).

2. ðÒÉ ÎÅÐÒÅÒÙŒÎÏÍ ÄŒÉÖÅÎÉÉ ÔÏÞÅË A, B, C, D, A^′, B^′, C^′, D^′, ÏÓÔÁŒÌÑÀÝÅÍ ÉÈ Œ ËÁÖÄÙÊ ÍÏÍÅÎÔ Œ ÏÂÝÅÍ ÐÏÌÏÖÅÎÉÉ, ÞÉÓÌÏ lk(ABCD; A^′B^′C^′D^′) ÏÓÔÁÅÔÓÑ ÐÏÓÔÏÑÎÎÙÍ.

1’.4 ðÕÓÔØ ÄÁÎÙ ÄŒÅ ÚÁÍËÎÕÔÙÅ ÞÅÔÙÒÅÈÚŒÅÎÎÙÅ ÌÏÍÁÎÙÅ ABCD É A_1B_1C_1D_1, ËÏÔÏÒÙÅ ÎÅ ÉÍÅÀÔ ÏÂÝÉÈ ÔÏÞÅË.

ðÅÒŒÙÊ ÓÐÏÓÏÂ. ðÏÛÅŒÅÌÉÍ ÎÅÍÎÏÇÏ ŒÅÒÛÉÎÙ ÜÔÉÈ ÌÏÍÁÎÙÈ ÔÁËÉÍ ÏÂÒÁÚÏÍ, ÞÔÏÂÙ ÎÏŒÙÊ ÎÁÂÏÒ ŒÅÒÛÉÎ | A^′, B^′, C^′, D^′, A^′_1, B^′_1, C^′_1, D^′_1 ÎÁÈÏÄÉÌÓÑ Œ ÏÂÝÅÍ ÐÏÌÏÖÅÎÉÉ. ðÏÌÏÖÉÍ ÐÏ ÏÐÒÅÄÅÌÅÎÉÀ lk(ABCD; A_1B_1C_1D_1) = lk(A^′B^′C^′D^′; A^′_1B^′_1C^′_1D^′_1):

œÔÏÒÏÊ ÓÐÏÓÏÂ. ðÕÓÔØ ¸ | ÐÏÌÕÐÌÏÓËÏÓÔØ, Œ ËÏÔÏÒÏÊ ÌÅÖÉÔ ÔÒÅÕÇÏÌØÎÉË A_1B_1C_1, ÏÇÒÁÎÉÞÅÎ- ÎÁÑ ÐÒÑÍÏÊ A_1C_1. á ˛ | ÐÏÌÕÐÌÏÓËÏÓÔØ, Œ ËÏÔÏÒÏÊ ÌÅÖÉÔ ÔÒÅÕÇÏÌØÎÉË A_1D_1C_1, ÏÇÒÁÎÉÞÅÎÎÁÑ ÐÒÑÍÏÊ A_1C_1. ïÂSSÅÄÉÎÅÎÉÅ ÜÔÉÈ ÐÏÌÕÐÌÏÓËÏÓÔÅÊ ÄÅÌÉÔ ÐÒÏÓÔÒÁÎÓÔŒÏ ÎÁ ÄŒÅ ÞÁÓÔÉ. ëÁÖÄÏÊ ÔÏÞËÉ ÐÒÅÒÓÅÞÅÎÉÑ ËÏÎÔÕÒÁ ABCD Ó ËÏÎÔÕÒÁÍÉ ÉÌÉ ŒÎÕÔÒÅÎÎÏÓÔÑÍÉ ÔÒÅÕÇÏÌØÎÉËÏŒ A_1B_1C_1 É A_1D_1C_1 ÐÏÓÔÁŒÉÍ Œ ÓÏÏÔŒÅÔÓÔŒÉÅ 0, ÅÓÌÉ ÓÕÝÅÓÔŒÕÅÔ ÔÁËÁÑ ÏËÒÅÓÔÎÏÓÔØ ÜÔÏÊ ÔÏÞËÉ, ÐÒÅÒÅÓÅÞÅÎÉÅ ËÏÔÏÒÏÊ Ó ËÏÎÔÕÒÏÍ ABCD ÌÅÖÉÔ Œ ÏÄÎÏÊ ÞÁÓÔÉ ÐÒÏÓÔÒÁÎÓÔŒÁ. œ ÐÒÏÔÉŒÎÏÍ ÓÌÕÞÁÅ ÐÏÓÔÁŒÉÍ Œ ÓÏÏÔŒÅÔÓÔŒÉÅ ÜÔÏÊ ÔÏÞËÅ 1. ëÏÜÆÆÉÃÉÅÎÔÏÍ ÚÁÃÅÐÌÅÎÉÑ ÞÅÔÙÒÅÈÚŒÅÎÎÙÈ ÌÏÍÁÎÙÈ ABCD É A_1B_1C_1D_1 ÎÁÚÙŒÁÅÔÓÑ ÓÕÍÍÁ ŒÓÅÈ ÜÔÉÈ ÞÉÓÅÌ ÐÏ ÍÏÄÕÌÀ 2.

1’.5 õËÁÚÁÎÎÙÅ ÌÏÍÁÎÙÅ ÂÕÄÕÔ ÚÁÃÅÐÌÅÎÙ ÔÏÇÄÁ É ÔÏÌØËÏ ÔÏÇÄÁ, ËÏÇÄÁ ÐÁÒÙ ÉÈ ŒÅÒÛÉÎ ÎÁ ËÁÖÄÏÊ ÉÚ ÓËÒÅÝÉŒÁÀÝÉÈÓÑ ÐÒÑÍÙÈ ÂÕÄÕÔ ÚÁÃÅÐÌÅÎÙ. ðÏÜÔÏÍÕ ËÏÌÉÞÅÓÔŒÏ ÚÁÃÅÐÌÅÎÎÙÈ ÒÁÚÄÅ- ÌÅÎÎÙÈ ÐÁÒ ÞÅÔÙÒÅÈÚŒÅÎÎÙÈ ÌÏÍÁÎÙÈ ÒÁŒÎÏ 2.

1’.6 ðÕÓÔØ ÄÁÎÙ ÞÅÔÙÒÅ ÓÉÎÉÅ É ÞÅÔÙÒÅ ËÒÁÓÎÙÅ ÔÏÞËÉ, ÎÁÈÏÄÑÝÉÉÓÑ Œ ÏÂÝÅÍ ÐÏÌÏÖÅÎÉÉ. éÈ ÚÁÃÅÐÌÅÎÎÏÓÔØÀ ÎÁÚÙŒÁÅÔÓÑ ËÏÌÉÞÅÓÔŒÏ ÚÁÃÅÐÌÅÎÎÙÈ ÒÁÚÄÅÌÅÎÙÈ ÐÁÒ Ó ŒÅÒÛÉÎÁÍÉ Œ ÜÔÉÈ ÔÏÞËÁÈ.

ðÕÓÔØ B, B^′, B_1, B_2, B_3 | ÓÉÎÉÅ ÔÏÞËÉ, Á R_1, R_2, R_3, R_4 | ËÒÁÓÎÙÅ ÔÏÞËÉ, ÐÒÉÞÅÍ ÎÁÂÏÒÙ ÔÏÞÅË B, B_1, B_2, B_3, R_1, R_2, R_3, R_4, Á ÔÁËÖÅ B^′, B_1, B_2, B_3, R_1, R_2, R_3, R_4 ÎÁÈÏÄÑÔÓÑ Œ ÏÂÝÅÍ ÐÏÌÏÖÅÎÉÉ.

óÏÅÄÉÎÉÍ ÔÏÞËÉ B É B^′ ÌÏÍÁÎÏÊ ÔÁË, ÞÔÏÂÙ ÎÉËÁËÏÅ ÅÅ ÚŒÅÎÏ ÎÅ ÌÅÖÁÌÏ ÎÉ Œ ÏÄÎÏÊ ÉÚ ÐÌÏÓ- ËÏÓÔÅÊ R_iR_J B_k. ðÒÉ ÄŒÉÖÅÎÉÉ ÔÏÞËÉ B ÐÏ ÌÏÍÁÎÏÊ ÚÁÃÅÐÌÅÎÎÏÓÔØ ÎÁÂÏÒÁ ÔÏÞÅË B, B_1, B_2, B_3, R_1, R_2, R_3, R_4 ÍÏÖÅÔ ÉÚÍÅÎÉÔÓÑ ÌÉÛØ Œ ÔÅ ÍÏÍÅÎÔÙ, ËÏÇÄÁ ÏÔÒÅÚÏË BR_i ÐÅÒÅÓÅËÁÅÔÓÑ Ó ÏÔÒÅÚËÏÍ B_kR_j (i ≠ j). ðÕÓÔØ, ÎÁÐÒÉÍÅÒ, ÏÔÒÅÚÏË BR_2 ÐÅÒÅÓÅËÁÅÔÓÑ Ó ÏÔÒÅÚËÏÍ B_1R_1. óÒÅÄÉ ŒÓÅÈ ÒÁÚÄÅ- ÌÅÎÎÙÈ ÐÁÒ ÌÏÍÁÎÙÈ Ó ŒÅÒÛÉÎÁÍÉ Œ ÎÁÛÅÍ ÎÁÂÏÒÅ ÔÏÞÅË ËÏÜÆÆÉÃÉÅÎÔ ÚÁÃÅÐÌÅÎÉÑ ÉÚÍÅÎÉÔÓÑ Õ ÓÌÅÄÕÀÝÉÈ: BR_2B_2R_3 É B_1R_1B_3R_4, BR_2B_2R_4 É B_1R_1B_3R_3, BR_2B_3R_3 É B_1R_1B_2R_4, BR_2B_3R_4 É B_1R_1B_2R_3. ðÏÜÔÏÍÕ ÞÅÔÎÏÓÔØ ÚÁÃÅÐÌÅÎÎÏÓÔÉ ÐÒÉ ÜÔÏÍ ÎÅ ÉÚÍÅÎÉÔÓÑ.

éÚ ÐÒÉŒÅÄÅÎÎÏÇÏ ÒÁÓÓÕÖÄÅÎÉÑ ÑÓÎÏ, ÞÔÏ Õ ÌÀÂÙÈ ÄŒÕÈ ÎÁÂÏÒÏŒ ÉÚ ÞÅÔÙÒÅÈ ÓÉÎÉÈ É ÞÅÔÙÒÅÈ ËÒÁÓÎÙÈ ÔÏÞÅË ÚÁÃÅÐÌÅÎÎÏÓÔØ ÉÍÅÅÔ ÏÄÉÎÁËÏŒÕÀ ÞÅÔÎÏÓÔØ. ôÏÇÄÁ ÉÚ ÐÒÅÄÙÄÕÝÅÊ ÚÁÄÁÞÉ ÓÌÅÄÕÅÔ, ÞÔÏ ÚÁÃÅÐÌÅÎÎÏÓÔØ ŒÓÅÇÄÁ ÑŒÌÑÅÔÓÑ ÞÅÔÎÏÊ.

1’.7 äÌÑ ÎÁÂÏÒÁ ÏÂÝÅÇÏ ÐÏÌÏÖÅÎÉÑ ÓÉÎÉÈ ÔÏÞÅË B_1, B_2, B_3, B_4 É ËÒÁÓÎÙÈ ÔÏÞÅË R_1, R_2, R_3, R_4 ÒÁÓÓÍÏÔÒÉÍ ÞÉÓÌÏ I ÚÁÃÅÐÌÅÎÎÙÈ ÒÁÚÄÅÌÅÎÎÙÈ ÐÁÒ (□; □^′) ÔÁËÉÈ, ÞÔÏ ÌÏÍÁÎÁÑ □ ÓÏÄÅÒÖÉÔ ÏÔÒÅÚÏË B_1R_1. áÎÁÌÏÇÉÞÎÏ ÒÁÓÓÕÖÄÅÎÉÀ ÚÁÄÁÞÉ 1’.6 ÄÏËÁÚÙŒÁÅÔÓÑ, ÞÔÏ ÞÅÔÎÏÓÔØ ÞÉÓÌÁ I ÎÅ ÚÁŒÉÓÉÔ ÏÔ ÎÁÂÏÒÁ ÔÏÞÅË. œ ÐÒÉÍÅÒÅ ÉÚ ÚÁÄÁÞÉ 1’.5 I = 1. ðÏÜÔÏÍÕ Œ ËÁÖÄÏÍ ÎÁÂÏÒÅ ÞÉÓÌÏ I ÎÅÞÅÔÎÏ, É ÐÏÜÔÏÍÕ Œ ËÁÖÄÏÍ ÎÁÂÏÒÅ ÓÕÝÅÓÔŒÕÅÔ ÚÁÃÅÐÌÅÎÎÁÑ ÒÁÚÄÅÌÅÎÎÁÑ ÐÁÒÁ ÚÁÍËÎÕÔÙÈ ÞÅÔÙÒÅÈÚŒÅÎÎÙÈ ÌÏÍÁÎÙÈ.

1’.8 õÔŒÅÒÖÄÅÎÉÅ ÚÁÄÁÞÉ ÓÌÅÄÕÅÔ ÉÚ ÚÁÄÁÞ 1’.6 É 1’.7.

2’.1 îÁÐÒÉÍÅÒ, ÍÏÖÎÏ ÒÁÓËÒÁÓÉÔØ A_1; A_2; A_3 ÔÏÞËÉ Œ ÓÉÎÉÊ ÃŒÅÔ, Á A_4; A_5; A_6 | Œ ËÒÁÓÎÙÊ. îÅÐÏÓÒÅÄÓÔŒÅÎÎÏ ÐÒÏŒÅÒÑÅÔÓÑ, ÞÔÏ ÐÏÌÕÞÅÎÎÙÊ ÎÁÂÏÒ ÏÔÒÉÃÁÔÅÌÅÎ.

2’.2 ðÒÅÄÐÏÌÏÖÉÍ, ÞÔÏ ÕÔŒÅÒÖÄÅÎÉÅ ÚÁÄÁÞÉ ÎÅŒÅÒÎÏ. ôÏÇÄÁ ÎÅËÏÔÏÒÙÅ ÄŒÅ ÓÉÎÉÅ ÔÏÞËÉ B_1; B_2 ÒÁÓÐÏÌÏÖÅÎÙ ÐÏ ÒÁÚÎÙÅ ÓÔÏÒÏÎÙ ÏÔ ÐÒÑÍÏÊ, ÐÒÏÈÏÄÑÝÅÊ ÞÅÒÅÚ ÎÅËÏÔÏÒÙÅ ÄŒÅ ËÒÁÓÎÙÅ ÔÏÞËÉ R_1; R_2. ôÏÇÄÁ ÏÔÒÅÚÏË B_1R_1 ÎÅ ÐÅÒÅÓÅËÁÅÔ B_2R_2 É B_1R_2 ÎÅ ÐÅÒÅÓÅËÁÅÔ B_2R_1, ÞÔÏ ÐÒÏÔÉŒÏÒÅÞÉÔ ÏÐÒÅÄÅÌÅÎÉÀ ÐÏÌÏÖÉÔÅÌØÎÏÇÏ ÎÁÂÏÒÁ.

2’.3 ðÕÓÔØ, ÏÔ ÐÒÏÔÉŒÎÏÇÏ, R_1 > R_2 > R_3 > R_1. ôÏÇÄÁ ÐÒÉ ÏÂÈÏÄÅ ÔÒÅÕÇÏÌØÎÉËÁ R_1R_2R_3 ŒÓÅ ÓÉÎÉÅ ÔÏÞËÉ ŒÓÅ ŒÒÅÍÑ ÏÓÔÁÀÔÓÑ ÓÐÒÁŒÁ. üÔÏ ŒÏÚÍÏÖÎÏ, ÔÏÌØËÏ ÅÓÌÉ ÏÂÈÏÄ ÐÒÏÉÓÈÏÄÉÔ ÐÏ ÞÁÓÏŒÏÊ ÓÔÒÅÌËÅ, É ŒÓÅ ÓÉÎÉÅ ÔÏÞËÉ ÒÁÓÐÏÌÏÖÅÎÙ ŒÎÕÔÒÉ ÔÒÅÕÇÏÌØÎÉËÁ. ðÏ ÎÁÛÅÍÕ ÐÒÅÄÐÏÌÏÖÅÎÉÀ, Œ ÚÁÄÁÞÁÈ 2’.2{2’.5 N ≥ 2, ÐÏÜÔÏÍÕ ÅÓÔØ ÈÏÔÑ ÂÙ ÄŒÅ ÓÉÎÉÅ ÔÏÞËÉ. ðÒÏŒÅÄÅÍ ÞÅÒÅÚ ÎÉÈ ÐÒÑÍÕÀ. ëÁËÉÅ-ÔÏ ÄŒÅ ŒÅÒÛÉÎÙ ÔÒÅÕÇÏÌØÎÉËÁ ÒÁÓÐÏÌÏÖÅÎÙ ÐÏ ÒÁÚÎÙÅ ÓÔÏÒÏÎÙ ÏÔ ÜÔÏÊ ÐÒÑÍÏÊ. îÏ ÔÏÇÄÁ ÉÓÈÏÄÎÙÊ ÎÁÂÏÒ ÎÅ ÍÏÖÅÔ ÂÙÔØ ÐÏÌÏÖÉÔÅÌØÎÙÍ (ÄÏËÁÚÙŒÁÅÔÓÑ ÁÎÁÌÏÇÉÞÎÏ ÚÁÄÁÞÅ 2’.2).

2’.4 ôÁË ËÁË ÉÓÈÏÄÎÙÊ ÎÁÂÏÒ ÔÏÞÅË ÐÏÌÏÖÉÔÅÌÅÎ, ÔÏ ÐÏ ÏÐÒÅÄÅÌÅÎÉÀ ÐÅÒÅÓÅÞÅÎÉÅ R_1B_1 É R_2B_2 ÐÏÌÏÖÉÔÅÌØÎÏ. úÎÁÞÉÔ, ÐÒÉ ÄŒÉÖÅÎÉÉ ÏÔ B_1 Ë R_1 ÔÏÞËÁ B_2 ÏÓÔÁÅÔÓÑ ÓÌÅŒÁ. îÏ ÔÏÇÄÁ É ÐÒÉ ÄŒÉÖÅÎÉÉ ÏÔ R_1 Ë B_2 ÔÏÞËÁ B_2 ÏÓÔÁÅÔÓÑ ÓÐÒÁŒÁ. ðÏ ÏÐÒÅÄÅÌÅÎÉÀ, ÔÏÇÄÁ R_1 > R_2.

2’.5 éÚ ÚÁÄÁÞÉ 2’.3 ÓÌÅÄÕÅÔ, ÞÔÏ ËÒÁÓÎÙÅ ÔÏÞËÉ ÍÏÖÎÏ ÚÁÎÕÍÅÒÏŒÁÔØ ÔÁË, ÞÔÏÂÙ R_1 < R_2 < · · · < R_N . éÚ ÚÁÄÁÞÉ 2’.4 ÓÌÅÄÕÅÔ, ÞÔÏ ÜÔÁ ÎÕÍÅÒÁÃÉÑ | ÉÓËÏÍÁÑ.

2’.6 (òÅÛÅÎÉÅ þÅÌÎÏËÏŒÁ œ.) úÁÎÕÍÅÒÕÅÍ ËÒÁÓÎÙÅ É ÓÉÎÉÅ ÔÏÞËÉ ÓÌÅŒÁ ÎÁÐÒÁŒÏ. ôÏÇÄÁ ÔÒÉ- ÌÉÓÔÎÉË ÐÒÅÄÓÔÁŒÌÑÅÔÓÑ ÌÏÍÁÎÏÊ R_1B_4R_4B_1R_2B_3R_5B_5R_3B_2R_1.

2’.7 ðÕÓÔØ ÄÁÎ ÐÏÌÏÖÉÔÅÌØÎÙÊ ÎÁÂÏÒ 5 ËÒÁÓÎÙÈ É 5 ÓÉÎÉÈ ÔÏÞÅË. úÁÎÕÍÅÒÕÅÍ ËÒÁÓÎÙÅ ÔÏÞËÉ, ËÁË Œ ÚÁÄÁÞÅ 2’.5. úÁÎÕÍÅÒÕÅÍ ÓÉÎÉÅ ÔÏÞËÉ ÁÎÁÌÏÇÉÞÎÙÍ ÏÂÒÁÚÏÍ. á ÉÍÅÎÎÏ, ÍÏÖÎÏ ÏÐÒÅÄÅ- ÌÉÔØ ÐÏÒÑÄÏË ’>’ ÓÉÎÉÈ ÔÏÞÅË ÁÎÁÌÏÇÉÞÎÏ ÐÏÒÑÄËÕ ËÒÁÓÎÙÈ ÔÏÞÅË É ÚÁÎÕÍÅÒÏŒÁÔØ ÓÉÎÉÅ ÔÏÞËÉ Œ ÐÏÒÑÄËÅ ŒÏÚÒÁÓÔÁÎÉÑ (Œ ÓÍÙÓÌÅ ’>’). òÁÓÓÍÏÔÒÉÍ ÌÏÍÁÎÕÀ R_1B_4R_4B_1R_2B_3R_5B_5R_3B_2R_1 (ÓÍ. ÒÅÛÅÎÉÅ ÚÁÄÁÞÉ 2’.6). ïÎÁ ÐÒÅÄÓÔÁŒÌÑÅÔ ÔÒÉÌÉÓÔÎÉË, ÞÔÏ ÓÌÅÄÕÅÔ ÉÚ ÔÁËÏÊ ÌÅÍÍÙ:

ìÅÍÍÁ. ðÏÌÏÖÉÔÅÌØÎÙÊ ÎÁÂÏÒ 5 ÓÉÎÉÈ É 5 ËÒÁÓÎÙÈ ÔÏÞÅË ÍÏÖÎÏ ÐÅÒÅŒÅÓÔÉ Œ ÎÁÂÏÒ ÔÏÞÅË ÉÚ ÐÒÉÍÅÒÁ 1’ ÎÅÐÒÅÒÙŒÎÙÍ ÄŒÉÖÅÎÉÅÍ ÔÁË, ÞÔÏÂÙ Œ ÐÒÏÃÅÓÓÅ ÄŒÉÖÅÎÉÑ ÎÁÂÏÒ ÏÓÔÁŒÁÌÓÑ Œ ÏÂÝÅÍ

ÐÏÌÏÖÅÎÉÉ.

éÄÅÑ ÄÏËÁÚÁÔÅÌØÓÔŒÁ. òÁÓÓÍÏÔÒÉÍ ÔÏÞËÕ B_1. éÚ ÎÁÛÅÊ ÎÕÍÅÒÁÃÉÉ ÔÏÞÅË ÓÌÅÄÕÅÔ, ÞÔÏ ÏÔÒÅÚËÉ Ó ÎÁÞÁÌÏÍ B_1 ÒÁÓÐÏÌÏÖÅÎÙ ŒÙÛÅ ŒÓÅÈ ÏÓÔÁÌØÎÙÈ. ðÏÜÔÏÍÕ ÍÙ ÍÏÖÅÍ ÐÅÒÅÍÅÓÔÉÔØ (ÄÏÐÕÓÔÉÍÙÍ ÏÂÒÁÚÏÍ) ÔÏÞËÕ B_1 ÔÁË, ÞÔÏÂÙ ÅÅ ÐÒÏÅËÃÉÑ ÐÏÐÁÌÁ Œ ÓÁÍÕÀ ÌÅŒÕÀ ÓÉÎÀÀ ÔÏÞËÕ ÎÁ ÒÉÓ. 2’, Á ÓÁÍÁ ÔÏÞËÁ B_1 ÒÁÓÐÏÌÁÇÁÌÁÓØ ÏÞÅÎØ ŒÙÓÏËÏ ÎÁÄ ÐÌÏÓËÏÓÔØÀ ÒÉÓÕÎËÁ. ôÏÇÄÁ É ŒÓÅ ÏÔÒÅÚËÉ Ó ÎÁÞÁÌÏÍ B_1 ÂÕÄÕÔ ÒÁÓÐÏÌÁÇÁÔØÓÑ ÏÞÅÎØ ŒÙÓÏËÏ. ðÏÜÔÏÍÕ ÔÏ ÖÅ ÓÁÍÏÅ ÍÏÖÎÏ ÓÄÅÌÁÔØ É Ó ÔÏÞËÏÊ B_2 | ÒÁÓÐÏÌÏÖÉÔØ ÅÅ ÏÞÅÎØ ŒÙÓÏËÏ, ÎÏ ÎÉÖÅ ÔÏÞËÉ B_2 ÔÁË, ÞÔÏÂÙ ÅÅ ÐÒÏÅËÃÉÑ ÓÏŒÐÁÌÁ ÓÏ ŒÔÏÒÏÊ ÓÌÅŒÁ ÓÉÎÅÊ ÔÏÞËÏÊ. äÅÊÓÔŒÕÑ ÔÁËÉÍ ÏÂÒÁÚÏÍ ÓÏ ŒÓÅÍÉ ÓÉÎÉÍÉ ÔÏÞËÁÍÉ, Á ÐÏÔÏÍ É Ó ËÒÁÓÎÙÍÉ, ÍÙ ÐÅÒÅŒÅÄÅÍ ÉÓÈÏÄÎÙÊ ÎÁÂÏÒ ÔÏÞÅË Œ ÔÒÅÂÕÅÍÙÊ ÎÁÂÏÒ. ìÅÍÍÁ, Á ŒÍÅÓÔÅ Ó ÎÅÊ É ÕÔŒÅÒÖÄÅÎÉÅ ÚÁÄÁÞÉ 2’.7, ÄÏËÁÚÁÎÏ.

2’.8 (îÅÂÏÌØÛÏÊ ÜËÓËÕÒÓ Œ ÒÁÍÓÅÅŒÓËÕÀ ÔÅÏÒÉÀ ÇÒÁÆÏŒ.) Á) õÔŒÅÒÖÄÅÎÉÅ ÌÅÇËÏ ÄÏËÁÚÁÔØ ÉÎÄÕËÃÉÅÊ ÐÏ n + m. äÏËÁÖÅÍ ÂÁÚÕ n + m = 6. éÚ ÚÁÄÁÞÉ 1.1 ÓÌÅÄÕÅÔ, ÞÔÏ R(3; 3) = 6. ïÞÅŒÉÄÎÏ, R(4; 2) = 4. âÁÚÁ ÄÏËÁÚÁÎÁ. éÎÄÕËÃÉÏÎÎÙÊ ÐÅÒÅÈÏÄ Œ ÓÌÕÞÁÅ n = 2 ÉÌÉ m = 2 ÏÞÅŒÉÄÅÎ. ðÒÉ m; n > 2 ÉÎÄÕËÃÉÏÎÎÙÊ ÐÅÒÅÈÏÄ ÐÏÌÕÞÁÅÔÓÑ ÉÚ ÏÃÅÎËÉ R(n; m) ≤ R(n − 1; m) + R(n; m − 1) + 1. äÅÊÓÔŒÉÔÅÌØÎÏ, ÒÁÓÓÍÏÔÒÉÍ ÐÏÌÎÙÊ ÇÒÁÆ Ó R(n − 1; m) + R(n; m − 1) + 1 ŒÅÒÛÉÎÁÍÉ. òÁÓÓÍÏÔÒÉÍ ÅÇÏ ŒÅÒÛÉÎÕ A. ðÏ ÐÒÉÎÃÉÐÕ äÉÒÉÈÌÅ ÎÁÊÄÅÔÓÑ ÌÉÂÏ R(n−1; m) ŒÙÈÏÄÑÝÉÈ ÉÚ ÎÅÅ ÒÅÂÅÒ ÐÅÒŒÏÇÏ ÃŒÅÔÁ, ÌÉÂÏ R(n; m − 1) ŒÙÈÏÄÑÝÉÈ ÉÚ ÎÅÅ ÒÅÂÅÒ ŒÔÏÒÏÇÏ ÃŒÅÔÁ. òÁÓÓÍÁÔÒÉŒÁÑ ÐÏÌÎÙÅ ÐÏÄÇÒÁÆÙ Ó ŒÅÒÛÉÎÁÍÉ Œ ÏÔÌÉÞÎÙÈ ÏÔ A ËÏÎÃÁÈ ÕËÁÚÁÎÎÙÈ ÒÅÂÅÒ, ÐÏÌÕÞÁÅÍ ÔÒÅÂÕÅÍÏÅ. õÔŒÅÒÖÄÅÎÉÅ ÄÏËÁÚÁÎÏ.

Â) æÏÒÍÕÌÉÒÏŒËÁ ÏÞÅŒÉÄÎÁ, ÄÏËÁÚÁÔÅÌØÓÔŒÏ ÁÎÁÌÏÇÉÞÎÏ ÐÕÎËÔÕ Á) É ÉÓÐÏÌØÚÕÅÔ ÏÃÅÎËÕ

R(l; m; n) ≤ R(l − 1; m; n) + R(l; m − 1; n) + R(l; m; n − 1) + 1:

Œ) ôÅÏÒÅÍÁ. äÌÑ ÌÀÂÙÈ m_1; m_2; m_3; n_1; n_2; n_3 ÎÁÊÄÅÔÓÑ ÔÁËÏÅ R = R(m_1; m_2; m_3; n_1; n_2; n_3), ÞÔÏ ÐÒÉ ÌÀÂÏÊ ÒÁÓËÒÁÓËÅ ÄŒÕÄÏÌØÎÏÇÏ ÇÒÁÆÁ Ó 2R ŒÅÒÛÉÎÁÍÉ (ÐÏÒÏŒÎÕ Œ ËÁÖÄÏÊ ÄÏÌÅ) Œ ÔÒÉ ÃŒÅÔÁ ÄÌÑ ÎÅËÏÔÏÒÏÇÏ 1 ≤ i ≤ 3 ÎÁÊÄÅÔÓÑ ÐÏÌÎÙÊ ÄŒÕÄÏÌØÎÙÊ ÐÏÄÇÒÁÆ i-ÇÏ ÃŒÅÔÁ Ó m_i ŒÅÒÛÉÎÁÍÉ Œ ÐÅÒŒÏÊ ÄÏÌÅ É n_i ŒÅÒÛÉÎÁÍÉ ŒÏ ŒÔÏÒÏÊ.

äÏËÁÚÁÔÅÌØÓÔŒÏ ÁÎÁÌÏÇÉÞÎÏ ÐÕÎËÔÕ Á) É ÉÓÐÏÌØÚÕÅÔ ÏÃÅÎËÕ

R ≤ R(m_1 −1; m_2; m_3; n_1; n_2; n_3)+R(m_1; m_2 −1; m_3; n_1; n_2; n_3)+R(m_1; m_2; m_3 −1; n_1; n_2; n_3)+1:

Ç) (éÄÅÑ ÄÏËÁÚÁÔÅÌØÓÔŒÁ.) óÎÁÞÁÌÁ ÎÕÖÎÏ ÄÏËÁÚÁÔØ ÓÌÅÄÕÀÝÅÅ ŒÓÐÏÍÏÇÁÔÅÌØÎÏÅ ÕÔŒÅÒÖÄÅ- ÎÉÅ:

õÔŒÅÒÖÄÅÎÉÅ. ðÕÓÔØ ÄÁÎ ÐÏÌÎÙÊ ÄŒÕÄÏÌØÎÙÊ ÇÒÁÆ Ó 2R ŒÅÒÛÉÎÁÍÉ (ÐÏÒÏŒÎÕ Œ ËÁÖÄÏÊ ÄÏÌÅ). îÁÚÏŒÅÍ ÔÒÅÕÇÏÌØÎÉËÏÍ ÔÒÉ ŒÅÒÛÉÎÙ, ÏÄÎÁ ÉÚ ËÏÔÏÒÙÈ ÌÅÖÉÔ Œ ÐÅÒŒÏÊ ÄÏÌÅ, Á ÄŒÅ ÄÒÕÇÉÅ | Ï ŒÔÏÒÏÊ. ôÏÇÄÁ ÄÌÑ ÌÀÂÙÈ n_1; n_2; n_3 É m_1; m_2; m_3 ÎÁÊÄÅÔÓÑ ÔÁËÏÅ R = R(m_1; m_2; m_3; n_1; n_2; n_3), ÞÔÏ ÐÒÉ ÌÀÂÏÊ ÒÁÓËÒÁÓËÅ ŒÓÅÈ ÔÒÅÕÇÏÌØÎÉËÏŒ Œ ÔÒÉ ÃŒÅÔÁ ÎÁÊÄÅÔÓÑ ÐÏÌÎÙÊ ÄŒÕÄÏÌØÎÙÊ ÐÏÄÇÒÁÆ Ó m_i ŒÅÒÛÉÎÁÍÉ Œ ÐÅÒŒÏÊ ÄÏÌÅ É n_i ŒÅÒÛÉÎÁÍÉ ŒÏ ŒÔÏÒÏÊ, ŒÓÅ ÔÒÅÕÇÏÌØÎÉËÉ ËÏÔÏÒÏÇÏ ÉÍÅÀÔ ÃŒÅÔ i. äÏËÁÚÁÔÅÌØÓÔŒÏ ÐÒÏÉÚŒÏÄÉÔÓÑ ÉÎÄÕËÃÉÅÊ ÐÏ ∑ n_i + ∑ m_i. âÁÚÁ ÉÎÄÕËÃÉÉ ÓÏÓÔÏÉÔ Œ ÕÔŒÅÒ- ÖÅÎÉÑÈ ÚÁÄÁÞ 2’.7Â É 2’.7Œ. éÎÄÕËÃÉÏÎÎÙÊ ÐÅÒÅÈÏÄ ÐÏÌÕÞÁÅÔÓÑ ÉÚ ÏÃÅÎËÉ

R ≤ R(R(m_1 − 1; m_2; m_3; n_1; n_2; n_3); R(m_1; m_2 − 1; m_3; n_1; n_2; n_3); R(m_1; m_2; m_3 − 1; n_1; n_2; n_3)):

úÄÅÓØ R(x; y; z) | ÞÉÓÌÏ ÉÚ ÐÕÎËÔÁ 2’.7Â. äÌÑ ÄÏËÁÚÁÔÅÌØÓÔŒÁ ÐÒÉŒÅÄÅÎÎÏÊ ÆÏÒÍÕÌÙ ÎÕÖÎÏ ÒÁÓ- ÓÍÏÔÒÅÔØ ÏÄÎÕ ÉÚ ŒÅÒÛÉÎ Œ ÐÅÒŒÏÊ ÄÏÌÅ, ÓËÁÖÅÍ A. âÅÚ ÏÇÒÁÎÉÞÅÎÉÑ ÏÂÝÎÏÓÔÉ, ÓÏÇÌÁÓÎÏ ÐÕÎËÔÕ 2’.7Â ÍÏÖÎÏ ÏÔÍÅÔÉÔØ R(m_1−1; m_2; m_3; n_1; n_2; n_3) ŒÅÒÛÉÎ ŒÏ ŒÔÏÒÏÊ ÄÏÌÅ ÔÁË, ÞÔÏÂÙ ŒÓÅ ÔÒÅÕÇÏÌØ- ÎÉËÉ Ó ŒÅÒÛÉÎÁÍÉ Œ A É ÄŒÕÈ ÏÔÍÅÞÅÎÎÙÈ ÔÏÞËÁÈ ÂÙÌÉ ÐÅÒŒÏÇÏ ÃŒÅÔÁ. ôÅÐÅÒØ ÎÁÛÁ ÆÏÒÍÕÌÁ ÐÏÌÕÞÁÅÔÓÑ ÉÚ ÐÒÅÄÐÏÌÏÖÅÎÉÑ ÉÎÄÕËÃÉÉ.

äÌÑ ÄÏËÁÚÁÔÅÌØÓÔŒÁ ÕÔŒÅÒÖÄÅÎÉÑ 2’.7Ç ÎÕÖÎÏ ÒÁÓÓÍÏÔÒÅÔØ ÏÄÎÕ ÓÉÎÀÀ ŒÅÒÛÉÎÕ B_1. ëÁÖÄÕÀ ÔÒÏÊËÕ B_2; R_1; R_2 ÒÁÓËÒÁÓÉÍ Œ ÏÄÉÎ ÉÚ ÔÒÅÈ ÃŒÅÔÏŒ Œ ÚÁŒÉÓÉÍÏÓÔÉ ÏÔ ÔÏÇÏ, ÐÏÌÏÖÉÔÅÌØÎÁ, ÏÔÒÉ- ÃÁÔÅÌØÎÁ ÉÌÉ ÎÅÊÔÒÁÌØÎÁ ÞÅÔŒÅÒËÁ B_1; B_2; R_1; R_2. ôÅÐÅÒØ ÐÒÏÈÏÄÉÔ ÉÎÄÕËÃÉÏÎÎÙÊ ÐÅÒÅÈÏÄ, ÉÓ- ÐÏÌØÚÕÀÝÉÊ ÐÒÅÄÙÄÕÝÅÅ ÕÔŒÅÒÖÄÅÎÉÅ É ÁÎÁÌÏÇÉÞÎÙÊ ÄÏËÁÚÁÔÅÌØÓÔŒÕ ÜÔÏÇÏ ÕÔŒÅÒÖÄÅÎÉÑ. ôÅÍ ÓÁÍÙÍ ÕÔŒÅÒÖÄÅÎÉÅ ÚÁÄÁÞÉ 2’.7Ç ÍÏÖÅÔ ÂÙÔØ ÄÏËÁÚÁÎÏ ÐÏ ÉÎÄÕËÃÉÉ.

Ä) óÏÇÌÁÓÎÏ ÚÁÄÁÞÅ 1’.1, ÎÅÊÔÒÁÌØÎÙÈ ÎÁÂÏÒÏŒ ÐÒÉ n ≥ 3 ÎÅ ÂÙŒÁÅÔ. ðÏÜÔÏÍÕ ÐÕÎËÔ Ä) ÓÌÅÄÕÅÔ ÉÚ ÐÕÎËÔÁ Ç).

2’.9 ôÅÏÒÅÍÙ íÉ-ÅÞÉ É îÅÇÁÍÉ ÄÌÑ ÔÒÉÌÉÓÔÎÉËÁ ÓÌÅÄÕÀÔ ÉÚ ÚÁÄÁÞÉ 2’.7, ÅÅ ÁÎÁÌÏÇÁ ÄÌÑ ÏÔÒÉ- ÃÁÔÅÌØÎÏÇÏ ÎÁÂÏÒÁ É ÚÁÄÁÞÉ 2’.8Ä ÄÌÑ n = 5.

2’.10 ìÕÞÛÉÊ ÓÐÏÓÏÂ ÒÅÛÉÔØ ÜÔÕ ÚÁÄÁÞÕ | ÜÔÏ ŒÏÓÐÏÌØÚÏŒÁÔØÓÑ ÚÁÄÁÞÁÍÉ 2’.11 É 2’.12 ÉÚ "äÏÍÁÛÎÅÇÏ ÚÁÄÁÎÉÑ". ëÁË É Œ ÒÅÛÅÎÉÉ ÚÁÄÁÞÉ 2.1, ÄÌÑ ÐÒÏŒÅÒËÉ ÌÕÞÛÅ ŒÓÅÇÏ ÉÓÐÏÌØÚÏŒÁÔØ ŒÅÒÅŒËÕ ÉÌÉ ÎÉÔØ.

Inscribed Links

The problem suggested by M. Skopenkov, O. Skriabin and A. Shapovalov (with participation of I. Dynnikov and A. Skopenkov)

The ˛rst part of the problem leads to the proof of the following theorem.

Theorem 1. (Conway{Gordon{Sachs, 1981) Suppose that there are given 6 points (in space) such that no 4 of them are coplanar. Then there exist two linked triangles with vertices at these points.

The second part of the problem deals with generalizations of this theorem to arbitrary links (see the de˛nitions and examples below). These two parts are almost independent, so you can solve the problem starting with either task 1.1 or task 2.1. 1. Linked triangles 1.1 Prove that in any company of 6 persons there are either three persons s.t. each of them is acquainted with others or three persons s.t. each of them is unknown to others.

1.2 Prove that for 5 coplanar points such that no 3 of them are collinear there exists a pair of segments with endpoints among these points intersecting at an interior point.

De˛nition of general position. We say that a set of points in space is in general position, if no 4 of them are coplanar.

Example 1. (Fig. 1) Consider a regular hexagon in a horizontal plane. The set of points A_1, A_2, A_3, A_4, A_5, A_6, placed directly above its vertices with heights 1, 2, 3, 4, 5, 6 respectively, is in general position.

Fig. 1.

Example 2. The points with coordinates (t; t^2; t^3) in a Cartesian coordinate system (for t = 1; : : : ; 6, are in general position (try to check it yourself!).

De˛nition of the linking coe‹cient of two triangles. Let ´; ´^′ be triangles such that the set containing their 6 vertices is in general position. We say that these triangles are linked, if the outline of the triangle ´ intersect the interior of the triangle ´^′ at a single point. Let us de˛ne the linking coe‹cient lk(´; ´^′) of two triangles by the formula

lk(´; ´^′) = { 1; if ´ and ´^′ are linked, 0; otherwise:

Example 3. The triangles A_1A_3A_5 and A_2A_4A_6 from Example 1 are linked. 1.3 Suppose that the outline of one of the triangles ´ and ´^′ does not intersect the plane containing the second triangle. Prove that lk(´; ´^′) = 0.

De˛nition of linked pairs of points. Suppose that there are given two pairs of points (say, two red points and two blue ones). in the same horizontal line. We say that these pairs are linked, if their order in the line is either (red, blue, red, blue) or (blue, red, blue, red) from the right to the left.

1.4 Prove that the triangles ´ and ´^′ are linked if and only if the following 3 conditions are satis˛ed: 1) the planes of the triangles ´ and ´^′ intersect at a line (denote it by l);

2) each of the sets ´ ∩ l and ´^′ ∩ l consists of two points (here and below ´ and ´^′ denote the outlines of the triangles);

3) the pairs of points ´ ∩ l and ´^′ ∩ l are linked. 1.5 Prove that lk(´; ´^′) = lk(´^′; ´).

1.6 Prove that lk(´; ´^′) = const, if ´ moves leaving the set of 6 vertices of triangles ´ and ´^′ in general position.

1.7 Suppose that the point A_1 of Example 1 moves upwards with constant speed. Denote by A_1(t) its position at the moment t. Plot the graph of the function lk(A_1(t)A_3A_5; A_2A_4A_6).

De˛nition of the total linking number of a 6-tuple of points. Suppose that there are given 6 points in space in general position. We shall say that two triangles with (pairwise distinct) vertices at these points form a divided pair. The total linking number of a 6-tuple of points is the number of linked divided pairs.

Remark. For a 6-tuple of points, its total linking number is equal to ∑ lk(´; ´^′);

where the sum is over all divided pairs (´; ´^′).

1.8 Prove that the total linking number modulo 2 does not depend on the choice of a 6-tuple of points.

1.9 Construct an example of 6 points with the total linking number 1. 1.10 Prove Theorem 1. 2. Inscribed knots and links Main notions. A knot is just a rope with its ends tied. We suppose it elastic, and do not distinguish between the knots obtained one from another deforming the rope.

The examples of distinct knots: trivial K, right and left trefoils T , ˛gure eight E (Fig. 2).

K T r T l E Fig. 2.

If there are several ropes, each having its ends tied, we call this ˛gure a link. The examples of distinct links: the Hopf link H (or simple link), double link D, the Whitehead link W , the Borromeo rings B (Fig. 3).

H D W B Fig. 3.

2.1 Into which of the knots and links from Fig. 2, 3 the knots and links from Fig. 4 can be deformed?

Á Â Œ Ç Ä Å Fig. 4.

De˛nition of an inscribed knot and link. Let M be the set of points in space, A be a knot. Suppose that the rope of M is deformed into a polygonal line A^′ with vertices belonging to M. Then we say that (the knot) A^′ is inscribed into M. We also say that A^′ represents A. An inscribed link can be de˛ned analogously.

Remark. Any knot inscribed into M is a subset of the ˛gure obtained from M by joining all points by segments of straight lines.

Theorem 2. (Negami, 1991) For any knot there exists a positive integer N such that this knot can be inscribed into any set of N points in space such that no 4 points of this set are coplanar.

(Try to prove this theorem for the knot trefoil. Some hints to the proof of this theorem and some related open questions will be given in the tasks introduced after the semi˛nal.)

2.2 Prove that any knot inscribed into the set consisting of ≤ 5 points is trivial. 2.3 Find the minimal set into which the following knots and links can be inscribed a) simple link;

b) the Borromeo rings; c) trefoil;

d) double link; e) ˛gure eight;

f) the Whitehead link.

(We do not ask to prove the minimality). 2.4 Find the linking coe‹cients:

a) of two triangles representing a simple link;

b) of two triangles among three triangles representing the Borromeo rings. 2.5 Let ´; ´^′ be two triangles in space, ´; ´^′ be their projections onto a horizontal plane. Assume that no 3 of 6 vertices of ´ and ´^′ are collinear. For each point of ´ ∩ ´^′ (a cross-road) draw which of the sides is higher (Fig. 1). Prove that lk(´; ´^′) is equal modulo 2 to the number of cross-roads s.t. the side of ´ is higher than the side of ´^′.

Inscribed Links: More Problems 1. Linked 4-polygons

Theorem 1’. (Sachs, 1981) Suppose that there are 4 red and 4 blue points in space s.t. no two segments with endpoints of di¸erent colours intersect at an interior point. Then there exist two linked 4-polygons having these points as vertices s.t. for each side of these polygons its endpoints are di¸erent-coloured.

1’.1 Suppose that there are 3 red and 3 blue points in the plane s.t. no three are collinear. Prove that there exist two segments with endpoints of di¸erent colours intersecting at an interior point.

De˛nition of the linking coe‹cient of two 4-polygons. Let □ and □^′ be two 4-polygons in space with vertices A; B; C; D and A^′; B^′; C^′; D^′ respectively. (We suppose that these vertices are in general position.) By the linking coe‹cient of these 4-polygons we mean the residue modulo 2 of the number of intersection points of the polygonal line ABCD and the union of triangles A^′B^′C^′ and A^′D^′C^′ (together with their interiors).

1’.2 Prove that lk(ABCD; A^′B^′C^′D^′) = lk(ABCD; B^′C^′D^′A^′). 1’.3 Prove analogues of 1.5 and 1.6 for the linking coe‹cients of 4-polygons.

1’.4 De˛ne the linking coe‹cient of two 4-polygons, with the condition of general position replaced by the weaker one □ ∩ □^′ = ∅ (the above properties should be satis˛ed!)

De˛nition of general position in the case of two colours. Consider a set of red and blue points in space. We say that this set is in general position, if no two segments with endpoints of di¸erent colours intersect at an interior point.

De˛nition of a divided pair of 4-polygons. Let M be the set in general position containing 4 red and 4 blue points. We say that two 4-polygons form a divided pair if the following condition are satis˛ed:

(1) the (pairwise distinct) vertices of these polygons belong to M; (2) for each side of these polygons its endpoints are di¸erent-coloured.

1’.5 Let 4 red points belong to a line, 4 blue points belong to another line. Suppose that these lines are skew. Find all divided pairs (□; □^′) s.t. □ and □^′ are linked.

1’.6 De˛ne total linking number of a 4-tuple of red points and a 4-tuple of blue points and prove that total linking number modulo 2 is even.

1’.7 Prove Theorem 1’.

1’.8 In the situation described in Theorem 1’, prove that there exist at least two pairs of linked 4-polygons.

The problems suggested after the semi˛nal (The solutions do not use the results of the previous tasks) 2. Inscribed knots and links De˛nition of a knot (link) inscribed into a coloured set. Consider a set of red and blue points in space. By an inscribed knot we mean a polygonal line (representing some knot) such that the endpoints of each side are di¸erent-coloured. An inscribed link is de˛ned analogously (e. g., see Theorem 1’).

Theorem 2’. (Miyauchi, 1994) For any knot (link) there exists a positive integer N such that this knot (link) can be inscribed into any set of N red and N blue points in space such that no 4 points of this set are coplanar.

(Clearly, the Negami theorem follows from the Miyauchi theorem).

De˛nition of a positive set. Consider a set of N red and N blue points in space in a general position. Join di¸erent-coloured points pairwise by segments. Draw the projection of the obtained ˛gure (onto the horizontal plane). Further we work only with plane projections, so we omit the word ’projection’ from the phrases ’projection of a point of the set’ and ’projection of a segment’ if it does not leave to a confusion.

Assume that no interior points of the segments drawn belong to the set considered. For each intersection point of the segments (a cross-road) draw which of the segments is higher (as in task 2.5). Let us move along the projection of the higher segment from its blue endpoint to the red one. If the blue endpoint of the second segment is on the left side, then the cross-road is called positive (see the left part of Fig. 1’). Otherwise it is called negative (see the right part of Fig. 1’).

Fig. 1’.

The initial set of points is positive, if for any two blue points B_1; B_2 and any two red points R_1; R_2 either the segments B_1R_1; B_2R_2 or the segments B_1R_2; B_2R_1 intersect at an interior point, and the corresponding cross-road is positive. The negative set is de˛ned analogously.

Example 1’. An example of a positive set is shown in Fig. 2.

Fig. 2’.

2’.1 Paint red and blue the set of Example 1 to make it negative. We assume that in tasks 2’.2{2’.5 there is given a positive set with N ≥ 2. 2’.2 All blue points belong to the same halfplane bounded by a line joining a pair of red points. De˛nition of the order ’>’. Consider a positive set. Let R_1 and R_2 be two red points. Let us move along the line R_1R_2 from R_1 to R_2 (assume this line horizontal). We say that R_1 > R_2 if all blue points stay on the right during this motion.

2’.3 Prove that if R_1 > R_2 and R_2 > R_3, then R_1 > R_3. 2’.4 Prove that if the segment R_1B_1 is higher than R_2B_2, then R_1 > R_2.

2’.5 There exists a numbering of red and blue points such that for any i < j and k ≠ l the segment R_iB_k is higher R_j B_l.

2’.6 Inscribe a trefoil into the set from Example 1’.

2’.7 A trefoil can be inscribed into any positive set of 5 blue and 5 red points. 2’.8 (the Ramsey theorems) a) Prove that for any m and n there exist R(m; n) such that if we paint red and blue the edges of a complete graph with R(m; n) vertices, then there exist either a red complete subgraph with m vertices or a blue complete subgraph with n vertices.

b) State and prove the generalization of a) to the case of 3 colours. c) State and prove the generalizations of a) and b) to complete bipartite graphs. d) A coloured set of points in space in a general position is called neutral, if no two projections of segments with di¸erent-coloured endpoints intersect (at an interior point). Prove that for any n there exist R(n) such that any set of R(n) blue and R(n) red points in space in a general position contains either a positive or negative or neutral subset of n blue and n red points.

e) Prove that for any n there exist R(n) such that any set of R(n) blue and R(n) red points in space in a general position contains either a positive or negative subset of n blue and n red points.

2’.9 Prove the Miyauchi theorem and the Negami theorem for a trefoil.

2’.10 Inscribe the knots and links from Fig. 2, 3 in a positive set and prove the Miyauchi theorem and the Negami theorem for them.

Inscribed links: homework 2. Inscribed knots and links

The Two Sticks Lemma. Consider a pair of skew lines. For any knot there exists a positive integer N such that this knot can be inscribed into a set consisting of N red points in the ˛rst line and N blue points in the second.

De˛nition of a rectangular representation of a knot. (left part of Fig. 3’, see also Fig. 2e) We say that a rectangular representation of the knot is given, if the projection of the rope satis˛es to the following 3 properties:

⊏) the projection consists of some vertical and horizontal segments;

−) no two vertical segments belong to one vertical line and no two horizontal segments belong to one horizontal line;

÷) if a horizontal segment intersects a vertical segment, then the "horizontal" part of the rope is higher than the "vertical" one.

The de˛nition of a rectangular representation of a link is analogous.

Fig. 3’.

2’.11 Draw rectangular representations of the knots and links in Fig. 2, 3. De˛nition of a dual knot. (Fig. 3’) Suppose that a rectangular representation of a knot is given. Let X_1; X_2; : : : ; X_N be the "coordinates" of the vertical segments of its projection, and let Y_1; Y_2; : : : ; Y_M be the "coordinates" of the horizontal ones (see Fig. 3’). Consider a pair of lines parallel to the plane of the ˛gure. Let the ˛rst (horizontal) line be below the plane, and let the second (vertical) line be above the plane. Mark the points with coordinates X_1; X_2; : : : ; X_N on the horizontal line, and the points with coordinates Y_1; Y_2; : : : ; Y_M on the vertical one. Denote by R_i the point with the coordinate X_i in the ˛rst line, and B_j the point with the coordinate Y_j in the second one. Join by a segment each pair of marked points R_i; B_j such that the point (X_i; Y_j) in the plane of the ˛gure is an endpoint of a segment of the projection. Thus we obtain a closed polygonal line. The knot represented by this polygonal line is dual to the initial one. The de˛nition of a dual link is analogous.

Example 2’ A trefoil and the knot dual to it (a trefoil again) are shown in Fig 3’. 2’.12 Draw the knots and links, which are dual to the rectangular knots and links from your solution of the task 2’.11. Into which of the knots and links shown in Fig. 2, 3 they can be deformed?

2’.13 Prove that a) for any knot there exists a rectangular representation;

b) any knot with a rectangular representation can be deformed into its dual. 2’.14 Prove the Two Sticks Lemma.

2’.15 Deduce the Miyauchi and the Negami theorems from the Two Sticks Lemma. 2’.16 (hard) An embedding of a graph is linkless, if no two cycles of the graph are linked. Describe all graphs that do not have linkless embeddings.

2’.17 (a well-known open problem) An embedding of a graph is knotless, if no cycle of the graph is knotted. Describe all graphs that do not have knotless embeddings.

[1] J. Conway, C. Gordon, Knots and links in spatial graphs, Journal of Graph Theory 7 (1983), 445{453.

[2] S. Negami, Ramsey-type theorem for spatial graphs, Graphs and Combinatorics 14 (1998), 75{80. [3] M. Skopenkov, Embedding products of graphs into Euclidean spaces, Fundamenta Mathematicae, to appear.

Solutions of the problems suggested before the semi˛nal 1.1 Consider the graph consisting of 6 vertices and all joining them edges. Let each vertex correspond to a person. If two persons know each other, then paint red the edge joining the corresponding vertices, and paint it blue otherwise. Consider a vertex A. By the \pigeon holes principle" there exist three vertices X_1, X_2 and X_3 such that the edges AX_1, AX_2 and AX_3 have the same colour. Assume that they are red. If one of the edges X_iX_j (i, j ∈ {1; 2; 3}) is red, then all the sides of the triangle AX_iX_j are red, and the statement follows. Otherwise all the sides of the triangle X_1X_2X_3 are blue, and we are done.

1.2 First Solution. If the convex hull of the points has either four or ˛ve vertices, the claim is obvious: any two diagonals intersect. Consider the case when the convex hull is a triangle ABC. The two remaining points (say, D and E) belong to the interior of the triangle ABC. The point E belongs to the interior of one of the triangles DAB, DAC, DBC. We may assume that it belongs to DAC. Then EB crosses one of the segments DA and DC.

Second solution. The claim of the problem is a 2-dimensional analogue of Theorem 1 and can be proved analogously. We say that a set of points in the plane is in general position if no 3 points of this set are collinear. By the total linking number of 5-tuple of points in general position we mean the number of pairs of segments with their ends at these points intersecting at the interior point. It is easy to construct an example of a 5-tuple of points with the total linking number 1. After that it remains to show that the total linking number modulo 2 does not depend on the choice of 5 points. Consider two di¸erent 5-tuples. We can transform one of them into another, moving the points one by one (the motion can be assumed uniform). Clearly, while the points move leaving the 5-tuple in general position, the total linking number is constant. As one of the points (say, A) passes through a segment with ends at two of the remaining points (say, B and C), the resulting total linking number either di¸ers by 2 from the initial linking number or is equal to it. Indeed, at such a moment the \state" changes (i. e., intersecting pairs of segments become disjoint and vice versa) for exactly two pairs: AD; BC and AE; BC (here D and E are the remaining points of the 5-tuple).

1.3 It is su‹cient to show that if either lk(´; ´^′) = 1 or lk(´^′; ´) = 1, then the outline of the triangle ´ crosses the plane of the triangle ´^′. The ˛rst case is obvious. In the second case the outline of the triangle ´^′ crosses the interior of the triangle ´. It follows that the interior of the triangle´ crosses the plane of the triangle ´^′, hence the outline of the triangle ´ also crosses the plane of the triangle ´^′.

1.4 Let ´ and ´^′ be two linked triangles. It is clear that condition 1) is satis˛ed. The condition 2) follows from task 1.3. Indeed, since the triangle ´ intersects the plane of the triangle ´^′, it follows that the set ´ ∩ l is not empty. By general position the set cannot consist of a single point. Let us prove that condition 3) is satis˛ed. Denote by {A; B}; {A^′; B^′} the sets ´ ∩ l and ´^′ ∩ l respectively. All common points of the outline of the triangle ´ and the interior of the triangle ´^′ belong to the segment A^′B^′. So exactly one of the points A and B belongs to the segment A^′B^′. This means that the pairs A; B and A^′; B^′ are linked in l.

Vice versa, let the pairs A; B and A^′; B^′ be linked in l. Then by the above the outline of the triangle ´ crosses the interior of the triangle ´^′ at a single point, hence ´ and ´^′ are linked.

1.5 According to the task 1.4, both of the conditions lk(´; ´^′) = 1 and lk(´^′; ´) = 1 are equivalent to the same condition.

1.6 It follows from task 1.4 that lk(´; ´^′) = 1 if and only if conditions 1){3) are satis˛ed. None of them are changed under motion described. This needs checking only for property 1). This condition is not satis˛ed only if the planes of the triangles ´ and ´^′ are parallel. Then by task 1.3 it follows that at this moment (and at all moments nearly before and after it) we have lk(´; ´^′) = 0.

1.7 The following lemma may be useful:

Lemma. Let the vertex A of the triangle ´ move along a segment in space with constant speed, while two remaining vertices and ´^′ stay put. Denote by ´_t the position of the triangle ´ at the moment t, where 0 ≤ t ≤ 2. Assume that the set of 6 vertices of ´_t and ´^′ is in general position for each t, except t = 1.

a) If ´_1 ∩ ´^′ = ∅, then lk(´_0; ´^′) = lk(´_2; ´^′).

b) If ´_1 and ´^′ have a unique common point distinct from any of their vertices, then the numbers lk(´_0; ´^′) and lk(´_2; ´^′) di¸er (by 1).

The proof of the lemma, the graph itself and tasks 1.8{1.10 are suggested as tasks after the semi˛nal. 2.1 The \most right" way to solve this task is to take a rope, make a knot from Fig. 4 on it, and try to deform it into one of the knots in Fig. 2, 3. The same is true for the links. It is convenient to represent the deformation of the rope by a sequence of pictures in which the consequent pictures are obtained one from another by a small deformation.

2.2 It su‹ces to show that a closed polygonal line with ≤ 5 sides is not knotted (i. e., represents a trivial knot). Clearly, a triangle is not knotted. Note that if in an n-polygon (i. e., a closed polygonal line with n sides) the interior of the triangle containing a pair of consequent sides does not intersect any of the remaining sides, then we can replace this pair of sides by the diagonal and obtain an (n − 1)-polygon representing the same knot. Since in a 4-polygon there are no obstructions to such contraction, it follows that it contracts into a triangle and hence is not knotted. Assume that in a 5-polygon ABCDE there is an obstruction to contraction of AB and BC. Then the side DE intersects the interior of the triangle ABC. But then AE does not intersect the interior of the triangle BCD, because they are separated by the plane ABC.

2.3 Answers: a) 6; b) 9; c) 6; d) 7; f) 8.

Example to a) is shown in Fig. 1. Another example: consider a regular triangle ABC in a horizontal plane, another triangle DEF with its vertex F placed outside the triangle ABC in its plane and the vertices D and E placed directly above and below the center of ABC respectively.

\Minimality". In a) and b) it is obvious. In c) it follows form task 2.2. Let us prove the \minimality" in d). It su‹ces to show that any two disjoint triangles in space either represent a simple link or are not linked (can be \unhooked"). If the outline of one of the triangles does not intersect the interior of the remaining triangle, then there is no obstructions to \unhooking". Otherwise each of the triangles intersects the interior of the other one at a single point. Consider the plane of one of the triangles (say, ABC). We may assume that it is horizontal. Let the side DE of the second triangle intersect the triangle ABC. Denote by F the remaining vertex of the second triangle. It is easy to deform the triangles ABC and DEF into the triangles of the above example to task 2.3.a.

The examples to b){f), the \minimality" in f) and the whole task e) are the tasks after the semi˛nal. 2.4 a) Answer: 1, follows from Example 3. b) Answer: 0, the solution is a task after the semi˛nal.

2.5 The proof of the statement is a task after the semi˛nal. Note that this statement may be useful in the solutions of the tasks from the ˛rst part of the problem.

Solution of the problems proposed before the semi-˛nal (continuation) 1.7 Example 3 and the lemma from the remark (given after the semi-˛nal) to this problem imply that lk(t) = { 1; t ∈ (−∞; 2) ∪ (3; 5; 4; 5) ∪ (6; +∞) 0; t ∈ (2; 3; 5) ∪ (4; 5; 6):

The lemma follows easily from problem 1.4.

1.8 Let the sets of points N, X_1, X_2, X_3, X_4, X_5, and N^′, X_1, X_2, X_3, X_4, X_5 be in a general position. Let us connect points N and N^′ by the polygonal line which does not contain X_i. Let N_t describes the position of point N at moment t while N moves uniformely along the polygonal line. According to the previous problem the total linking number for 6-tuple of points N, X_1, X_2, X_3, X_4, X_5 is changed only at moments when N_t ∈ X_iX_jX_k for some 1 ≤ i < j < k ≤ 5. Therefore it is su‹cient to prove that parity of the total linking number is the same while N passes through plane N_t ∈ X_iX_j X_k (we assume that i = 1, j = 2, k = 3). Let us notice that among all possible segments with ends at the points N, X_i, X_j, X_k either there are no intersected pairs or there is only one. In the ˛rst case the outlines of any two pairs of triangles with vertices at N, X_1, X_2, X_3, X_4, and X_5 do not intersect (according to the previous problem the total linking number for 6-tuple is not changed). Let us consider the second case. Let A_1, A_2, A_3, A_4 be a permutation of N, X_1, X_2, X_3 such that segment A_1A_2 intersects segment A_3A_4. Then there exist exactly two pairs of triangles with vertices at N, X_1, X_2, X_3, X_4 and X_5 such that the outlines of the triangles intersect: X_4A_1A_2 and X_5A_3A_4, X_5A_1A_2 and X_4A_3A_4. Problem 1.7 implies that the linking coe‹cient of these two pair changes, while the linking coe‹cients of other pairs do not.

1.9 Example 1 is the required. Another example can be obtained from example to the solution of 2’.3.a by a slight motion of all points.

1.10 The statement of the problem follows from two previous problems.

2.1 The problems could be easily solved using a rope. Answers: a), b) right trefoil; c) ˛gure eight; d) trivial link; e) ˛gure eight; f) the Whitehead link.

2.3 Answer: a) 3; b) 9; c) 6; d) 7; e) 7; f) 8.

In the ˛gures there are shown the projections of knots and links inscribed in the minimal sets of points. It is necessary to check that each projection has a realization (the proof is left to reader).

The authors do not know the proof of minimality for e).

a b c d e f Fig. 4’.

2.5 Solution of D.Korobitsyn. Let triangles ABC and A_1B_1C_1 be higher than the horizontal plane. Let A^′B^′C^′ be the projection of ABC to the plane. Let us consider simple polytop fi bounded by polygons ABC, A^′B^′C^′, ABA^′B^′, BCB^′C^′ and CAC^′A^′.

The linking coe‹cient of ABC and A_1B_1C_1 is equal to number L (here and everywhere below all equalities supposed modulo 2) of intersection points of the outline ABC and the interior of triangle A_1B_1C_1. Let U be the number of intersection points of the outline ABC and lateral faces of polytop fi. The number of intersection points of an outline and a polytop is even. Thus L + U = 0 ⇒ L = U ⇒ L is the number of cross-roads, where the side of A_1B_1C_1 is lower than the side of ABC.

Solution of the problems proposed after the semi-˛nal 1’.1 Assume the converse. Denote the blue points by C_1, C_2 and C_3 and red ones by K_1, K_2 and K_3. Then the sides of quadrilateral C_1K_1C_2K_2 do not intersect at the interior points. The segment C_3K_3 does not intersect the outline of the quadrilateral C_1K_1C_2K_2. Therefore points C_3 and K_3 both are either inside of C_1K_1C_2K_2 or outside of it.

In ˛rst case point C_3 is inside of one of quadrilaterals, either C_1K_1C_2K_3 or C_1K_2C_2K_3. If, for example, C_3 lies inside of C_1K_1C_2K_3 then C_3K_2 intersects the outline of C_1K_2C_2K_3. This leads to a contradiction. Second subcase is similar.

Second case. Segments K_3C_1 and K_3C_2 do not intersect the outline of C_1K_1C_2K_2. Hence either K_2 is inside of quadrilateral K_1C_1K_3C_2 or K_1 is inside of quadrilateral K_2C_1K_3C_2. The situation is reduced to the ˛rst case.

1’.2 Let fi be the number of intersection points of outline ABCD and the faces of tetrahedron A^′B^′C^′D^′. Tetrahedron A^′B^′C^′D^′ divides the space into two domains: inner and outer. Since points A, B, C, D, A^′, B^′, C^′, D^′ are in general position then fi is even. So

fi ≡ lk(ABCD; A^′B^′C^′D^′) + lk(ABCD; B^′C^′D^′A^′) (mod 2) and ⇒ lk(ABCD; A^′B^′C^′D^′) = lk(ABCD; B^′C^′D^′A^′):

1’.3 Note that lk(ABCD; A^′B^′C^′D^′) ≡ lk(ABC; A^′B^′C^′) + lk(ABC; A^′D^′C^′) + lk(ADC; A^′B^′C^′) + lk(ADC; A^′D^′C^′) (mod 2). This fact and properties 1.5 and 1.6 imply the following statements:

1. lk(ABCD; A^′B^′C^′D^′) = lk(A^′B^′C^′D^′; ABCD).

2. A continuous motion of the points A, B, C, D, A^′, B^′, C^′, D^′, which preserves their general position, preserves the number lk(ABCD; A^′B^′C^′D^′).

1’.4 Let ABCD and A_1B_1C_1D_1 be two closed polygonal lines without common points.

First solution. Let us slightly change positions of vertices of the polygonal lines such that the new set of vertices A^′, B^′, C^′, D^′, A^′_1, B^′_1, C^′_1, D^′_1 is in general position. By de˛nition, put

lk(ABCD; A_1B_1C_1D_1) = lk(A^′B^′C^′D^′; A^′_1B^′_1C^′_1D^′_1):

Second solution. Denote the halfplane bounded by the line A_1C_1 containing triangle A_1B_1C_1 by ¸. Denote the halfplane bounded by the line A_1C_1 containing triangle A_1D_1C_1 by ˛. The union of these halfplanes splits the space into two parts.

For each intersection point of outline ABCD and the outlines or interiors of triangles A_1B_1C_1 and A_1D_1C_1 assign 0 if there exists a neighborhood of this point such that the intersection of this neighbourhood and outline ABCD belong to the same part of the space, and 1 otherwise. We de˛ne the linking coe‹cient of the 4-polygon to be the sum of all these numbers modulo 2.

1’.5 Polygonal lines are linked i¸ their pairs of vertices on each skew lines are linked. Hence the number of linked separated pairs of 4-polygons equals 2.

1’.6 Let four blue and four red points in general position be given. By the total linking number of these 8 points we mean the number of linked separated pairs with vertices at these points. Let B, B^′, B_1, B_2, B_3 be blue points, and R_1, R_2, R_3, R_4 be red points, such that sets of points B, B_1, B_2, B_3, R_1, R_2, R_3, R_4, and B^′, B_1, B_2, B_3, R_1, R_2, R_3, R_4 are in general position.

Let us connect B and B^′ by a polygonal line without sides belonging to plane R_iR_j B_k. Let us move B along the polygonal line. The total linking number of the set B, B_1, B_2, B_3, R_1, R_2, R_3, R_4 is constant except some moments when the segment BR_i intersects the segment B_kR_j (i ≠ j). Let for instance the segment BR_2 intersect the segment B_1R_1. The linking coe‹cient changes only for the following separated pairs of the broken lines with vertices at the set of points in question: BR_2B_2R_3 and B_1R_1B_3R_4, BR_2B_2R_4 and B_1R_1B_3R_3, BR_2B_3R_3 and B_1R_1B_2R_4, BR_2B_3R_4 and B_1R_1B_2R_3. Hence the parity of the total linking number is not changed.

So it is clear that any two sets of four blue and four red points have total linking numbers of the same parity. The previous problem implies that the total linking number is always even.

1’.7 Let blue points B_1, B_2, B_3, B_4 and red points R_1, R_2, R_3, R_4 be in general position. Denote by I the number of linked separated pairs (□; □^′) such that the polygonal line □ contains the segment B_1R_1. Similar to the problem 1’.6 one can prove that the parity of I does not depend on the set of the points. We have I = 1 in the example of the problem 1’5. Thus each set has odd I. That is why each set has a linked separated pair of closed 4-polygons.

1’.8 The statement follows from the problems 1’.6 and 1’.7.

2’.1 For instance let us colour points A_1, A_2, A_3 blue and A_4, A_5, A_6 red. One can check directly that the obtained set is positive.

2’.2 Assume the contrary. Thus some two blue points B_1 and B_2 are on di¸erent sides of the line passed through two red points R_1 and R_2. So the segment B_1R_1 does not intersect B_2R_2 and segment B_1R_2 does not intersect B_2R_1. This contradicts the de˛nition of positive set.

2’.3 On the contrary, assume that R_1 > R_2 > R_3 > R_1. Then bypassing of triangle R_1R_2R_3 (along its boundary) all blue points always left to the right. This is possible only if the bypass be clockwise direction and all blue points are inside of the triangle. By our assumption in problems 2’.2{2’5 N ≥ 2; hence there are at least two blue points. Draw the straight line through them. Then there are two vertices of the triangle which lie on di¸erent sides of this line. Then the initial set can not be positive (one can prove it similarly to problem 2’2).

2’.4 Since the initial set of points is positive, by de˛nition it follows that the intersection of R_1B_1 and R_2B_2 is also positive. Let us move from B_1 to R_1. Then point B_2 always lies to the left. So if we move from R_1 to B_2 then the point B_2 also lies to the right. We have by de˛nition R_1 > R_2.

2’.5 Problem 2.3 implies that the red points could be numbered in such a way that R_1 < R_2 < · · · < R_N . Problem 2’.4 implies that this numeration is required one.

2’.6 (The solution of V. Chelnokov) Let us numerate red and blue points from left to the right. Then the trefoil is represented by the broken line R_1B_4R_4B_1R_2B_3R_5B_5R_3B_2R_1.

2’.7 Suppose that we have a positive set of 5 red and 5 blue points. Let us numerate red points as in problem 2’.5. In similar way we numerate blue points. Namely, one can de˛ne the order ’>’ of blue points similar to the order of red points. One can numerate blue points in the increasing order (in the sense of ’>’). Let us consider the polygonal line R_1B_4R_4B_1R_2B_3R_5B_5R_3B_2R_1 (see the solution of 2’.6). From the lemma below it follows that it is a trefoil.

Lemma. A positive set of 5 blue and 5 red points by continuous moving could be transferred to the set of points from Example 1’ (during the motion the set preserves general position).

Scheme of the proof. Let us consider point B_1. Our numeration of the points gives us that the segments beginning at B_1 are higher than all the other. Hence we could move point B_1 in such a way that its projection occupies the position of the most left blue point while B_1 itself would occupy the top position. Then all segments with the beginning at B_1 would also lie at the top position. The same operation could be done for the point B_2. Namely we move B_2 in such a way that its projection occupies the second most left position of blue points, while B_2 itself occupies the second top position. First we apply this operation to all blue points and then to red points. Lemma and the statement of 2’.7 are proved.

2’.8 a) The statement could be easily proved by induction on n + m.

The base: n + m = 6. Problem 1.1 implies that R(3; 3) = 6. Evidently that R(4; 2) = 4. The base is established.

The induction step is obtained from the estimation R(n; m) ≤ R(n − 1; m) + R(n; m − 1) + 1. Indeed let us consider the complete graph with R(n − 1; m) + R(n; m − 1) + 1 vertices and its vertex A. By the Dirichlet principle from A outgoes either R(n − 1; m) edges of the ˛rst colour or R(n; m − 1) of the second colour. Considering the complete subgraphs with the vertices (di¸erent from A) at the ends of mentioned edges we obtain the required result.

b) The proof is similar to previous one (using the estimation R(l; m; n) ≤ R(l − 1; m; n) + R(l; m − 1; n) + R(l; m; n − 1) + 1).

c) Theorem. For each m_1; m_2; m_3; n_1; n_2; n_3 there exists R = R(m_1; m_2; m_3; n_1; n_2; n_3) such that for any three-coloured colouring of a bipartite graph with 2R vertices (R vertices in each part) for some 1 ≤ i ≤ 3 there is complete bipartite subgraph of colour i with m_i vertices in the ˛rst part and with n_i vertices in the second part.

The proof is similar to a). It is based on the estimation

R ≤ R(m_1 −1; m_2; m_3; n_1; n_2; n_3)+R(m_1; m_2 −1; m_3; n_1; n_2; n_3)+R(m_1; m_2; m_3 −1; n_1; n_2; n_3)+1:

d) Scheme of the proof. First we shold prove the following auxillary statement. Statement. Let a complete bipartite graph with 2R vertices (R vertices in each part) be given. By a triangle we mean a triple of vertices such that that one of them lies in the ˛rst part and two others lie in the second part. Then for each n_1, n_2, n_3 and m_1, m_2, m_3 there exists R = R(m_1; m_2; m_3; n_1; n_2; n_3) such that for each three-coloured colouring of all triangles there exists a complete bipartite subgraph (where all triangles have colour i) with m_i vertices in the ˛rst part and with n_i vertices in the second part.

Proof. We use induction on ∑ n_i + ∑ m_i. Problems 2’.7b and 2’.7c give us the base. The induction step is obtained from estimate

R ≤ R(R(m_1 − 1; m_2; m_3; n_1; n_2; n_3); R(m_1; m_2 − 1; m_3; n_1; n_2; n_3); R(m_1; m_2; m_3 − 1; n_1; n_2; n_3));

where R(x; y; z) is the number from 2’.7b. To prove the estimate we consider one of vertices in the ˛rst part (assume it is A). According to 2’.7b WLOG one can choose R(m_1 − 1; m_2; m_3; n_1; n_2; n_3) vertices in the second part such that all triangles with vertices at A and two other marked points have the ˛rst color. The estimation follows from the induction assumption.

To prove 2’.7d one could consider blue vertex B_1. Depending on the sign of 4-tuple B_1; B_2; R_1; R_2 (positive, negative or neutral) we colour each 3-tuple B_2; R_1; R_2 to one of three colors. This provides the induction step (the proof can be completed similarly to 2’.8c).

e) By 1’.1 there are no neutral sets for n ≥ 3. Thus d) implies e).

2’.9 Miyochi and Negami theorems for trefoils follows from problem 2’.7, its analog for negative sets and problem 2’.8 for n = 5.

2’.10 To solve this problem we recommend to use problems 2’.11 and 2’.12 from the "Hometask". Similar to problem 2.1 use a rope.