
Ìîñêîâñêàÿ îëèìïèàäà øêîëüíèêîâ(Îáúåäèíåííàÿ ìåæâóçîâñêàÿ ìàòåìàòè÷åñêàÿ îëèìïèàäà)Ïðèìåðíûå ðåøåíèÿ1. Îòâåò: (4; 2), √10.�åøåíèå. Èñêîìûé öåíòð ëåæèò íà ïåðåñå÷åíèè ñåðåäèííûõ ïåðïåí-äèêóëÿðîâ ê ñòîðîíàì òðàïåöèè.2. �åøåíèå. Ïî �îðìóëå ñîêðàùåííîãî óìíîæåíèÿ 62553 − 59953 = (6255− 5995) · (62552 +
6255 · 5995 + 59952) = 260 · (. . . ) = 13 · 20 · (. . . ).3. Îòâåò: Â 3 ðàçà.�åøåíèå. Ïóñòü ñêîðîñòü �àððè � v, à êðûñû � u. Òîãäà ñêîðîñòü äðàêîíà � 5v, à ðàññòî-ÿíèå ìåæäó �àððè è êðûñîé â íà÷àëå ïîãîíè � (5v + u) · 0,5. Òàê êàê �àððè äîãíàë êðûñó÷åðåç 4 ìèíóòû, 4(v − u) = (5v + u) · 0,5, îòêóäà u = 3v.4. Îòâåò: S/25.�åøåíèå. SABC = S/5, òàê êàê SABC/SACD = 1/4 (âûñîòà îáùàÿ,îñíîâàíèÿ îòíîñÿòñÿ êàê 1 : 4). Òðåóãîëüíèêè BOC è DOA ïî- A
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4äîáíû ñ îòíîøåíèåì 1 : 4, ïîýòîìó CO/CA = 1/5, à çíà÷èò, SBOC = SABC/5 = S/25.5. Îòâåò: 3 + 3−2009.�åøåíèå. Ïîñìîòðèì, ÷òî ïðîèñõîäèò ïðè ïðèìåíåíèè f ê íåêîòîðîìó ÷èñëó. Çàìåòèì,÷òî f(x)− 3 = x

3
− 1 = x−3

3
, ò. å. êàæäîå ïðèìåíåíèå f ñîêðàùàåò ðàññòîÿíèå îò ÷èñëà äî 3â òðè ðàçà. Äëÿ x = 4 îíî áûëî ðàâíî 1, à çíà÷èò, ïîñëå 2009 ïðèìåíåíèé f ýòî ðàññòîÿíèåñòàíåò ðàâíûì 3−2009. Ñîîòâåòñòâåííî, ñàìî ÷èñëî ñòàíåò ðàâíûì 3 + 3−2009.Ìîæíî ðåøàòü çàäà÷ó è ïî-äðóãîìó:

f(x) = 2 + x/3;

f(f(x)) = 2 + 2/3 + x/9;

f(f(f(x))) = 2 + 2/3 + 2/9 + x/27;
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(x))...) = (2 + 2/3 + · · ·+ 2/32008) + x/32009.Ïî �îðìóëå äëÿ ñóììû ãåîìåòðè÷åñêîé ïðîãðåññèè, ïîñëåäíåå âûðàæåíèå ðàâíî 2·1 − 1/32009

1 − 1/3
+

x/32009 = 3 + (x − 3)/32009. Ïîäñòàâëÿÿ x = 4, ïîëó÷àåì îòâåò.6. Îòâåò: 16.�åøåíèå. a3 = a1+2d, a4 = a1+3d, a7 = a1+6d, an = a1+(n−1)d (ai � i-é ÷ëåí ïðîãðåññèè,
d � åå ðàçíîñòü, n � èñêîìîå ÷èñëî ÷ëåíîâ). Èç óñëîâèÿ ñëåäóåò, ÷òî (a1 + 3d)2 = (a1 +
2d)(a1 + 6d), (a1 + 6d)2 = (a1 + 3d)(a1 + (n − 1)d). Èç ïåðâîãî óðàâíåíèÿ íàõîäèì, ÷òî
a1 = −3

2
d. Ïîäñòàâëÿÿ âî âòîðîå óðàâíåíèå, íàõîäèì (9d/2)2 = 3

2
d((n− 1)d− 3d/2), îòêóäà

2n − 5 = 27, à n = 16.7. �åøåíèå. Ïóñòü ñòðîíû òðåóãîëüíèêà èìåþò äëèíû a, b è c, à ñîîòâåòñòâóþùèå âû-ñîòû � ha, hb è hc. Âû÷èñëÿÿ ïëîùàäü òðåóãîëüíèêà ðàçíûìè ñïîñîáàìè, ïîëó÷àåì, ÷òî
2S = (a + b + c)r = aha = bhb = chc, îòêóäà (òàê êàê r = 1) ha = (a + b + c)/a (àíàëî-ãè÷íî äëÿ îñòàëüíûõ âûñîò). Çíà÷èò, 1/ha + 1/hb + 1/hc = 1. Ïîñëåäíåå óðàâíåíèå èìååò1



â íàòóðàëüíûõ ÷èñëàõ òîëüêî òðè ðåøåíèÿ (ñ òî÷íîñòüþ äî ïåðåñòàíîâêè): (2, 4, 4), (2, 3, 6)è (3, 3, 3). Ïåðâûå äâà èç íèõ äàþò a, b è c, íå óäîâëåòâîðÿþùèå íåðàâåíñòâó òðåóãîëüíèêà:
(S, S/2, S/2) è (S, 2S/3, S/3). Îñòàâøèéñÿ ñëó÷àé ñîîòâåòñòâóåò ïðàâèëüíîìó òðåóãîëüíè-êó ñî ñòîðîíîé 2

√
3 (êîòîðàÿ íàõîäèòñÿ èç ðàäèóñà âïèñàííîé îêðóæíîñòè).8. Îòâåò: 0.�åøåíèå. Çàìåòèì, ÷òî åñëè x êîðåíü äàííîãî óðàâíåíèÿ, òî è −x åãî êîðåíü. Òàê êàêçíà÷åíèÿ �óíêöèè f(x) = 2 cos 3x + 8| sinx| − 7 = 0 èìåþò ðàçíûå çíàêè â êîíöàõ îò-ðåçêà [0; 2π/3], êîðíè ó íåãî åñòü, è â ñèëó ïðåäûäóùåãî çàìå÷àíèÿ, èõ ñóììà íà îòðåçêå

[−2π/3; 2π/3] ðàâíà íóëþ. Îñòàëîñü ïîêàçàòü, ÷òî íà ïðîìåæóòêå (2π/3; 3π/4] êîðíåé íåò.Íî äåéñòâèòåëüíî, íà ýòîì ïðîìåæóòêå 2π < 3x ≤ 2π + π/4, ïîýòîìó cos 3x ≥ 1/
√

2;à | sinx| ≥ 1
√

2; çíà÷èò, f(x) > 2 · 1/
√

2 + 8 · 1/
√

2 − 7 = 5
√

2 − 7 > 0.9. Îòâåò: √2/24.�åøåíèå. Ïðîâåäåì ÷åðåç ïðîòèâîïîëîæíûå ðåáðà òåòðàýäðà ïàðû ïàðàëëåëüíûõ ïëîñêî-ñòåé. Ïîëó÷èì, ÷òî íàø òåòðàýäð âïèñàí â êóá ñî ñòîðîíîé √
2/2. Òîãäà ðåçóëüòàò ïîâîðî-òà � âòîðîé òåòðàýäð, âïèñàííûé â òîò æå êóá. Èõ ïåðåñå÷åíèå � ìíîãîãðàííèê, âåðøèíûêîòîðîãî � öåíòðû ãðàíåé êóáà, ò. å. îêòàýäð. Íåòðóäíî ïîäñ÷èòàòü, ÷òî îí çàíèìàåò 1/6îáúåìà êóáà, ò. å. √2/24.10. Îòâåò: [25/17; 17].�åøåíèå. Ñèñòåìà íåðàâåíñòâ îïèñûâàåò òðåóãîëüíèêíà ïëîñêîñòè XOY ñ âåðøèíàìè A(−4; 1), B(−2; 3),
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C(−1;−1).Ôóíêöèÿ x2+y2 � ýòî êâàäðàò ðàññòîÿíèÿ äî íà÷àëàêîîðäèíàò. Íàèìåíüøåå çíà÷åíèå îíà ïðèíèìàåò íà ïðÿ-ìîé BC. Ôóíêöèÿ x2 +(−4x−5)2 = 17x2 +40x+25 ïðè-íèìàåò íàèáîëüøåå çíà÷åíèå 25/17 ïðè x = −20/17 ∈
[−2;−1] (ñîîòâåòñòâóþùàÿ òî÷êà � ýòî îñíîâàíèå ïåð-ïåíäèêóëÿðà, îïóùåííîãî èç O íà BC, à çíà÷åíèå �êâàäðàò äëèíû ýòîãî ïåðïåíäèêóëÿðà). Íàèáîëüøåå æåçíà÷åíèå � 17 � îíà ïðèíèìàåò â òî÷êå A.
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